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XXI. A Memoir on ike Single and Double Th^ta-Functions. 

By A. Cayley, F.R.S., Sadler van Professor of Pure Mathematics in ilie 

University of Cambridge. 

Received November 14, — Head November 28, I87y. 

The Theta- Functions, although arising historically from the Elliptic Functions, may 
be considered as in order of simplicity preceding these, and connecting themselves 
directly with the exponential function (e^ or) exp. x ; viz., they may be defined each 
of them as a sum of a series of exponentials, singly infinite in the case of the single 
fimctions, doubly infinite in the case of the double fiinctions ; and so on. The number 
of the single functions is = 4 ; and the quotients of these, or say three of them each 
divided by the fourth, are the elliptic functions sn, en, dn ; the number of the double 
functions is (4^=) 16 ; and the quotients of these, or say fifteen of them each divided 
by the sixteenth, are the hyper-elliptic functions of two arguments depending on the 
square root of a sextic function : generally the number of the p-tuple the ta-fii notions 
is =4'* ; and the quotients of these, or say all but one of them each divided by the 
remaining function, are the Abelian functions of p arguments depending on the 
irrational function y defined by the equation F(ir, y)=0 of a curve of deficiency j9. 
If instead of connecting the ratios of the functions with a plane curve we consider the 
functions themselves as coordinates of a point in a (4^— l)dimensional space, then we 
have the single functions as the four coordinates of a point on a quadri-quadric curve 
(one-fold locus) in ordinary space ; and the double functions as the sixteen coordinates 
of a point oti a quadri-quadric two-fold locus in 15 -dimensional space, the deficiency 
of this two-fold locus being of course =2. 

The investigations contained in the First Part of the present Memoir, although for 
simplicity of notation exhibited only in regard to the double functions are, in fact, 
applicable to the general case of the jp-tuple functions ; but in the main the Memoir 
relates only to the single and double functions, and the title has been given to it 
accordingly. The investigations just referred to extend to the single functions ; and 
there is, it seems to me, an advantage in carrying on the two theories simultaneously 
up to and inclusive of the establishment of what I call the Product-theorem : this is 
a natural point of separation for the theories of the single and the double functions 
respectively. The ulterior developments of the two theories are indeed closely 
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898 PROFESSOR A. CAYLEY ON THE SINGLE 

analogous to each other ; but on the one hand the course of the single theory would 
be only with diflSculty perceptible in the greater complexity of the double theory ; 
and on the other hand we need the single theory as a guide for the course of the 
double theory. 

I accordingly stop to point out in a general manner the course of the single theory, 
and, in connexion with it but more briefly, that of the double theory ; and I then, in 
the Second and Third Parts respectively, consider in detail the two theories separately ; 
first, that of the single functions, and then that of the double functions ; the 
paragraphs of the Memoir are numbered consecutively. 

The definition adopted for the theta-fiinctions differs somewhat from that which is 
ordinarily used. 

The earUer memoirs on the double theta-functions are the well-known ones : — 

RosENHAiN, " Mdmoire sur les fonctions de deux variables et k quatre pdriodes, qui 
sont les inverses des intdgrales ultra-elliptiques de la premiere classe.'' [1 846.] Paris : 
'M^m. Savans Etrang.' xi. (1851), pp. 361-468. 

GrOPEL, * Theorise transcendentium Abelianarum primi ordinis adumbratio levis. 
*Crelle/ xxxv. (1847), pp. 277-312. 

My first paper — Cayley, " On the Double ^-Functions in connexion with a 
16-nodal Surface," * Crelle-Borohardt,' Ixxxiii. (1877), pp. 210-219— was founded 
directly upon these, and was immediately followed by Dr, Borchardt's paper, 

BoRCHARDT, " Ucber die Darstellung der Kummersohe Flache vierter Ordnung mit 
sechzehn Knotenpunkte durch die Gdpdschen E;elation zwischen vier Theta-functionen 
mit zwei VariabeK" Ditto, pp. 220-233. 

My other later papers are contained in the same Journal. 

FIRST PART.— INTRODUCTORY. 
Definition of the theta-functions. 

1. The p-tuple functions depend upon ^(p+1) parameters which are the co- 
efficients of a quadric function of p ultimately disappearing integers, upon p argu- 
ments, and upon 2p characters, each =0 or 1, which form the characteristic of the 
4^ functions ; but it will be sufficient to write down the formulae in the case J9=2. 

As already mentioned, the adopted definition diffisrs somewhat from that which is 
ordinarily used. I use, as will be seen, a quadric function ^(a, h, h^my nf with even 
integer values of m, ?i, instead (a, A, h^nty n)^ with even or odd values ; and I write 
the other term \m{mu'^nv) instead oimu-^nv \ this comes to affiscting the arguments 
Uy V with a factor tti, so that the quarter periods (instead of being ni) are made to 
be =1. 

2. We write 

C v)~^^^' ^' ^^^' ny+^i{mu+nv), 
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and in like manner 

and prefixing to either of these the functional symbol exp. we have the exponential 
of the fiinction in question, that is, e with the function as an exponent. 
We then write, as the definition of the double theta-functions, 






where the summation extends to all positive and negative even integer values 
(zero included) of m and n respectively : a, )8, y, 8 might denote any quantities what- 
ever, but for the theta-fu notions they are regarded as denoting positive or negative 
integers ; this being so, it wiJl appear that the only effect of altering each or any of 
them by an even integer is to reverse (it may be) the sign of the function ; and the 
distinct functions are consequently the (4^=) 16 ftmctions obtained by giving to each 
of the quantities a, )8, y, 8 the two values and 1 successively. 

3. We thus have the double theta-functions depending on the parameters (a, h^ h) 
which determine the quadric function (a, /^, 6 \ m, ny of the disappearing even 

integers (m, n) : and on the two arguments {u, v) : in the symbol ( ' ^ ), which is called 

the characteristic, the characters a, /3, y, 8 are each of them =0 or 1 ; and we thus 
have the 16 functions. 

The parameters (a, h, b) may be real or imaginary, but they must be such that 
reducing each of them to its real part the resulting function ( * )['m> ^)^ ^^ invariable 
in its sign, and negative for all real values of m and n : this is in fact the condition 
for the convergency of the series which give the values of the theta-functions. 

4. The characteristic [ \,) is said to be even or odd according as the sum ay+)88 



is even or odd. 



Allied functions. 



5. As already remarked, the definition of 

<;;f )(»,») 

is not restricted to the case where the a, fi, y, 8 represent integers, and there is 
actually occasion to consider functions of this form where they are not integers : in 
particular, a, fi may be either or each of them of the form, integer +i- B^^t ^^e 
functions thus obtained are iiot regarded as theta-functions, and the expression theta- 
function will consequently not extend to include them. 

5 z 2 



900 PROFESSOR A. CAYLEY ON THE SINGLE 

Properties of the theta-functioiis : Various sub-headings. 
Even-integer alteration of charax^ters. 

6. If Xf y be integers, then m, n having the several even integer values from — oo 
to +00 respectively, it is obvious that m+a+2a;, n+i8+2y will have the same 
series of values with m+a, n+fi respectively ; and it thence follows that 



<r^;r^'')(«.-')=tf)(-)- 



Similarly if z^ %o are integers, then in the function 

the argiunent of the exponential fimction contains the term 

^7n{m+a.n+y+22.+.n+)8.i;+8+2y} ; 

this differs from its original value by 

^'(m+a.2«.+.^^+i8.2ir), 
= 7ri{mZ'\' nw) + ^(az+fiw), 

and then, m and n being even integers, mz-^-nw m also an even integer, and the term 
7ri{mz^nw) does not affect the value of the exponential : we thus introduce into each 
term of the series the factor exp. m{oLZ'\'l3w), which is in fact =(— )*''^^"'; and we 
consequently have 

<+2.:f+v)("-«)=(-r-<:f)("-''). 

or, uniting the two results, 

<:sfri)(-)=<-)-K:,f)(»-'"^ 

this sustains the before-mentioned conclusion that the only distinct functions are the 
16 functions obtained by giving to the characters a, fi, y, 8 the values and 1 
respectively. 

Oddrinteger alteration of characters. 

7. The effect is obviously to interchange the different functions. 
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Even and odd Junctions. 

8. It is clear that — m— a, — n— )8 have precisely the same series of values with 
m+a, n+i8 respectively : hence considering the function 



<: f) (-«• -^•) 



the linear term in the argument of the exponential may be taken to be 
which is 

the second term is here =— tti (my +7^8)— tti (ay +i88), where 7/iy+n8 being an even 
integer the part — 7ri(wy+n8) does not alter the value of the exponential : the effect 
of the remaining part — 7ri(ay+i88) is to affect each term of the series with the factor 
exp. — 7rt(ay4-i88), or what is the same thing, exp. 7r/(ay+)88), each of these being in 
fact =(-)->^^. 
We have thus 

' ^ ) 0^ '^) ^^ ^^ even or odd function of the two arguments {it, v) conjointly, 
according as the characteristic ( ' ) is even or odd. 



Tlie quarter-pei^ods unity. 
9. Taking z and lo integers, we have from the definition 



*(;;f) {..+., «+»)=3(;^,;f^„) («,.). 



viz., the effect of altering the arguments u, v into w+2;, v+w; is simply to interchange 
the functions as shown by this formula. 

If z and w are each of them even, then replacing them by 2z, 2w respectively, we 
have 
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which by a preceding formula is 



=(-r'"-»(;;f)K^). 



or the function is altered at most in its sign. And again writing 2z, 2w for z, w we 
have 



^(;;f)(^+4^.^+4«')=^(;;a)^''^)- 



In reference to the foregoing results we say that the theta-fimctions have the 
quarter-periods (1, 1), the half-periods (2, 2), and the whole periods (4, 4). 



The conjoint quarter qvasi-periods. 
10. Taking x, y integers, we consider the eflfect of the change, u, v into 

It is convenient to start from the function 



< ':f ')(«+^(«^+^3/), t;+>a.+6y)); 



the argument of the exponential is here 

4-iirt j m+a— x.w+y-l — ;(ox+Ay).+.n+y8— y.v+8H — .{]uc-\-hy) \ 
which is 

+ other terms which are as follows : viz., they are 

—\{a, h, bXm+a, n+^a, y) +l{m-{-a.ax+hy.+.n+fi.hx-^by) 
+i(«, h, hXx, yf —^{x.u+y.+.y.v+8) 

—ii{x.ax+hy.+.y.hx+by), 

where the terms of the right hand column are in fiict 

= +iia, h, hXm+et, n+^x, y) 
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and the other terms in question thus reduce themselves to 

which are independent of m, n, and they thus affect each term of the series with the 
same exponential factor. The result is 

or (what is the same thing) for a, )8, writing a+x, fi+y respectively, we have 

=exp {— i(a, h, hjx, yY—\vi{xM+y.-\-.y.v-\-h)}.^r^^^'^^'^^\u, v). 
Taking x, y even, or writing 2x, 2y for x, y, then on the right hand side we have 

but there is still the exponential factor. 

11. The formulae show that the effect of the change u, v into u-^ — ■• (^"t^+^j, 

t;+— .(/wc+&y)> where a?, y are integers, is to interchange the fimctions, affecting them 

VI 'V 

however with an exponential factor; and we hence say that -.(a, ^), —.Qiy b) are con- 
joint quarter quasi-periods. 

The p^'oduct-theorem. 

12. We multiply two theta-functions 



*C; ?)(«+«'' ^+^')> ^{^^^^{n-u\v-v'); 



it is found that the result is a sum of four products 

/i(«+«')+l'.K)8+|8')+!?\/n.. n.A ^/i(«-«')+i'.i08-/9') + y^ 



1+i 



^f^')(2„.2») . «(*<;::;;)+'■; *(f:f>+')(2.', 2.-). 
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where p, q have in the four products respectively the values (0, 0), (1, 0), (0, 1), and (1, 1) ; 
8 is written in place of .J to denote that the parameters (a, A, h) are to be changed 
into (2a, 2A, 26). It is to be noticed that if a, of are both even or both odd then 
^(a+a), \{(t^a) are integers; and bo i£ fi, ^ are both even or both odd then 
i()8+)8'), i()8— ^S') are integers ; and these conditions being satisfied (and in particular 
they are so if a=a', 13=13') then the functions on the right hand side of the equation 
are theta-functions (with new parameters as already mentioned) ; but if the conditions 
are not satisfied, then the functions on the right hand side are only allied functions. 
In the applications of the theorem the functions on the right hand side are eliminated 
between the different equations, as wiU appear. 

13. The proof is immediate : in the first of the theta-functions the argument of the 
exponential is 

and in the second, writing m\ n instead of m, n, the argument is 

hence in the product, the argument of the exponential is the sum of these two 
functions, 

=i(a, h, 6X^+^> w+i8)^+^"(^+a .t^+^'+y-+-^+i8.t;+^+8) 

Comparing herewith the sum of the two functions 

\2w+7+y ,2t;+S+S' )' \2w'-f7-y ,2i/'+S-S' /' 

= i(2a, 2h, 26X^+i(a+a'), v+Ul^+fi'))' 

+i7ri{,.+i(a+a).2t^+y+y.+.i'+i(i8+i8').2t;+8+8'} 

+i(2a, 2A, 26](>'+i(a-aO, v'+^{fi^/3')f 

+i7n{/+i(«-«).2i.'+y--y.+.^'+i(i8-i8').2i;'+8-8'}, 
the two sums are identical if only 
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as may easily be verified by comparing the quadric and linear terms separately. The 
product of the two theta-functions is thus 

with the proper conditions as to the values of ft, v and of ft', v' in the two sums respec- 
tively. As to this, observe that m, rn are even integers ; say for a moment that they 
are similar when they are both =0 or both =2 (mod 4), but dissimilar when they are 
one of them =i^0 and the other of them =2 (mod 4) ; and the like as regards n, n\ 
Hence if m, m' are similar ft, ft' are both of them even ; but if m, m' are dissimilar 
then ft, ft' are both of them odd. And so if n, n are similar, v, v' are both of them 
even, but if ?i, v! are dissimilar then v^ v are both odd. 
14. There are four cases 

m^ m similar, n, n! similar, 
m, m dissimilar, n, n similar, 
?n, rn similar, ?i, n' dissimilai*, 
m, m dissimilar, rz, n dissimilar, 

and in the first of these ft, Vy ft', v are all of them even, and the product is 

In the second case, writing ft+1, ft'+l for ft, ft' the new values of ft, ft' will be both 
even, and we have the like expression with only the characters ^(a+a'), ^(a— a') each 
increased by 1 ; so in the third case we obtain the like expression with only the 
characters i(i8+)8'), \{P—P') each increased by 1 ; and in the fourth case the like 
expression with the four upper characters each increased by 1. The product of the 
two theta-ftmctions is thus equal to the sum of the four products, according to the 
theorem. 



Resmnd of the ulienor theoi^y of the aitigle functions. 

15. For the single theta-functions the Product-theorem comprises 16 equations, 
and for the double theta-fimctions, 256 equations : these systems will be given in foil 
in the sequel. But attending at present to the single functions, I write down here 
the first four of the 16 equations, viz. : these are 

MDCOCLXXX. 6 A 
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0.0 5n(M+«')..»n(tt-u')=r XX'+YY', 



Oyv- ■ -/"\0, 



1.0 



0.1 



1.1 



*; 


9> 


*J 


99 


= YX'+XY', 


^i 


» 


*; 


19 


= XX'- YY', 


*: 


fi 


*; 


fi 


= - YX'+XY'; 



where X, Y denote 8( ^](2w), 8f j(2u) respectively, and X', Y' the same functions 

of 2u respectively. In the other equations we have on the left hand the product of 
different theta-functions of w+w^ t^—w' respectively, and on the right hand expressions 
involving other functions, X^, Y^, X/, Y/, &c., of 2u and 2u respectively. 

16. By writing w'=0, we have on the left hand, squares or products of theta- 
functions of u, and on the right hand expressions containing functions of 2u : in 
particular the above equations show that the squares of the four theta-functions are 
equal to linear functions of X, Y; that is, there exist between the squared functions 
two linear relations : or again, introducing a variable argument x, the four squared 
functions may be taken to be proportional to linear functions 

^{a-x\ »(6-.a;), ©(c-x), lB(c?-x) 

where ^, 1$, &, IB, a, 6, c, rf, are constants. This suggests a new notation for the 
four functions, viz. : we write 



*(o)<«)' Ko)^"*^' ^0^")' ^lO^"*^ 

= At*, Bm, Cm, Dw ; 



and the result just mentioned then is 

Ahi : B^u : C^u : Dht 
=a(a-a;) : l8(6-a;) : (gt{c-x) : m{d-x), 

which expresses that the four functions are the coordinates of a point on a quadri- 
quadric curve in ordinary space. 

17. The remaining 12 of the 16 equations then contain on the left hand products 
such as A{u'\-u).B{u^u^); and by suitably combining them we obtain equations 
such as 
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W+tt' tt— 14' « + h' It— «' 

IJ . A —~ A m IJ ft , • I l\ 

-^-^-^;3--^=function (» ), 

where for brevity the arguments are written above ; viz., the numerator of the 
fraction is 

B(t^+w')A(u-w')-A(tt+tOB(t^-tt'), 
and its denominator is 

Admitting the form of the equation, the value of the function of n' is at once found 
by writing in the equation tt=0; it is, as it ought to be, a function vanishing for 

18. Take in this equation u' indefinitely small; each side divides by u', and the 
resulting equation is 

7i Tx = const. 

where A'u, B't^ are the derived functions, or differential coefficients in regard to lu 
It thus appears that the combination kxi^' u—Y^uhlu is a constant multiple of GuQxi\ 
or, what is the same thing, that the differential coefficient of the quotient-function 

-T— is a constant multiple of the product of the two quotient-functions -r- and -r" 

19. And then substituting for the several quotient- functions their values in terms 
of X, we obtain a differential relation between a;, u \ viz. : the form hereof is 



y/ a^x,b—x,c-~x.d^x 



and it thus appears that the quotient-functions are in fact elliptic-functions: the 
actual values as obtained in the sequel are 

sn Kw= — "^Dm -h Cw, 

cnKw= /^^j-J^-^Cu, 
dn Kt ( = ^VAxi -r C M ; 

and we thus of course identify the functions Aw, Bff, Cw, Dw with the H and © of 

Jacobi. 

20. If in the above-mentioned four equations we write first ?e=0, and then it'=0, 
and by means of the results eliminate from the original equations the quantities 

6 A 2 
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X, Y, X', Y' which occur therein, we obt^n expressions for the four products such as 
A{u-\-u')A.{u—u'). One of these equations is 

C»O.C{u+«')C(«-tO=C»uCV-D^D%'. 

Taking herein u' indefinitely small, we obtain 



CuC"u-(C'uy _C"0 
Cm ~C0 



[coj cV 



where the left hand side is in fact -r-. loff Cw, or this second derived function of the 
theta-function Cu is given in terms of the quotient-function p— : hence integrating 
twice, and taking the exponential of each side we obtain Cw as an exponential the 
argument of which contains the double integral =r {du)% of a squared quotient- 
function. This in fact corresponds to Jacobi's equation 



^a/ 



'21a-' i-(i-|)-t-i/-f/--» 



21. From the same equation C^O.C{u-\-u')C{u—u')=C^(?u'—l>^uDhi,', differen- 
tiating logarithmically in regard to u', and integrating in regard to m, we obtain an 

equation containing on the left hand side a term log . , , and on the right hand 

an integral in regard to u, and which in fact corresponds to Jacobi's equation 

li^ Bnacnadna en'udu 



o 1— ^sn'asn' 



a2. It may further be noticed that if in the equation in question, and in the three 
other equations of the system, we introduce into the integral the variable x in place 
of u, and the corresponding quantity $ m place of «', then the integral is that of an 
expression such as 



Ty/a—x.b—x.c—x.d—x 
where T is =x—^, or is = any one of three forms such aa 



1, cc+f, xf 
1, a-\-b, ah 
1, c-i-d, cd 
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Resume of tJie ulterioi* theory of the double functions. 

23. The ulterior theory of the double functions is intended to be carried out on the 
like plan. As regards these, it is to be observed here that we have not only the 
16 equations leading to linear relations between the squared functions, but that the 
remaining 240 equations lead also to linear relations between binary products of 
different functions. We have thus between the 16 functions a system of quadric 
relations, which in fact determine the ratios of the 16 functions in terms of two 
variable parameters x, y. (The 16 functions are thus the coordinates of a point on 
a quadri-quadric two-fold locus in 15 -dimensional space.) The forms depend upon six 
constants, a, &, c, d, e,f: and writing for shortness 

\/a= \/a—x.a--y^ 

^/(^'='~_\\/(^^xJy—'xf—x,c—-y.d--yx^y'\'\/a—'yX>--yf—-y,c--x.d'-x.e—-x\i 

• 

(observe that in the symbols \/a6 it is always f that accompanies the two expressed 
letters a, h — or, what is the same thing, the duad 6b is really an abbreviation for the 
double triad ahfcde) ; then the 16 functions are proportional te properly determined 
constant multiples of 

v^a, a/6, \/cy \/d, \/c, y/J\ s/aby \/ac, \/ady v/oe, \/6c, y/bd, Vbe, \/cdy y/ce^ \/de^ 

and this suggests that the functions shall be represented by the single and double letter 
notation A(w, v), . . AB(t^, v) . . . viz., if for shortness the arguments are omitted, then 
we have 

A, B, C, D, E, F, AB, AC, AD, AE, BC, BD, BE, CD, CE, DE 

proportional to determinate constant multiples of the before-mentioned functions 
\/a, . . \/ct6, ... of a; and y. 

24. It is interesting to notice why in the expressions for \/a6, &c., the sign con- 
necting the two radicals is + ; the effect of the interchange of x, y is in fact to change 
(w, v) into (— w, ^v) ; consequently to change the sign of the odd functions, and to 
leave unaltered those of the even functions : the interchange does in fact leave a/o, 

&c., unaltered, while it changes \/a6, &c., into — \/a6, &c. ; and thus, since only the 
ratios are attended to, there is a change of sign as there should be. 

25. The equations of the product-theorem lead to expressions for 

A . B - B . A. 



910 PROFESSOR A. CAYLEY ON THE SINGLE 

(where the arguments, written above, are used to denote the tv)o arguments, viz. : 
w+ii' to denote {u-\'u\ f+v') and w— w' to denote (w— t^', v— v') ; and where the 
letters A, B denote each or either of them a single or double letter) in terms of the 
functions of {u, v) and of (u\ v') : and in any such expression taking u\ v' each of them 
indefinitely small, but with their ratio arbitrary, we obtain the value of 

A.6B— B.dA, 

(viz., u here stands for the two arguments (w, v), and 6 denotes total differentiation 

i)A=rftt— A(ti, v)+rfv-7-A(w, vf) as a quadric ftmction of the functions of (t^, v) : or 

B B 

dividing by A^, the form is i>T=a function of the quotient- functions t-, &c., that is, we 

have the differentials of the quotient-functions in terms of the quotient-fiinctions 
themselves. Substituting for the quotient-functions their values in terms of a;, y, we 
should obtain the differential relations between dx, dy, du, dv, viz., putting for 
shortness X=a—a;.6—a:.c— x.d—ar.e— a;/— aj, and Y=^a^y.b'—y,c—y.d^y.e—y./^y, 
these are of the form 

dx dy xdx ydy 



= > — ;==: 



each of them equal to a linear function of du and dv : so that the quotient-functions are 

fdnic C xdx 
"Ty* "7Y' ^^^ there 

is thus an addition-theorem for them, in accordance with the theory of these integrals. 
26. The first 16 equations of the product-theorem, putting therein first w=0, i;=0, 
and then t6'=0, i;'=0, and using the results to eliminate the functions on the right 
hand side, give expressions for 

A • B, &c. 

(that is, k{U'\'u\ V'\'V').^{u^u\ v^v') &c.) in terms of the functions of (t^, v) and 
{u\ i/) : and we have thus an addition- with-subtraction theorem for the double theta- 
functions. And we have thence also consequences analogous to those which present 
themselves in the theory of the single functions. 

Remark as to notation. 



27. I remark as regards the single theta-functions that the characteristics 

:j) (?) g: 

might for shortness be represented by a series of current numbers 

0, 1, 2, 3 



0' 
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and the ftinctions be accordingly called ^^u, ^^u, ^^u^ ^^u ; but that instead of this I 
prefer to use throughout the before-mentioned functional symbols 

A, B, C, D. 

As regards the double functions, I do, however, denote the characteristics 



00 10 01 11 
00* OO' OO' 00 



00 10 01 11 
lO' lO' 10* 10 



00 10 01 11 
01* Ol' Ol' 01 



00 10 01 11 

ll' 11* ll' 11 



by a series of current numbers 



0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15 

and write the functions as ^, ^^ . . . ^^g accordingly ; and I use also, as and when it is 
convenient, the foregoing single and double letter notation A, AB, . . , which 
correspond to them in the order 

BD, CE, CD, BE, AC, C, AB, B, BC, DE, F, A, AD, D, E, AE 

Moreover I write down for the most part a single argument only : thus, A(u+ <^') 
stands for A(u+i^', v+v'), A(0) for A(0, 0) : and so in other cases. 



SECOND PART.— THE SINGLE THBTA-FUNOTIONS. 

Notation, &c. 

28. Writing exp. a=g', and converting the exponentials into circular functions, we 
have directly from the definition 

5 (w)=^it=At^=l+2g' cos 7ru+2g^ cos 27ni'\'2(f cos Ziru+ . . , 

^ (t^)=^^it=Bw= 25^ cos ^u+2g^ cos firu+2g'T cos f7m+ . . , 

A (t^)=^^ti=Cit=l—2g' cos im+2g^ cos 27ru— 22^*008 37ru+ . . (=8(Ku), Jacobi), 

A (n)=^3U=I^= — 2g^*sin^^+2g^sin|7m— 25nrcosf7m+ . . (=—H(Kw), Jacobi), 

where a is of the form a=— a+)8i, a being non-evanescent and positive: hence 
5^= exp. (— a+)8i)=e'"*(cos)8+tsin)8), where e"^, the modulus of g^ is positive and 
less than 1 ; cos fi may be either positive or negative, itnd g'* is written to denote 
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exp. i(— a+)8i), viz. : this is =6"**{co8^)8+tsin;j^)8}. But usually )8=0, viz., y is a 
real ix>sitive quantity less than 1, and g'* denotes the real fourth root of q. 

I have given above the three notations, but as already mentioned propose to employ 
for the four functions the notation At^, Bz^, Cu, J)u : it will be observed that Dw is an 
odd function, but that Ku, Bt^, Cu are even functions of u. 



29. We have 



The constants of the theory. 

A0=l+25?+2(/*+2g'«+ . . 
B0= 25*+2(?«+2^+ . , 
C0=1— 25?+2(/*— 27»+ . . 
D0=0 



If, as definitions of k, Id^ K, we assume 



]. 



B'O 7/_C^ p.__AOD'0 



then we have 



*=vi{ iXi;v.. }'- =''v/i(i-i«+i'^+ • •). 

where I have added the first few terms of the expansions of these quantities. We 
have identically 

It will be convenient to write also as the definition of E, 



K(K-E)= 



CO 



we have then 



and moreover 



E=K-? w' =A03skmlt-^'<'(»'»)'+B^<'»-«'»!' 



E 1 C'^0 _2Tr'g-4g *H-9g»-.- 
K"~K»'C0' "~K» "1-22+29*+ .. 
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giving 

1^= l-8g'+48g'*— 224^3+ . . , 
and thence 

30. Other formulae are 



2/_ l l-q.l-<r\. \* 



2 



31. Jacobi's definition of g is from a different point of view altogether, viz., we 



have q= exp. — ^, where 






and K' is the like function of ^; the equation gives log 5= — =- ; viz., we have 



K 



K'=--log?, 



and, regarding herein K as a given function of 5, this equation gives K' as a fiinction 
of<y. 



' The product'theorem. 



32. The product-theorem is 



, .(;)("+u^..(;:)(«-.o=e(*!;:;>».e(*t"^;>«'+K^';y'><V-T>■'•• 



a a 



and here giving to , , their different values, and introducing unaccented and 
accented capitals to denote the functions of 2u and 2u' respectively, the 16 equations are 
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A.A 



B.B 



C.C 



D.D 



$ u-\-u'3^ u—i('= 



" " ~ 



XX' +YY', 
YX' +XY', 






= XX' -yy; 

= _YX' +XY'; 



(square-set) 



C.A 



A.C 



D.B 



B.D 



o'^ _I_ 'o^ 

9 ti+uS u—u = 



X,X/ +Y,Y/, (first product-set) 





" 1 " 

1 1 

9^ „ 9 ,, 



= y,x;+x,y;. 
= y,x;-x,y;; 



B.A 



A.B 



D.C 



CD 



J 1 'oO 



PP' +QQ', (second product-set) 



^0 " "^O " 



= PQ' +QP', 



1 " 1 *' 



iPF -tQQ', 



1 

1 " 1 " 



= tTQ' -iQP'; 



D.A 



A.D 



B.C 



C.B 



9 U-\- tl9 U — U'r= 



P;P; +Q,Q;, (third product-set) 



" 1 " 

1 

*' 1 " 



= -»T,p;+iQ,Q;. 



1 _ 

1 " " — 



p,q; +q,p;. 



33. Here, and subsequently, we have 

®0' K K' ^\ <2«) =X, Y. X,. Y, 

„ „ (2«')=x',y',x;,y; 

„ „ „ (0) =a, A «/. ^. 



>> yy 



ej, ej, ej. e* (2u) =P, Q, P„ Q, 
„ „ „ „ {2u')=r,Q',-p:,Q; 

„ „ .. .. (0) =p. q. p,. q, 

viz., we use also a, ^8, a,, /8, and p, q, p,, q, to denote the zero-functions; fi^ ls = 0, but 
we use )8/ to denote the zero-value of -Y^. 
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34. For obtaining the foregoing relations it is necessary to observe that 

=0 y 

7 7 

by which the upper character is always reduced to 0, 1, ^ or f ; and that for reducing 
the lower character we have 

^=0 ; ^=—0 ; 

7 + 2 7' 7+2 7 

0* =1*0*, 0* ^=-i0*; 0*. =-i0^ 0^ o=i^^'^ 
y + Z 7 y—Z 7 7+2 7 7—2 7 

by means of which the lower character is always reduced to or 1 : in all these 
formulae the argument is arbitrary, and it is thus =2u, or 2ic' as the case requires. 
The formulae are obtained without diflSculty directly from the definition of the 
functions 0. 

35. As an instance, taking , ,= ., ., the product-equation is 



aJ(«+«').^i(«-«';= e*(2M).eJ(2u')+ e|(2«).e^{2«'). 



iej(2«).0j(2«') 



isl{2zc).el{2u'), 



=iP.P' 



— 'QQ'. 



which agrees with the before-given value. 

36. The following values are not actually required, but I give them to fix the ideas, 
and show the meaning of the quantities with which we work. 



X =e(2«)= 1+272 cos 2mi-\-2q^ cos ivu+ . . , 
Y =e (2m)= 2g'*cos iru-\-2q^ cos 3nu-\- . . , 







x = 



Y = 



6 (2tt)=: 1 — 2g'=^ cos 2'jru-\-2q^ cos 47rii+ . . , 



ej(2tt) 



= — 20* si 



2q* sm iru-\-2q' sin3ir«-f . . , 



M=0 



a =1 +2q^-\-2q^-\- . ., 
fi = 2q*-\-2q*+ . . , 

a, =1— 252+228.. , 
/8;=27r(-2*+32»-..) 



6 B 2 



=— Y for u=0. 

du ' 



; - -, 






? =^' :i^* =y x*? ^-rr-: -^ 1 -,Ir. i-r*/ r -i-y** V>; J-r'i — ;. =r:r. '-srii 



+ o • rvA -^^' -Ut' iT' '— . -U 






—7^ K-05 Is-*: — *' *iri l^ru -f- + 






P='i=y'-r'/'+7 



1 T 






1-. \, 1 



\ — 



TTt^ ^juare ^^ */=^0 ; and x-jorrnala, 
aI. VV'; »j>y; tK/; »^|iiare-set, in the first instance by writing therein '^=0 ; the 

A-'^ = aX+/3Y, =ctf-2l"<— .tV> 
B-»/=)8X+aY, =cd2iJ(6-a:), 
C-y = aX-i8Y, =ai2C(c-x), 
D-(/=)8X-ay, =ai-13(c/-a-), 

vj;5,, th'j ^;^j nations without their last members show that there exist functions or and 
X4i$^, linear functions of X and Y, such that a, U, <??, D, ^a, JJ6, ©t% 13<^, being 
c^/nstantSy the sr^uared functions may be aasumed equal to Sa.oi^ — Bl.cu'X, &c., that is, 
u^^ia^x)^ kc.^ respectively : the squared functions are then proportional to the values 
a(a— :«), Ac. 

To show the meaning of the factor cu*-, observe that from any two of the equations, 
for iuHUiucfi the first and second, we have an equation without oi, A*-M-5-B-M=3l(a— x) 
-i-iSih^x) ; and using this to determine x, and then substituting in ar=^A^u-7' 
"Jiia^x), we find 

3BA2M-aB-i/ 






(a-6)a« ' 
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where the numerator is a function not in anywise more important than any other 
linear function of A?u and Wu. 

38. The function Du vanishes for i^=0, and we may assume that the corresponding 
value of aj is =c?. Writing in the other equations t^=0, they become 

A20=(a2+iS')=coo'a(a-rf), 

where (o^ is what w^ becomes on writing therein x=^d. It is convenient to omit 
altogether these factors a>^ and (s)^ ; it being understood that without them, the equa- 
tions denote not absolute equaUties, but only equalities of ratios : thus, without the 
cuq^, the last-mentioned equations would denote A^O : B^O : C^O=a^+^^ : 2afi : a^— j8^, 
=^{a—d) : JJ(6— c?) : Qt{c—d). The quantities ^, 35, CT, 19 only present themselves 
in the products ^a>^, &c., and their absolute magnitudes are therefore essentially 
indeterminate, but regarding a>^ as containing a constant factor of properly determined 
value, the absolute values of ^, U, ®, 19 may be regarded as determinate, and this 
is accordingly done in the formulae ^^=— agh, &c., which follow. 



Relations between the constants. 

39. The formulae contain the differences of the quantities a, by c, d; denoting these 
differenced in the usual manner 



by 



SO that 



and also 



6—0, c^a, a^b, a--d, b^d, c^d 

a, b, c, f, g, h 

. — h +g — a=0, 

h . -f -b=0, 

-g+f . -c=0, 

a +b +c . =0, 

a^+bg+ch =0, 



and then assuming the absolute value of one of the quantities ^, U, ®, 19, we have 
the system of relations 
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a>=_agh, js©n= asf, ai>cf=-j8©i9, aw«HB=abcfgh, 
w= bhf, 0ab=-isiag, iscag= eta©. 
cf^= cfg, a»<!=-ctJ9ii, ctabii= a)»9. 

13«=-abc, 19fgh = -ai9C 

c'B'+WgP— f-®==bcf{af+bg+ch), =0, 
— C^-' . +a-«p-g1i*=cag{ „ ), =0, 

-b=a'+a-»- . -tfffl-=abh( „ ), =0, 

-f^HrMHh=0- . =fgb ( „ ), =0. 

It is to be remarked that taking Cj a, />, c2 in the order of decreasing magnitude we 
have —a, b, c, f, g, h all positive ; hence ^^ ISr 0^, W^ all real ; and taking as we 
may do, ]I9 negative, then %, 3S, Ct may be taken positive; that is we have— a, b, c, 
fj g, b, a, 3$, Ct,— 19 all of them positive. 

40. We have 

B='0= 2a^ =3ttg, 
D-0=a2-;3--==eth. 
The foregoing equations 



and we thence have 



i': 



"at' 



ch 



i-= ^,. A'^= — ^. satisfying (Ir'+Jt'^^ 1. 

41 . Observe further that substituting for a, b, c, f, g, h their values, we have 

%'^^c—h.h—d.c—d, = c—d.d~b.h—c, 

l&'=c—a.c~-d.a—d, = d—a.a—c.c—d, 

^=a—h.a—d.h—d, =—.a~b.h—d.d—a, 

303_g „j_(,— a.a —b, =— .6— c .c —a.a—h, 

where in the first set of values all the differences are positive, but in the second 
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set of values, we take the triads of abed, in the cyclical order bed, cda, abc. There is 
in this last form an apparent want of symmetry as to the signs (viz. : the order which 

might have been expected is H 1 — ), but taking the order of the letters to be 

®,^,1$,19 and c,a,bjd, then the cycHcal arrangement is 



©2= 


-.6- 


-d.d- 


-a.a- 


-b. 


gl2 = 


-.d- 


~c.c - 


--b.b- 


-d 


w= 


—.c- 


—a.a- 


—d.d~ 


-c. 


13-= 


— .rt- 


-b,b' 


^c.c - 


-a. 



where the four outside signs are all — . Observe that the triads of abcdy and abd^, are 



and 



bed, cda, dab, abc, 
bdc, dca, cab, abd, 



where in the first and second columns the terms of the same column correspond to 
each other with a reversal of sign, whereas in the third and fourth columns the lower 
term of either column corresponds to the upper term of the other column, but without 
a reversal of sign. 



The product-sets, ii-^itf : and nf indejinitely small, differential formulce. 



42. Coming now to the product-sets, these may be written 



« + K'lt— ti' « + u'w — U' 



HC.A + A.C}=XX/, 
„{D.B + B.D]=Y,X;, 



i{B.A + A.B} 

„{D.C + CD} 

i{D.A + A.D} 

„{B.C + CB} 



(P + Q)(F + Q'), 
t(P - Q )(F + Q' ), 

(P-tQJ(P;+tQ;), 

t(p-tQ,)(p;+iQ;), 



tt+u'w— ii' v + u'tt—u' 



i{CA - a.c} = y,y;. 

,.{D.B - B.D]=Xj;, 



i{B.A 


- A.B] 


,.{i>.c 


- CD] 


i{D.A 


- A.D] 

* 


„{B.C 


- CBt 



(P-Q)(F-Q'), 
i(P + Q)(F-Q'), 

(P,+iQ,)(P;-iQ;). 

t(p-tQ,)(p;-tQ;). 



43. We can from each set form two fractions (each of them a function of u+u' and 
u^u), which are equal to one and the same function of t^' only: for instance, from the 

Y ' . . 

first set we have two fractions, each ^ : putting in such equation u=0, we obtain a 

new expression for the function of u' involving only the theta-functions Ku\ &c., 
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which new expression we may then substitute in the equations first obtained : we 
thus arrive at the six. equations 



C . A - A.C_D.B -B.D _ Du'.Bu' 
Cu'.Aw' 

Dtt'.Cw' 
Hu'.Au 



D 


B + B 


D 


B 


A -A 


B 


D 


C + C 


D 


R 


-C 


B 



C 


A + A 


C 


D 


-C 


D 


B 


A + A 


B 


D 


A - A 


D 



D.A + A.D' 



_ Du.Au - 
■ B . C + C . B ~ liu.Cu" 



where observe that the expressions all vanish for w'=0. 
44. Taking herein u' mdefinitely small we obtain 



Am.C'm — Cm A'lt 
B«.D« 

A».B'u — BwA'k 
Cw.Dw 

Cw.B'm-Bu.C'w 



Bw.D'm-T>m.B^w _DUE0__ B»0 
Cw.Am ~C'0.A0~ a=o' 



Ok.Bw 
Am.T)'«-T>«.A'm iro.AO 



= -K, 



where the last column is added in order to introduce K in place of D'O. 

45. These formulae in effect ^ve the derivatives of the quotient-functions in terms of 
quotient-functions ; for instance, one of the equations is 

dii Alt Am Am 

substituting herein for the quotient-fractions their values In terms of x, this becomes 

or the left hand being =;; ,.,-;— — , tliis is 

^ {a—xy^d-x du' 

Kdu= WE± :. 



^a—xM—x.c~x.d—x 

where on the right hand side it would be better to write \/—st in the numerator, and 
a:— (i in place of d— a; in the denominator. 
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Comparison with Jacobi. 
46. The comparison of the formulae with Jacobi ^ives 



snK«=--i=D«^Cu, = ^1 ^/g (or better Vf V:^')' 



where it will be recollected that 



1^^^^, k',= ^^ 



-af 



-af 



It may be remarked that we seek to determine everything in terms of a, h, c, d. 
The formula just written down, Ar'=bg-i — af, gives k in terms of these quantities ; 
and k, K being each given in terms of q, we have virtually K as a function of k, that 
is of a, b, c, d: but it would not be easy from the expressions of k, K each in terms 

of a, to deduce the actual expression K=|2 — ,-— .^-?== of K as a function of k. 



The square-set, uitt'. 



47. lie verting to the square-set 

A(«+t*')A(«-tt')= XX'+YY', 
B{u+u)B{u-u)= YX'+XY', 
C{u+ti')C{u-u')= XX'-YY', 
D(«+iOD(«-tO= -YX'+XY', 

if we fii-st write herein tt'=0, and then m=0, using the results to determine the values 
of X, Y, X', Y' we find 



aC-«-/8D2t*= (a3-/8-2)X, 
^C^u-aDhi= „ Y, 



i8C-«'-aD-«'= „ Y, 



and thence 

MDCCCLXXX. 



G C 



922 PROFESSOR A. CATLEY ON THE SINGLE 

whence 

(a2_^2) (XX'-YY')= (C^mCV-D^mDV), 

(where observe that in taJdng the difference the right hand side becomes divisible by 
a- — ^, and therefore in the final result we have on the left hand side the simple factor 

a?—^' instead of {a^—^Y')- 
Similarly 

„ XY'=ufi „ -p' „ -a? „ , 



and thence 

(a3«^)2( YX'+XT) ==2a^(C-ttCV+D'^ttD-^2iV(«'+/3')(C*'uD*V 
(a3-^2) («YX'+XY') = BhiC'u'-ChiD'u, 



48. Hence recollecting that 



B20=2a)8, 



the original equations become 



C+O.B(u+u )B (tt-tO= B-0(O^i^CV+D'^wDV)- A20(C2t^D2u'+D^i^CV), 

49. It will be observed that the four products A(t^+w')A(ii— u'), &c., are each of 
them expressed in terms of C^m, D^u, CV, D'-i^'. Since each of the squared functions 
A-w, B^w, C^Uf D^u is a linear function of any two of them, and the like as regards 
A^u, Wu\C?u\ iy^u\ it is clear that in each equation we can on the right hand side 
introduce any two at pleasure of the squared functions of t^, and any two at pleasure 
of the squared functions of \i. But all the forms so obtained are of course identical if, 
taking x the same function of u' that a; is of t*, we introduce on the right hand side 
ar, x' instead of xi^ u ; and the values of A(w+w').A(if— w') are found to be equal to 
multiples of v, Vp V^, V3, where 
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V=aJ— Of! Vi= 



1, a+cZ, ad 
1, 6+c, be 



V,= 



1, x+ji/, OKc' , V3= Ij .^H-.'c', xr' 

i 

1, h+d, hd : 1, c+d, cd 

1, c+c/, cd I 1, a+6, ai 



50. In fact, from the equations A''dt=^(a— a:), A^u=^{a—x) we have 
V=:^{Wu(yu'-C'uB^u'), =^{C'uA.'u'-A^uC'u), =„-^^(A«uBV-B%A%'), 



aise 



b«r^' 



c^i3 



=^(A2t*DV-D2«AV), =„^(B2«D-»/-D2«B^«').=j^(C««DV-D2«CV). 



where it will be recollected that f^'^=sM&, — g9ffiD=bCra, ■-h&B=c'^U. 
Moreover 



(6 — c)Vi=— '> — .r.6— x', c— .r.o— 



(c— a)v2= — 



(a-&)v3=- 



/>— .r.6— x', c— .'CO— ;r' 


, (a 


h^a.h—d, c^ax—d 




c— a:.e— x', a—xxi^x 


, (^> 


c-^h.c—dy a— 6.a— cZ 




a— aj.a— dj^ 6— x.&— x 


, (^ 


a—ca—d^ h^o.h^d 





6 



— cZ)Vi= a— ar.a— r/, d—x.d—x' 

h.a—c^ d—b.d'-c 

I— (Z)V2=| 6— a:.6— x', d—x.d—x 

I h^c.b—a, d—c,b—a 

c—x,c--x\ d—x.d'-x I, 

c— a.c— rf, d—a.d—b 



-c?)v3= 



or as these may be written 



1 1 

Vi= — {bh.fe— .r.6— x.+cg.c — a?.c— a:'}, =-{gh.a — aj.a— .r'.+bc.cZ— x.cZ— a:'}, 



v..= 



— rfcf .c— a'.r— .r'.+ah.a— a?.a— x'}, =-Jhf.&— ^.6— a^. + ca.rf— ic.J— a:'}, 



V3=- 



-{ag.M— x.a— x'.+bf.6— .r.?*— a5'},=-{fg.c— x.c— aJ'.+ab.rf— xrf— a:'}, 

v/ Jl 



that is 






or finally 



6 c 2 
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V = - V B-"B'"'+C"»'f "»('», = - \ « A->'A-»*'+D^mI:^.('.. 

-SI. H^Ti^f: r- r., T:, r» denotinfr these functioDS of jr, jr' or of i/, »'', we have 

hi 



77»<? Minnre-ifH «-t»<', »«' indefinitely smoM: differential formula of the second order 

't2. I consider the original form 

C-OC(ti + m')C(m - u') = C-mC^u'- D-«D2«', 

^which is of course included in the last-mentioned equations). 
Writinjr this in the form 

jtnfl taking »/' indefinitely small, whence 

C(« + »<') = Ca-I- n'C'u + i w'-C"«, Cw'= CO, 
C(t,-u')=CH-H'Cu+^u'-C"H, Dm'= ttD'O, 
C(»< + «')C(m - fO = C-» + m'^ { C»Cm - (Cm)- } , 

the equation becomes 

^">(> +"•'{§- tn)=<?»+«1«'0-o-(D'o)£^ }, 

that is 



c'^/ _ /(r«\2 _ CO _ /iro Y d*k 
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viz., we have l — j log Cu expressed in terms of the quotient-function ^^^, and conse- 
quently Cu given as an exponential, the argument of which depends on the double 
integral ^du^du ^• 

53. To complete the result I write the equation in the form 

(P , ^ C'O 1 /D'0\2 . 1 /D'OW, 7 T)^A. 
-, log Cu=---^— j +-^— j [l^k ^j, 

—-is = — ^/kK, and tjt^ is =K(K— E); hence the equation is 






logC«=K«(l-|-A ^), =K^(l-|-Fsn2Ku), 



or integrating twice, observing that — log Cu and log Cu, for u=0, become =0 and 
log CO respectively, 

log Cu= log CO+i (l -| ) KV-fJ du^ duKhn^Ku, 
which is in fact 

log e{Ku)= log CO+i (l -|) KV-^I cZt^f c^wK^sn^Ku, 



agreeing with Jacobi's 



log ©w= log ©0+^ (^ ""k ) ^'^"^'^f ^^j ^^' ^^^^^' • 



Elliptic integrals of the third kind. 



54. We may write 






f 
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We djflferentiate logarithmically in tegaid to t/. Obserring that 



K<fu'=- 



ii/Sdi^ 



_iys 



snppwe. the firat equation gives 



ix: 



A'M .A'(k— «') .AXk+iQ 






and if for a moment 



V|, = 1, x+a:', xx' , b put =P(a— a:^+Q(<J— i^), 
1, a+rf, ad 
1, 6+0, be 
hen 

But writing a:'=a we have 



Q(d-a), 

tjiat is, Qf= — bc{d— a;), or 
Hence the equation is 

'A(.')"rA(a-«-) A(.+«') ^at -^ - (o-r^v, 



Qf= I, a+x, ax ; ={a—b){a—c)(d—i), =—hc{d—x), 
1, a-i-d, ad ' 



d_ . V, ljc(rf— jQ 
rfa:' ^ff— ,>^~(a— 3;')Vi' 



A'(«') AY»-iO _ A'(»+»') _ 2Kbc „ 

"«'\ ' A^i_k'^ A/«-l-«'^ ./at^ I 



and similarly 



B'(.0 B'(»-»') B'(»-f»') 2Kca „ 
B(a') B(«- »') B(« + «) v'sf 

e(»') . C-(»-«') _ C'(iH-»') aKab ^i 
C(iO C(»-»') C(a + iO~v'«f ^ 



D'(»') Uju-u') D'(i> + »') 2K 



S^+ 



DM "TdCu-iO d(»+«') - v^ 



^Sv'X' 



(*-»>.' 


d-a: 


(c-t^V," 


rf-J! 



Crf_y)(x-zO 



55. Multiply each of these equations by du, =|^^ -^, and iotegrate. We have 
equations such as 
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2^^77-;r+ log A/ "r-/v= const.+ — .-^^ — - P^ ^-r, 



showing how the integrals of the third kind 

f (d—x) dx C(d—x)dx f(d-x)dx f (d—x)dx 
Vi\/X' J V3\/X ' J VsV^X ' J(a:-a;')-v/X 

depend on the theta-functions. 

If, instead, we work with the original equation 

.,.Q C(ii+u')C(:u^u') _D^6 W^ 
we find in the same way 



= -£^ log (1 -ifc^gn^Ki, sn^-KuO, 
_ 2^-^K3uK^^cuK<^^dnK^'8u^Ki6 . 



or multiplying by ^du and integrating 






which is in fact Jacobi's equation 



u 



^ +ilog ' , = — z — 7T-1 i > =U{u, a). 



I do not effect the operation but consider the forms first obtained, 
as the equivalent of Jacobi's last-mentioned equation. 



AdditioiirformulcB. 

56. The addition- theorem for the quotient-functions is of course given by means of 
the theorem for the elliptic functions : but more elegantly by the formulae relating to 
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the form dx-i- \'^a—x.h—x.c—z.d~x obtained in mypaper "On the Double ^-Functions" 
(' Crelle-Borchardt,' torn. 87 (1879), pp. 74-81), viz. : for the differential equation 

to obtain the particular integral which for y=rf reduces itself to 2=x, we must, in the 
formulse of the paper just referred to, interchange a and d : and writing for shortness 
a, b, c, d=a— X, b—x, c—x, d—x, and similarly a„ b,, c,, d,=a— y, h—y, c—y, d—y, 
then when the interchange is made, the formuUe become 



Vf=3 



_ ^/d—h.d—c{ Y/adb,c,-f ya^H^ bc} 
(6c, ad) 



__ •/ d—b,d—c.{x—y) 
Y^adb^c, — v^a,d,bc 

_' \/(f — 6.rf— c{ v^bdc,a,+ v/b,d,ca} 
(rf— c)v'aba,b, — (6— (i)v^cdc,d, 

■yd~bA^c { y/cda^b, + y'abe.d, ] 
(rf— A)^aca,c, — (c— o)^bdb^d. 



a/ t^— { \/bda,c— v^b,d,ac} 



v/adb,c,— \/a^d,bc 
"«-c)v/iE,b,-(!.-ir)v/odc,d,' 

(rf — 6) v^a^JaA"" C" — **) v''b^l>,d. 



~ (Ac, «rf) ' 

/^|=i { v/ai;b - v^bSjd, } 

\/adb,c, — \/ft,d^bc 

/y/^^{(ii-n)v/Sb;c;-(J-e)v'a3i,d, 
■" (rf-<:)v/aija;E>(S-i>)v^3c3; ' 

~{d— 6)v/acaic, — (c— a) v^b^d^ 
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57. In the foregoing formulae (6c, ad) {ac, hd) and {ad^ he) denote respectively 



1, x+y> ^ 

1, a+6, oh 
1, c-^d, cd 



and substituting for ^,lJ,@,i3 their values, and for a, b, &c., writing again a—x, 
6— «, &c., we have moreover 



1, a;+y, a:y 


J 


1, 6+c, 6c 




1, a+rf, ad 





1, x+y, xy 


9 


1, c-\-a, ca 




1, 6+rf, W 





A^u=y/c—b.b—d.c—d (a—x), 
'B^u=^c—a.c—d.a—d (b—x). 




V" 


>> 

>> 


(a-.y)» 


C^u=y/a—b.a—d.b—d {c—x), 
Y^u^y/c—b.c—a.a—b (d—x). 


(a— 2), 

{h-z), 

(c-z), 
id-z). 


(c-y), 


A2(u+v)=v/ 


99 






W{u-\-v)=^ 


>9 






C^(«+t')=v/ 


99 






W{u+v)^^ 


99 







the constant multipliers being of course the same in the three columns respectively. 
According to what precedes, the radical of the fourth line should be taken with the 
sign — . The functions (6c, ad)^ &c., contained in the formulae require a transforma- 
tion such as 



(6— c) (6c, ad)=^ 



h—x.b^y, c^x.c^y 
6 — a.h — cZ, c — ax — d 



in order to make them separately homogeneous in the differences a— a;, 6— x, c-^x, 
d^Xy and a-^y^ h-^y, c—y, d--y, and therefore expressible as linear functions of 
the squared functions A^u, &c., and A^v, &c., respectively : and the formulae then give 
the quotient-functions A{u-^v)'t'D{u+v) &c., in terms of the quotient-functions of 
u and V respectively. 



Doubly infinite product-forms. 

58. The functions Aw, Bt^, Gu^ 1l>u may be expressed each as a doubly infinite 
product. Writing for shortness 
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m + n.—.= {m, n), 

m+l+ 72.—.= (m, n), 

TTl 

m +(n+l)-.=(m, n), 

TTcr 

Ki+l+(n+l)^^=(Mi, n), 



then the fortnulse are 



A?<=AO. nn 



B?f=Bo. nn 






Ctt=Co. nn- 



1+ ---1 



DM=D'o.«nn 



i^ + (m.«)}' 



where in all the formulae m, n denote even integers having all values whatever, zero 
included, from — oo to +oo ; only in the formula for Di^, the term for which m and 
n are simultaneously =0, is to be omitted. 

59. But a further definition in regard to the limits is required : firat, we assume that 
m has the corresponding positive and negative values, and similarly that n has corre- 
sponding positive and negative values* ; or say, in the four formulae respectively, we 
consider m, n as extending 

m from — /x to /x+2, ^ from — v to 1^+2, 
>, >j — /^ M /^ , ,, » —I' „ 1^+2, 

where /x and i/ are each of them ultimately infinite. But, secondly, it is necessary 
that /x should be indefinitely larger than Vy or say that ultimately -=0. 

60. In fact, transforming the (/-series into products as in the ' Fundamenta Nova/ 
and neglecting for the moment mere constant factors, we have 

• This is more than is necessary ; it would be enough if the ultimate values of m were ^fijfi\ fi and fi 
being in a ratio of equality ; and the like as regards n. But it is convenient that the numbers should be 
absolutely equal. 
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ku= {l+2qQO^mi'\'(f){l+2<fcos7ru+(f). . , 

Bu=coB^7ru{l + 2q^co8 7ru+q^){l+2^cos7ru+q^). . , 
Cu= {i — ^ cos 7ru+q^){l-'2q^ cos irw+g^), 

Du= sin ^u( 1 — 25^2 008 7ru+q^){l — 2g*cos wu+q^), 

and writing for a moment a = —. and therefore g*+?"*,=e*'**+e""*'**,=2 cos iTra, &c., 

each of these expressions is readily converted into a singly infinite product of sines 
or cosines 

Aw=n. cos ^Triu-^-not), 
Bu=n. cos ^7r{u-^na), 

Cu=n. sin ^7r{u-]-na), 
Du=Tl. sin ^(w+na), 

where n is written to denote w+1, and n has all positive or negative even values 
(zero included) from — oo to +00 , or more accurately from —1/ to i/, if 1/ is ultimately 
infinite. 

61. The sines and cosines are converted into infinite products by the ordinary 
formulae, which neglecting constant factors may conveniently be written 

8in^u=n(t^+^)> cos^^7m=n(t^+m), 

where m is written to denote m+1, and m has all positive or negative even values 
(zero included) from — 00 to + 00 , or more accurately from — /x to /x, if /x be ultimately 
infinite. But in applying these formulae to the case of a function such as sin ^(t^+^«)> 
it is assumed that the limiting values /x,— /x.of m are indefinitely large in regard to 
w+na; and therefore, since n may approach to its limiting value ±1^, it is necessary 

that fi should be indefinitely large in comparison with i/, or that -=0. 

62. It is on account of this unsymmetry as to the limits -=0,-=ao , that we have 
1 as a quarter period, —, only as a quarter-quasi-period of the single theta-functions. 

ITie transformation q to r, log q log r=7i^. 

63. In general, if we consider the ratio of two such infinite products where for the 
first the limits are (±/x, ±1^), and* for the second they are (±/x', ±^')> and where for 
convenience we take /x>/x', v>v\ then the quotient, say [jx, v]-T-f/x', */] is = exp. (Mi^^) 
where 

6 D 2 
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taken over the area mcluded between the two rectangles. AVe have (w, ii)=r/i+— .n, 
=zm+i0n suppose, where (a being negative) ^= — . is positive : the integral is 



^ — lam! :^ TT- » 



1 - m — iOv 
= /I l^^ff ^ » 



• •r finallv between the proper limits the value is 






A' 



where the logarithms are log (/x — ^ft/)= log v//i-+^ — i tan ^— , Ac, and the tan"^ 
denotes always an arc between the limits — ^xr, +^. Hence if -=oc, -=0, the 

2 . . . 2ir 2Tr^ it^ 

value is .^(— Oi — Oi+^i+^7ri)=^,= ; or K=i— . Hence finally 



[yx^i/,= Qc]^[,i^y,=0]=exp^i^«|2y 



64. We have a,=log q^ negative ; hence taking r such that log q log r=ir^, we have 
a'=log r, also negative ; and r, like g, is positive and less than 1. We consider the 
theta-functions which depend on r in the same manner that the original functions did 
on q, say these are • 



A(i/, r)=A(0, r) nnJ ^ + 






/ 
— —a 

VI + n — . 



B(«, r)=B (0, r) nn J ^+=;^^ L 

c(«, r)=c (0, r) nn|^+;;;^|, 

D(«, r)=D'(o, r)«nn J ^+;;^ L 
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limits as before, and in particular -= oo ; it is at once seen that if in the original 

functions, which I now call A(t^, q), B(w, q), C{u, q), J){u, g), we write — . for u, we 

obtain the same infinite products which present themselves in the expressions of the 
new functions A(w, r), &c., only with a different condition as to the limits ; we have 
for instance 

au 

nn 1+ =nn/iH ;Y=nn/i+ 



, a I ay . « 

m + n—.j \ n—m — ;/ \ n-\-7n—. 



which, interchanguig nif n, and of course also ft, v, is 



=nn/i+ 



u 

1> 



\ m-hn— . 

\ TTl' 

with the condition -=0 instead of - = oo. Hence disregarding for the moment 
constant factors, and observing that a is replaced by a, we have 

D(«, r)H-D(^!, g)=[^-v,=co]-[^-.,,=0] 

=exp fc^^j, =exp iiuHogq). 

65. We have equations of this form for the four functions, but with a proper 
constant multiplier in each equation : the equations, in fact, are 

# 

A{u, r)={A(0, r)-A(0, q)] exp {iuHog q)A(^^, g), 

B{«, r)={B(0, r)-B(0, q)} ,. b(^, 5), 

C(«, r)= {C(0, r) -C(0, q)} „ c(^*. 5). 

D(u,r)={D'(0.r)-D'(0,g)}'^' ., I)(^^., qj 

It is to be observed that r is the same function of k' that qis of k : this would at 
once follow from Jacobi's equation log 5^= — ^, for then log q log r=7r^ and therefore 

log r= — :^ (only we are not at liberty to use the relation in question log 5= — =- J, 
and assuming it to be true we have 
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A((), r]iy'f}, r, 



log 7= — —, log r= — --' 

where if the identity of the two values of k or of the two values of k' were proved 
independently (as might doubtless be done), the required theorem (r the same function 
of k' that fj is of k) would follow conversely: and thence the other equations of the 
svstem. 

C6. We have in the ' Fundamenta Nova/ p. 75, the equation 



B^O, A) V k' e(0, k-) ' 



writing here R'u instead of u the equation becomes 



H^iK'«, Ay . /J f.irK' A H'KV, /.') 



or what is the same thing 



/au 

which can be readily identified with the foregoing equation between D("~^> h] ^"^ 

D(m, I'). But the real meaning of the tmnsformation is best seen by means of the 
double-product formulae. 

THIRD PART.— THE DOUBLE THETA-FUNCTIONS. 

Notations, d'c. 

f)7. We have here 16 functions M^\^) («^, v) : this notation by characteristics, con- 
taining each of them four numbers, is too cumbrous for ordinary use, and I therefore 
replace it by the current-number notation, in which the characteristics are denoted by 
the series of numbers 0, 1, 2, ... 15 : we cannot in place of this introduce the single- 
and-double-letter notation A, B, . . . AB, &c., for there is not here any correspondence 
of the two notations, nor is there anvthinor in the definition of the functions which in 
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anywise suggests the single-and-double-letter notation : this first presents itself in 
connexion with the relations between the functions given by the product-theorem : 
and as the product theorem is based upon the notation by characteristics, it is proper 
to present the theorem in this notation, or in the equivalent current-number notation : 
and then to show how by the relations thus obtained between the functions we are 
led to the single-and-double-letter notation. 

68. There are some other notations which may be referred to : and for showing the 
correspondence between them I annex the following table : — 

The double theta-functions. 



Asterisk 

denotes the 

odd functions. 


1. 

Current 
number. 


2. 
Character. 


3. 

. Single-and- 
double-letter, 
Cayley. 


4. 

GOPBL. 


5. 

GdPBL- 

Cayley. 


6. 

EoflRNRAIN. 


7. 
Wbibb- 

8TBA8S. 


8. 

KVUUElt. 




■»o 


qOO 
•^00 


BD 


p»»i 


p» 


^22 


■»5 


12 




1 


10 

00 


CE 


R" 


Rs 


33 


4 


8 




2 


01 
00 


CD 


Q'" 


Qs 


23 


01 


10 




8 


11 

00 


BE 


S'" 


s» 


33 


23 


6 


4 


00 
10 


AC 


F 


Pi 


02 


34 


4. 


• 


6 


10 
10 


C 


tR' 


Bi 


12 


3 


16 




6 


01 
10 


AB 


Q' 


Qi 


03 


2 


2 


• 


7 


11 

10 


B 


tS' 


Si 


13 


24 


14 


8 


00 
01 


BC 


P" 


P2 


SO 


12 


9 




9 


10 
01 


DE 


R" 


^ 


30 


03 


5 


• 


10 


01 
01 


P 


tQ" 


Q2 


21 


02 


11 


• 


11 


11 

01 


A 


tS" 


s, 


31 


13 


7 


12 


00 

11 


AD 


P 


p 


00 





1 


• 


IS 


10 

11 


D 


iR 


R 


10 


04 


13 


• 


14 


01 

11 


E 


iQ 


Q 


01 


1 


3 




15 


11 
11 


AE 


s 

1 


s 


u 


li 


15 
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69. These are the notations : — 

1. By current-numbers. It may be remarked that the series was taken 0, 1, . . . 15 

instead of 1, 2, ... 16, in order that might correspond to the characteristic ; 

2. By characteristics; 

3. By single-and-double letters ; 

4. Gopel's, in his paper above referred to, and 

5. The same as used in my paper above referred to ; 

6. Rosenhain's, in his paper above referred to ; 

7. Weierstrass', as quoted by Konigsberger in liis paper " Ueber die Trans- 
formation der Abehchen Functionen erster Ordnung," ' Crelle-Borchardt,' t. 64 (1865), 
p. 17, and by Borchardt in his paper above referred to ; 

8. Not a theta-notation, but the series of current numbers used in Rummer's 
Memoir " Ueber die algebraischen Strahlen-systeme," *Berl. Abh.' 1866, for the nodes 
of his 16 -nodal quartic surface, and connected with the double the ta-f unctions in my 
paper above refen^ed to. 

But in the present memoir only the first three columns of the table need be 
attended to. 

70. It will be convenient to introduce here some other remarks as to notation, &c. 
The letter c is used in connexion with the zero values ti=0, v=0 of the arguments, 

viz.: — 

•^U» "^l' ^'29 ^3> "^4' "^G* "^S* "^O' ^Uf ^15 

are even functions, and the corresponding zero-functions are denoted by 

^0» ^l> ^'2' ^3> ^4» ^6> ^8' ^9' ^12» ^15 > 

there are thus 10 constants c. 

When {u, v) are indefinitely small each of these functions is of course equal to its 
zero- value plus a quadric term in (^^, ?;), and we may write in general 

there are thus 30 constants c'", c^'', c\ 
The remaining functions 

•^5» "^T' ^0)9 ^U> "^IS' "^U 

are odd functions vanishing for w=0, v=0, and when these arguments are indefinitely 
small we may write in general 

»={c\ cyti, v) 

there are thus 12 constants c\ c\ 
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71. All these constants are in the first instance given as transcendental functions of 
the parameters, or say rather of exp. a, exp. A, exp. b (which exponentiiJs correspond 
to the q of the single theory) : viz., in a notation which will be readily understood, the 
constants c, (/^\ c^^ c' of the even functions are 

-4^ {m+af, 2(m+a)(n+i8), (»+/8)^ exp ("^+"' ^+^) ; 
and the constants c^ c^' of the odd functions are 

i^t2(m+a),(«+^). exp ('"+"• '^+^^ 

72. It is convenient for the verification of results and otherwise, to have the values 
of the functions, belonging to small values of exp (—a), exp (— 6) ; if to avoid 
fi:uctional exponents we regard these and exp (—A) as fourth powers, and write 

exp (-a)=Q*, exp (-A)=R*, exp (-6)=S*, 
also 

QR2S=A, QBr^S=A\ and therefore AA'=Q-S', 

then attending only to the lowest powers of Q, S we find without difficulty 



3^^^(u)^ 1, and therefore also 


Co=l, 


»i 


= 2Q cos \nu^ 


q=2Q, 


s. 

•* 


= 2S cos ^Try, 


c,= 2S, 


^3 


= 2A cos ^7r(ii+v) + 2A' cos ^7r(u— i;). 


C3=2A+2A', 


^ 


= 1, 


c*=l, 


^0 


= — 2QRin^7rw, 


- 


^6 


= 2S cos }^y 


C8=2S, 


^7 


= — 2A sin ^(m+v)— 2A' sin iir(u— v), 




•»8 


= 1, 


C8=l, 


^9 


= 2Q cos ^TTW, 


C9=2Q, 


•^lo 


= — 2Ssin^^, 




^11 


= — 2A sin ^(i*+i;) + 2A' sin \ir{u—v)y 




•Si, 


= 1, 


^"l3==^> 


•^13 


= — 2Q sin ^nu, 




^14 


= — 2S sin^^, 




^15 


= — 2A cos ^n{u+v)'{-2A' cos iir(u— v), 


Ci8=-2A+o 


MDCCCLXXX 


:. 6 E 
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73. The expansions might be carried further ; we have for instance 



5o(tt) = 1 + 2Q* C08 iru + 2S* cos fl-v, 
J>4 =1-2Q* „ +28* „ , 
J^a =1 + 2Q* „ -2S* „ , 
= 1-2Q* „ -2S* „ , 



Co=l + 2Q*+2S*, 
C4=1-2Q*+2S*, 
Cb=1+2Q*-2S* 
Ch=1-2Q*-2S* 



= 2Q COB i7ru+2Q" cos iwu+2k cos iir(ii+2f)+2A' cos \n{u—2v), 

Ci =2Q+2Q''+2A+2A', 

= — 2Q fdn ^iru-\-2Q' sin ffl-u— 2A8in ^7r(«+2») — 2A' sin ijr{u— 2w) 

= 2Q cos i^u+2Q' cos firw— 2A cos ^fl'(u+2v) — 2A' cos ^{u—2v), 

C9= 2Q+ 2Q''- 2A - 2A'. 

= — 2Q sin^7ru+2Q'' sin fn-w+2Asin i^(i(+2v)+2A'sin ^ir{«— 2v), 



in which last formulae 



A=QR*S*, =- 



; A'=QR-*S*,=- 



74. Iq the single-and-double-letter notation we have six letters A, B, 0, D, E, F; 
and the duads AB, AC, . . . DE are used as abbreviations for the double triads 
ABF, CDE, Ac, the letter F always accompanying the expressed duad ; there are 
thus in all six single-letter symbols, and 10 double-letter symbols, in all 16 symbols, 
corresponding to the double-theta functions, as already mentioned in the order 

° 1 a 3 4 G e 7 8 U 10 11 la 13 14 IG 

BD, CE, CD, BE, AC, C, AB, B, BC, DE, F, A. AD, D, E, AE 

where observe that the single letters C, B, F, A, D, E correspond to the odd functions 
5, 7, 10, 11, 13, 14 respectively. 

75. The ground of the notation is as follows : — 

The {dgebraical relations between the double theta-fiinctions are such that intro- 
ducing six constant quantities a, 6, c, d, e,f and two variable quantities (a:, y) it is 
allowable to express the 16 functions as proportional to given functions of these quan- 
tities (a, h, c, d, e, /; x, y) ; viz. : there are six functions the notations of which depend 
on the single letters a, b, c, d, e, f respectively, and 10 functions the notations of 
which depend on the pairs ah, ac, ad, ae, be, bd, be, cd, ce, de respectively: Mich of the 
1 6 functions is in fact proportional to the product of two factors, viz. : a constant factor 
depending only on (a, b, c, d, e, /), and a variable factor containing also x and y. 
Attending in the first instance to the variable factors, and writing for shortness 

a—x, 6— X, c—x, d—x, e—x,f—x=&, h, c, d, e, f ; x—y^d; 
a—y, b—y, c— y, d—y, e—y,/—y=a.,, b,, c,. d,, e,, f^; 
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these are of the forms* 

and I remark that to avoid ambiguity the squares of these expressions are throughout 

written as {y/cHf and (\/a6)^ respectively, 

76. There is for the constant factors a like single-and-double-letter notation which 
will be mentioned presently, but in the first instance I use for the even functions the 
before mentioned 10 letters c, and for the odd ones six letters h. I assume that the 
values aj, y=oo , oo (ratio not determined) correspond to the values ii=0, i;=0 of the 
arguments; and that a> is a function of (aj, y) which, when (x, y) are interchanged, changes 

only its sign, and which for indefinitely large values of (a?, y) becomes =r~n. This 

being so, we write (adding a second column which will be afterwards explained) 

0=BD=o>Co \/hdy Cq =\y/hdy 

l=CE=„Ci \/ce, Ci =„vce, 

2=CD=„C2 y/cd, Cg =„Vcd, 

3=BE=„c^ \/be, Cg =„v6e, 

4=AC=„C4 vaCy C4 =„\/^, 

5= C =,,^5 \/c, k^ =„v^c; 

6=AB=„Cg va6, Cg =„v a6, 

7= B =yykj \/b, hj =„\/b, 

8=BC=„C8 vfec, Cg =„v 6c, 

9=DE=„C9 \/de, Cq =„\/rf6, 

10= F =J,o^J ho =„v^/ 

11= A =„A:iiVa, kn =„va, 

12=AD=„Ci2varf, c^i=y,^cid, 

13= D =,,h^y/d, i-i3 =„V^, 

14= E =nkuy/e, h^ =,,\/e, 

15=AE=„Ci5\/ae, Cy=,,\/ae, 

viz. : here, on writing a?, y=oo , 00, each of the functions ^/ftrf, &c. becomes =2—^ ; 

and each of the functions -y/a, &c., becomes = ^xy ; hence by reason of the assumed 
form of o>, the odd functions ^ach vanish (their evanescent values being proportional 

6 E 2 
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to ij, kj, Jtj.j t,|, i'lj, ill respectiTely), while the even functions become equal ta Cq,Ci, 
Cb Cg, c,. Ce, Cj, Cj, c,^ Cii respectively. 

Observe further that on tnterchaoging x, y, the even functions remain unaltered, 
while the odd functions change their sign ; that is, the interchange of x, y corresponds 
to the change «, v into — u, — r. 

77. As to the values of the 10 c's and the six k's in terms of (a, h, c, d, e,f) these 
are proportional to fourth roots, va, Ac., va&, &c. ; in v a, a is in the first instance 
regarded as standing for the pentad hctlef, and then this is used to denote a product 
of differences bc.bd.he i^.cdxe.c/.de.d/.ef; similarly a6 is in the firet instance regarded 
as standing for the double triad ahf.cde, and then each of these triads is used to 
denote a product of differences, ah.af.hf and cd.ce.de respectively. The order of the 
letters is always the alphabetical one, viz. : the single letters and duads denote 
pentads and double triads, thus : 



a=bcdef. 


ab^abf.cde, 


h^acdef. 


ac^ac/.bde, 


c=a}>def. 


ad-=adf.hce. 


d=aUef, 


nc=aef.bc(l. 


e=ahcd/. 


l>c=hc/.ad<', 


f=ahcde, 


M^hdf.ace, 




he^hef.acd. 




cd=cd/.abe 




ce=^cef.ahd 




de=def.abc 



There is no fear of ambiguity in writing (and we accordingly write) the squares of 
V a and vab as va and vab respectively ; the fourth powers are written {'/df and 
(vaby ; the double stroke of the radical symbol v is in every case perfectly dis- 
tinctive. 

This Wing so we have as above Ca=\\^bd, Ac, k^=\va, &c.: it is, however, im- 
portant to notice that the fourth roots in question do not denote positive values, but 
they are fourth roots each taken with its proper sign (+, — , -f-t, — i, as the case may 
be) so as to satisfy the identical relations which exist between the sixteen constants ; 
and it is not easy to determine the signs. 

The X, y are connected with the u, v by the differential relations 
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where X=abcdef, Y=a^b^c^d,e/,; which equations contain the constants w, p, a, t, the 
values of which will be afterwards connected with the other constants. 

78. The c's are expressed as functions of four quantities a, /8, y, 8, and connected 
with each other, and with the constants (a, b, c, d, e,/) by the formulse 



\=2{a^+yB) 
2=2(ay+)88) 
3=2(aS+^y) 

6=2(ay-)8S) 
8=a2+/82— y2-8« 
9=2(a,8-yS) 

15=2(a8— )8y) 



=« 



„ y/cd, 
„ ^be, 
„ Vac, 
„ •s/oA, 
„ \/bc, 
„ Vde, 
„ s/ad, 



It hence appears that we can form an arrangement 



^ 12» 


^ 1» 


^2 
^ 6 


. Q 


a, 6, c 


^ 9> 


— ^2 
^ 4> 


^2 
^ 3 




a , , c 


^2> 


— ^2 
^ 15> 


— ^2 
^ 8 




a", 6", c 



a system of coefficients in the trans- 
formation between two sets of rec- 
tangular coordinates. 



We have between the squares of these coefficients of transformation 6+9 equations 



that is 



a'2 +6'2 +c'2 = 
a« +a'«+a"2= 

68 +&'2+6"2= 



C2 +C'^+C"^z=z 

6»+c2=a'*+a"2, 6'2+c'2=a"2+a2, 6"«+c"2=a*+a^ 
c2+a'»=6'2+6"S c'2+a'2=&"«=62, c"2+a"2=62+6^ 
a«-|-&^=c^+c"^ a'2+6'*=c"2=c2, a"2+6"*=c2+c'^ 



c* 


c* 


+ 6 


c* 


12 


+ 1 


- 


9 


+ 4 


+ 3 


- 


2 


+15 


+ 8 


- 


12 


+ 9 


+ 2 


- 


1 


+ 4 


+ 15 


- 


6 


+ 3 


+ 8 


- 


1 


+ 6 


- 9 


- 2 


6 


+ 12 


- 4 


-16 


12 


+ 1 


- 3 


- 8 


4, 


+ 3 


- 2 


-12 


3 


+ 9 


-15 


- 1 


9 


+ 4 


- 8 


- 6 


15 


+ 8 


-12 


- 9 


8 


+ 2 


- 1 


- 4 


2 


+ 15 


- 6 


- 3 



=0; 
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and between the products a system of 6+9 equations 



a 'a +6"6 -^c'c =0, 
aa' +W '\'CC =0, 

he +hV +6V=0, 

ca +c a =0, 

ah +aV+aV=0, 



that is 



a, 


&, 


c 


=6'c" 


-6'V, 


ca 




&', 


/ 

c 


6"c 


-fee'', 


c'a 


// 


&", 


c 


&c' 


— fe'c, 


cct 



c a y ah — a b , 
-ca , ab — a 6, 
■ca, afe' -a'fe, 



c3 e» 


c« 


c» 


<? «» 


9 2 

2 12 

12 9 


+ 4 15 
-15 1 
-14 


-38 
-86 
+ 63 


1 6 

6 12 

, 12 1 


- 4 
+ 3 

- 9 


3 

9 

4 


+15 8 
-82 
- 2 15 


■ -0 12 
-0 1 
-0 6 


+ 4 
+ 3 
- 9 


8 

2 

15 


+ 3 15 

+ 89 
+ 24 


-0 9 
+0 4 
-0 3 


-15 6 
- 8 12 

|-12 15 


+ 81 
-62 
-12 


-0 2 
+0 16 
+ 8 


■1- 1 
+ 6 
-12 


3 
9 

4 


+ 46 

- 3 12 

- 9 1 



=0; 



each of the first set of 1 5 giving a homogeneous linear relation between four terms c* ; 
and each of the second set giving a homogeneous linear relation between three terms 
c^. c^, formed with the 10 constants c. Thus the first equation is Ci2*+Ci*+Cg*— Co*=0 ; 
and so for the other lines of the two diagrams. 

79. I form in the two notations the following tables: — 

Table of the 16 Kummer hexads. 



: A 


A 


A 


A 


A 


B 


1 

B 


B 


B 


C 


C 


C 


D 


D 


E 


A 


: B 


C 


D 


E 


P 


C 


D 


E 


P 


D 


E 


P 


E 


F 


P 


B 


AB 


AC 


AD 


AE 


AB 


BC 


BD 


BE 


AB 


CD 


CE 


AC 


DE 


AD 


AE 


C 


CD 


BD 


BC 


BC 


AC 


AD 


AC 


AC 


BC 


AB 


AB 


BC 


AB 


BD 


BE 


D 


CE 


BE 


BE 


BD 


AD 


AE 


AE 


AD 


BD 


AE 


AD 


CD 


AC 


CD 


CE 


E 


1 DE 


DE 

■ 


CE 


CD 


AE 


DE 


CE 


CD 


BE 


BE 


BD 


CE 


BC 


DE 


, DE 


F 



11 


1 " 


11 


11 


11 


7 


7 


7 


7 


5 


5 


5 


13 


13 


14 


11 


7 


! 5 


13 


14 


10 


5 


13 


14 


10 


13 


14 


10 


14 


10 


10 


7 


6 


4 


14 


12 


6 


8 





3 


6 


2 


1 


4 


9 


12 


16 


5 


2 





8 


8 


4 


12 


4 


4 


8 


6 


6 


8 


6 





3 


13 


1 


3 


3 


3 


12 


15 


15 


12 





15 


12 


2 


4 


2 


1 


14 


9 


' 9 


1 


2 


15 


9 


1 


2 


3 


3 





1 


8 


9 


9 


10 



AND DOIJBLE THETA-FUIfCTIOIfS. 



d4d 



o 

CM 

O 



00 





WPQOP 



feOpqpQ 



• • • • 

PPPQ 



WWP 
P=«PpQpq 

dpqpw 



w<imp 

• • • ■ 

ooop 
<)Po 



w<loP 

WPQdp 



^Ppw 
PQpqdw 



OPW 
Ppqppq 



SWOP 



PPW 

pmop 

<ipQOW 



OPW 

opqoo 

-"ipgpw 



OPW 

pQcqpqpQ 



<1POP 

<imdp 



PPPS 
^ pq d w 



HOOP 

Pm<J<i 
&;<ipQd 



oopw 

<lPQOO 

^ppw 



op<|<i 
^ -s5 P P 



PPW 
P<1pqp 


ooow 






gwp 

P^POO 


POPW 



POPW 
<1PPP 

<jbpw 



WPPO 
PO<j<j 

^<idp 



Pwwo 

PQ<j<j 

pH<idw 



OWWP 

«P<)<1 
|i;<ipw 



gwp 
^dpw 



POPH 

p'dppq 



WPPO 

<lopp 
i^ipdp 



P|z)»0 

<lo«« 
P^; n d pq 



ogwp 
-«1PPP 



PWwp 

<IPOQ 

i5=;dpw 



o 

rH Ol p 00 

•^ ^* -^ oi 

r-i rH 


rH CO rH O 

r-i I>1 »o CO 

rH r^ 


O 

rH i-l CO 00 

coed -^ wi 


rH O 04 Oi 

• • • • 

rH t^ iC^ 
rH rH 


rH rH 00 rH 

CO oi o o4 

rH r-i 


Oi 00-* o 

• • • • 

OrH t^ lO 


1 

O 

rH Oi 00 O 

^ O 04 lO 

rH rH 


^ ooeii-i 

• • • • 

rH t^CO'* 


rH f-H CO Oi 


04 

CO OrH O 

• • « • 

OrH IS. CO 


CO ^ 

rH rH O Oi 

• • • • 

lO -^ 00 rH 


C^ CO rH O 

• • • • 

O rH t^ '^ 
r-ir-i r-i 


O 

1^ r^ 


cooq pco 

rH XO CO "^ 


tC^ ooo 


C4 

CO 04 rH^ 

OrH iCCO 


CO 0^ 

i>lo odco 


OrHrH^ 

• • • • 

OrH XO "^ 
i-ir-i rH 


»C "^ Csl rH 

• • • • 

t^ coo CO 


iC 04 

• ■ • • 

O rH CO "^ 
rH rH rH rH 


o 

rH OOO CO 


04 lO 

«0^ rH rH 

J>I XO 00^ 
rH rH 


rH CD^ 04* 

rH r-i 


xO 

rH 04 O 00 
• • • » 

Ot^xo CO 

r-i rH 


CO 

rH OC^ Oi 

• • • • 

rH eO "^ »0 


04 

i-l rH CO 00 
• • • • 

O t^ XO -^ 


»0 OOO^fH 

rH O <n' iC 
rH f^ir^ 


'^ Ci CO O 
» • « • 

Ot^CO'* 

ir^ rHrH 


JN.00OC0 

• • • • 

rH '^f G^ »0 
rH r-ir^ 


CO 0)rHQ4 

OxOCO-^ 
rH r^r-l 



II 
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PROFESSOR A. CAYLEY ON THE SINGLEl 



81. Table of the 60 Gopel tetrads. 



A 


B 


. AE 


.BE 


A 


B 


.AD 


.BD 


A. 


B 


AC 


BC 



A . C . AE . CE 
A . C . AD . CD 
A . C . AB . BC 



A . D . AE . DE 
A . D . AC . CD 
A . D . AB . BD 



A. 


E 


. AD 


DE 


A. 


E 


.AC 


.CE 


A. 


E 


. AB 


BE 

1 



C . D . CE . DE 
C . E . CD . DE 
C . F . AB . DE 

B . D . BE . DE 
B . E . BD . DE 
B . F . AC . DE 

B.C. BE . CE 
B . E . BC . CE 
B . F . AD . CE 

B . C . BD . CD 
B.D.BC .CD 
B . F . AE . CD 



E . F . AB . CD 
D . F . AB . CE 
D.E .CD.CE 



AC . BD . AD . BC 
AC . BE . AE . BC 
AD . BE . AE . BD 



E . F . AC . BD 
D . F . AC . BE 
D . E . BD . BE 



E 


.F 


.AD. 


BC 


C 


.F 


.AD. 


BE 


C 


.E 


.CD 


.DE 



AB . CD . AD . BC 
AB . CE . AE . BC 
AD . CE . AE . CD 



AB . CD , AC . BD 
AB . DE . AE . BD 
AC .DE .AE .CD 



D . F . AE . BC 
C . F . AE . BD 
C . D . BC . BD 



A, 


F 


.BC 


.DE 


1 B 


.C 


.AB 


.AC 


D 


E 


.AD 


.AE 


BD 


CE 


BE 


.CD 


A 


F 


.BD 


.CE 


B 


D 


.AB 


.AD 


C 


E 


.AC 


.AE 


BC 


.DE 


BE 


.CD 


A 


F 


.BE 


CD 


B 

1 


E 


.AB 


. AE 


C 


D 


.AC 


.AD 


BC 


.DE 


. BD 


.CE 



AB . CE . AC . BE 
AB . DE . AD . BE 
AC . DE . AD . CE 



11 7 


15 


3 


5 


13 


1 


9 i 


14 


10 


6 


2 


4 





12 


8 


11 7 


12 





5 


14 


2 


9 


13 


10 


6 


1 1 


4 


3 


15 


8 


11 7 


4 


8 


5 


10 


6 


9 


13 


14 
10 


2 
4 


1 , 



12 


3 


15 





11 5 


15 


1 


7 


13 


3 


9 


14 


6 


2 


12 


8 


11 5 


12 


2 


7 


14 





9 


13 


10 


4 


3 


6 


1 


15 


8 


11 5 


6 


8 


7 


10 


4 


9 


13 


14 





3 


12 


1 


15 


2 


11 13 


15 


9 


7 


5 


3 


1 


14 


10 


12 


8 


6 


2 


4 





11 13 


4 


2 


7 


14 


8 


1 


5 


10 


12 


3 


6 


9 


15 





11 13 


6 





7 


10 


12 


1 


5 


14 


2 


9 


4 


9 


15 


2 


11 U 


12 


9 


7 


5 





2 


13 


10 


15 


8 


6 


1 


4 


3 


11 U 


4 


1 


7 


13 


8 


2 


5 


10 


15 





6 


9 


12 


3 


11 U 


6 


3 


7 


10 


15 


2 


5 


13 


8 





4 


9 


12 


1 


11 10 


8 


9 


7 


5 


6 


4 


13 


14 


12 


15 





1 


3 


2 


11 10 





1 


7 


13 


6 


12 


• 5 


14 


4 


15 


8 


9 


3 


2 


11 10 


3 


2 


7 


14 


6 


16 


1 5 

1 


13 


4 


12 


8 


9 





1 



The product-theorem, and its results. 



82. Tlie product-theorem was 

*(;f)(u+u>^(;;^(„-u-,=se«;; 



-O+MOS+ZSO+J 



7+-/ 



s+s 



(2it).e 



i(«-«0+i',iOS-y80+? 



7-*/ 



Z-» 



(21*-) 



where only one argument is exhibited, viz. : u+u', u—u\ 2 m, 2 m' are written in place 
of (m+u', v+^)> (^"'^'> V— t/), (2m, 2v), (2m', 2i/) respectively. The expression on 
the right hand side is always a sum of four terms, corresponding to the values (0, 0), 
(1, 0), (0, 1), and (1, 1) of (p, q). For the development of the results it was found 
convenient to use the following auxiliary diagram. 



AND DOUBLE THETA-FUNCTIONS. 
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Upper half of characteristic. 



— 


1 

<5Q.! 

1 





1 
^ 1 




+ 




OQ. 

+ 

• — ^ 




1 




«ia. 

1 


1-1 

+ 
+ 




• 

I-I 

1 


1 


-tt 

+ 


+ 
00. 


1 

-*• 


I-H 
+ 

1 


fH 
+ 

+ 


+ 

OQ. 
HOI 


1 


fH 
-h 

1 

S 

HM 











1 













1 







1 




• 

1 















4 





4 





* 










4 


1 


4 




* 




i 






1 











4 





4 


1 


i 




4 





t 







1 










1 





. 


i 

4 





4 


4 


i 


i 




4 


4 


3 
T 


4 




1 













1 





i 





i 










4 


1 


i 




* 













1 





1 






















1 


1 


















1 


1 





i 


i 


i 


4 


* 


i 




1 

3 


4 


* 


* 




* 










1 


1 


o: 

1 


1 


i 





4 





i 




1 
a 


1 




a 
T 

* 





























i 





♦ 


1 


i 




i 







1 


t 














1 


i 


i 


i 


* 


* 


i 




i 

8 


i 


i 


4 




* 


* 









1 










1 








1 


1 


















1 











1 







i 


1 


4 





* 


1 







4 





4 




1* 














1 


) 


i 


i 


* 


4 


♦ 


i 




♦ 


4 


s 
T 


* 




i 


i 






1 





1 




1 


i 





* 





i 




1 


1 


* 










1 









1 


1 




i 


1 


* 





i 


1 







4 





* 




* 











1 


1 


• 


1 


1 








' 

i 


1 







1 





















Lower half of characteristic. 



e- <« 


"f 


^ 

«« 


+ 

2- 


+ 


f 
1 


1 


1 




1 


1 


+ 


5o 

+ 


1 


1 




+ 


1 


1 



























































1 








1 





1 





1 





1 





1 





1 





1 





1 





1 











1 





1 





1 





1 





1 





1 





1 





1 


1 1 








1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 
1 


1 




1 


1 





1 





1 





-1 





1 





-1 





1 





-1 





-1 





1 


1 





2 











2 











2 











2 











1 


1 





1 


1 


-1 


1 


1 


1 


-1 


1 


1 


1 


-1 


1 


1 


1 


-1 


1 


1 1 


1 





2 


1 





1 


2 


1 





1 


2 


1 





1 


2 


1 





1 













1 





-1 





1 





-1 





1 





-1 





1 





-1 


1 







1 


1 


1 


-1 


1 


1 


1 


-1 


1 


1 


1 


-1 


1 


1 


1 


-1 


1 










2 











2 











2 











2 








1 1 







1 


2 


1 





1 


2 


1 





1 


2 


1 





1 


2 


1 








1 




1 


1 


-1 


-1 


1 


1 


-1 


-1 


1 


1 


-1 


-1 


1 


1 


-1 


-1 


1 


1 




2 


1 





-1 


2 


1 





-1 


2 


1 





-1 


2 


1 





-1 


1 


1 




1 


2 


-1 








2 


-1 








2 


-1 





1 


2 


-1 





1 1 


1 




1 2 


2 








2 


2 








2 


2 








2 


2 
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PROFESSOR A. CATLET ON THE SINGLE 



83. The upper characters of the Q's have thus the values 0, 1, i, f; the lower 
characters are originally 2, 1, 0, or —1, and these have when necessary to he by the 
addition or subtraction of 2 reduced to or 1 ; the effect of this change is either to 
leave the 8 unaltered, or to multiply it by — 1 or ±i, as follows 



%±2— 





'7 



e... 



®7±2=~®7» 



®7+2— 



is.. , Sy_2 



i _ 



7' 



7' 



8 



is'. e^ 



'7+2— 



— te', 

7 
7 



where only the first column of characters is shown, but the same rule applies to the 
second column ; and where we must of course combine the multipliers corresponding to 
the first and second columns respectively : for instance 



%+2 l+2=(~»-~*=)""®7 8- 



Thus taking the tenth line of the upper half, and the fifth line of the lower half, we 
have 



10 



00 



01 



10 



i i i I 



1 0—1 



fill 


i f i i 


9' 9 9 S 


1 0-1 


1 0-1 


1 0-1 



giving the value of 5^ (u+i/').^ (u^ic^i viz. this is 



ej J(2t*) . e_* J(2t*') 



te*J(2u).e*J(2u') 



.•^ii 



8 3 
7 t. 



+«l^")-®-lo<"> -*'®!o(")-®Io<») 



+«Jo(")-OJ(») 



+tej^(»).ejj(») 



+«!o(»)-«-!J(») 



-^J(..).elJ(»). 



where the first column is the value given directly hy the diagram, and which is then 
reduced to that given by the second column. 

84. But instead of the ©'s we introduce single letters (X, Y, Z, W), (E, F, G, H), 
(I, J, K, L), (M, N, P, Q), with the suffixes (0, 1, 2, 3), in all 64 symbols, thus 



AND DOUBLE THBTA-FUNCTIONS. 
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e 00 

00 
10 
01 
11 



10 01 11 (2tt) = 




1 

2 
3 



X__Y_Z W that is e^^(2u)=X, e]!^=Y, &c. 



00 



00 



eJJ(2u)=x, . . 



eio 

00 
10 
01 

11 



jl fO fl (2tt) = E F G 




1 
2 
3 



— that is e*Q(2it)=E, &c. 



eoi 

00 
10 
01 

11 



1| of 1| (2u) = I J K L 




1 

21 
3 



The functions of (2w') are denoted in like 
manner by accented letters 

e2^(2M')=X', &c. 



00 
10 
01 

11 



14 if ff (2u) = M N P Q 





1 

2 
31 



85. To simplify the expression of the results, instead of in each case writing down 

the suffixes, I have indicated them hy means of the column headed "SuflC" 

Thus 

Suff. 

I 8-0 1 »l]u+u'.r^^u-u'=XX.' +YY' +ZZ' +WW' |2 



means that the equation is to be read 



=X,X,'+Y,Y,'+Z2Z/+W,W/. 



It is haxdly necessary to mention that the | 8— | of the left hand column shows 
the current numbers of the theta-functions ; viz. : the left hand side of the equation is 

And by a preceding remark the single arguments u-^-ti^ and u-^u' are written in 
place of (u+u', v+v') and (w— t/', v^v) respectively. 

6 F 2 
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The 256 equations now are 



86, First set, 64 equations. 



0-0 


»^u+u' 


nOO 

• ^00 """ 


= XX' +TT' 


+ZZ' 


+w w 


SniBze). 





4-0 


00 
10 


00 
00 


= XX' +YT' 


+ZZ' 


+ WW' 


1 


8-0 


00 
01 


00 
00 


= XX' +YT' 


+ZZ' 


+w w 


2 


12-0 


00 

11 


00 
00 


= XX' +YY' 


+ ZZ' 


+WW' 


3 


0-4 


«00 . , 


(.00 

• ^10 **-« 


= XX' -YY' 


+ ZZ' 


-w w 


1 


4-4 


00 
10 


00 
10 


= XX' -YY' 


+ZZ' 


-w w 





8-4 


00 
01 


00 
10 


= XX' -YY' 


+ZZ' 


-w w 


3 


12-4 


00 

11 


00 
10 


= XX' -YY' 


+ ZZ' 


-w w 


2 


0-8 


aOO , , 

*oo "+'♦ 


oOO 

• ^01 ^-^ 


= XX' +YY' 


-ZZ' 


-w vv 


2 


4-8 


00 
10 


00 
01 


= XX' +YY' 


-ZZ' 


- w w 


3 


8-8 


00 
01 


00 
01 


= XX' +YY' 


-ZZ' 


-w w 





12-8 


00 

11 


00 
01 


= XX' +YY' 


-ZZ' 


-WW 


1 


0-12 


^22«+«' 


nOO 


= XX' -YY 


-ZZ' 


+ VV vv 


3 


4-12 


00 
10 


00 

11 


= XX' -YY' 


-ZZ' 


+ w w 


2 


8-12 


00 
01 


00 

11 


= XX' -YY' 


-ZZ' 


+ w vv 


1 


12-12 


00 

n 


00 

11 


= XX' -YY' 


-ZZ' 


+w vv 
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First set, 64 equations (continued). 



1-1 


^j2«+«' 


• ^J2 «-«' 


= TX' 


+XY' 


+WZ' +ZW' 


Snffizes. 





5-1 


10 
10 


10 
00 


= TX' 


+XY' 


■fWZ' 4-ZW' 


1 


9-1 


10 
01 


10 
00 


= YX' 


+XY' 


-hWZ' -hZ vv 


2 


13-1 


10 

11 


10 
00 


= YX' 


+XY' 


-fWZ' -hZW 


3 


1-5 


*JS «+«' 


olO 

. 9-,f, u—u 


= YX' 


-XY' 


+ W Z' -z w 


1 


5-5 


10 
10 


10 
10 


= -YX' 


+ XY' 


-WZ' +ZW' 





9-5 


10 
01 


10 
10 


= YX' 


-XY' 


-hWZ' -zw 


3 


13-6 


10 

11 


10 
10 


= -YX' 


+XY' 


-WZ' -fZW 


2 


1-9 


»w «+«' 


JO 

• *oi «-" 


= YX' 


+XY' 


-w z' -z vv 


2 


5-9 


10 
10 


10 
01 


= YX' 


+XY' 


-vvz' -zw 


3 


9-9 


10 
01 


10 
0] 


= YX' 


+XY' 


-wz' -zw 





13-9 


10 

11 


10 
01 


= YX' 


+ XY' 


-wz' -zw 


1 


1-13 


*Jg«.+«' 


JO 
. ^i-j u—u 


= YX' 


-XY 


-WZ' -hZW 


3 


5-13 


10 
10 


10 

11 


= -Y X' 


+ XY' 


■f w z' -zw 


2 


9-13 


10 
01 


10 

11 


= YX' 


-XY' 


-WZ' -fZW 


1 


13-13 


10 

11 


10 

11 


= -YX' 


+XY' 


-hWZ' -zw 






950 



PROFESSOR A. CAYLEY ON THE SINGLE 



First set, 64 equations (continued). 



2-2 


nOl _^ , 

^00 '*+'* 


• *oJ «-«' 


= ZX' 


+ WY' +XZ' 


+YW' 


SoffizM. 





6-2 


01 
10 


01 
00 


= ZX' 


+ WY' +XZ' 


+YW' 


1 


10-2 


01 
01 


01 
00 


= ZX' 


+ WT' +XZ' 


+ Y W 


2 


14-2 


01 
11 


01 

00 


= ZX' 


+ WT' +XZ' 


+Y W 


3 


2-6 


»w «+«' 


oOl 


= ZX' 


-WT' +XZ' 


-Y W 


1 


6-6 


01 
10 


01 
10 


= ZX' 


-W T' +XZ' 


-Y W 





10-6 


01 
01 


01 
10 


= ZX' 


-W Y' +XZ' 


-Y W 


3 


14-6 


01 

11 


01 
10 


= ZX' 


-VVY' +XZ' 


-YW 


2 


2-10 


^2J«4-«' 


. »l\ «-«' 


= ZX' 


+ W Y' -X Z' 


-YW 


2 


6-10 


01 
10 


01 
01 


= ZX' 


+WY' -XZ' 


-YW 


3 


10-10 


01 
01 


01 
01 


= -ZX' 


-W Y' +XZ' 


+Y W 





14-10 


01 

11 


01 
01 


= -ZX' 


-WY' +XZ' 


+Y W 


1 


2-14 


c«+«' 


. *5i «-«' 


= ZX' 


-WY' -XZ' 


+Y W 


3 


6-14 


01 
10 


01 

11 


= ZX' 


-W Y' -XZ' 


+YW' 


2 


10-14 


01 
01 


01 

11 


= -ZX' 


+ WY' +XZ' 


-YW 


1 


14-14 


01 

11 


01 

11 


= -ZX' 


+WY' +XZ' 


-YW 






AND DOUBLE THETA-PITNCTIONS. 
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First set, 64 equations (concluded). 



3-3 


^JJ «+«' . ^JJ u-«' 


= W X' +Z T' 


+YZ' 


+x w 


Suffixes. 





7-3 


11 11 

10 00 


= WX +ZY' 


+YZ' 


+XW' 


1 


11-3 


11 11 
01 00 


= W X' +ZT' 


+YZ' 


+x w 


2 


15-3 


11 11 

11 00 


= W X' +ZT' 


-l-YZ' 


+x w 


3 


3-7 


*JJ M+ u' . 9^Q u-u' 


= W X' -Z Y' 


+YZ' 


-XW' 


1 


7-7 


11 11 
10 10 


= -WX' +ZY' 


-YZ' 


+x w 





11-7 


11 11 

01 10 


= WX' -ZY' 


+YZ' 


-XW 


3 


15-7 


11 11 
11 10 


= _WX' +ZY' 


-YZ' 


+x w 


2 


3-11 


»^u+ri. »Q^n-u 


= WX' +ZY' 


-YZ' 


-XW' 


2 


7-11 


11 11 
10 01 


= WX' +ZY' 


-YZ' 


-XW' 


3 


11-11 


11 11 

01 01 


= -WX' -ZY' 


+ YZ' 


+x w 





16-11 


11 11 
11 01 


= -W X' -ZY' 


+ YZ' 


+ X w 


1 


3-15 


^JJ «+«'•■*}}«—«' 


= WX' -ZY' 


-YZ' 


+x w 


3 


7-15 


11 11 

10 11 


= -\V X' +ZY' 

• 


+ YZ' 


-X w 


2 


11-15 


11 11 

01 11 


= -VVX' +ZY' 


+YZ' 


-X w 


1 


15-15 


11 11 
11 11 


= WX' -ZY' 


-YZ' 


+XW' 
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PROFESSOR A. CAYLEY ON THE SINGLE 



87. Second set, 64 equations. 



Suffixes. 



1-0 



5-0 



9-0 



13-0 



alO . , aOO 



= EE 



= E E 



= EE 



10 
10 


00 
00 


= I 


10 
01 


00 
00 


= E 


10 

11 


00 
00 


= I 



= EE 



1-4 



5-4 



9-4 



13-4 



1-8 



5-8 



9-8 



13-8 



5-12 



9-12 



13-12 



qIO ^ . , «00 
00 "*"^ ' 10 ^*^"' 



10 
10 

10 
01 

10 

11 



00 
10 

00 
10 

00 
10 



= -iE E 



= lE E 



=—iE E 



= lEE 



«10 . , nOO 

00 "■*■** • "^oi **~"^ 



10 
10 

10 
01 

10 

11 



00 
01 

00 
01 

00 
01 



= EE 



= EE 



= EE 



= EE 



1 10 JO . / nOO 



10 
10 

10 
01 

10 
11 



00 

11 

00 

11 

00 

11 



= -iEE 



= /E E 



= -iE E 



+ G G' -h F F -h H H' 



+ G G' -h F F H- H H' 



+ G G' H- F F + H H' 



-f G G' -f F F' -f H H' 







H-/GG' -iFF -l-iHH' 



-iGG' +iFF -iHH' 



H-iGG' -iFF -hiHH' 



-iGG' +iTF -tHH' 



+ G G' - F F' - H H' 



+ G G' - F F' - H H' 



+ G G' - F F - H H' 



H- G G' - F F' - H H' 



H-iGG' H-iFF -tHH' 



-iGG' -iFF -l-eHH' 



H-iGG' +iTF -tHH' 











= iEE' -iGG' -tFF -l-iHH' 







AND DOUBLE THETA-FUNCTIONS. 
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Second set, 64 equations (continued). 



0-1 



4-1 



4-5 



8-5 



12-5 



0-9 



4-9 



8-9 



12-9 



«00 . / JO 



00 
10 



10 
00 



= E G' -h G E' -h F H' H- H F 



= E G' -f G E' -h F H' -f H F' 



8- 


-1 


00 




10 




01 




00 




12- 


-1 


00 

11 




10 

00 




0- 


-5 


nOO 

-^00^ 


a+u 


nlO 

• -^10 ^- 


-u' 



00 


10 


10 


10 


00 


10 


01 


10 


00 


10 


11 


10 



= iEG' -iGE' H-iFH' -iH F' 



= iEG' -iGE' -f/FH' -iHF' 



= iEG' -iGE' H-/FH' -/H F 



«00 . . nlO 
00 '*"^* • 01 ^*""" 



00 
10 

00 
01 

00 

11 



10 
01 

10 
01 

10 
01 



= E G' H- G E' - F H' - H F' 



= E G' + G E' - F H' - H F' 



= E G' ^- G E' - F H' - H F 



= E G' -h G E' - F H' - H F 



0—13 &..f.u-\-u.&^',u—u' 



4-13 



8-13 



12-13 



00 


10 


10 


11 


00 


10 


01 


11 


00 


10 


11 


11 



= VEG' -iGE' -iFH' +I-HF 



= lEG' -/GE' -/FH' +iHF 






tEG' 



-iGE' -iFH' -ftHF 



= iEG' -iGE' -*FH' +iHF' 



SuflSzcB. 















2 







EG' 
EG' 


-h GE' 
H- GE' 


H- FH' 
-f F H' 


+ HF 
+ HF 


2 
3 


iEG' 


-iG E' 


-f iF H' 


-iH r 


1 



MDCfCLXXX. 
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&c4 



PROFESSOR A. CATLET OX THE SINGLE 



Second f=^t. *>4 equations (contiDuedk. 



3-10 ^JJt« + u'.5jj}«-M' 



= F E' -h H G' - E F - G H 



3-14 5^^^ « + «' . ^!j^J w-u' 



= -/FE' ^i-HG' +i'EF' -iGH' 



^r^A «> ■' 



•^ •"" « 



11 



.•-■1 



.>V H^- . .>^ • - . = FE -HG -EF -GH 



** I 



1 1 • 



f f 



" ;j 


11 


'■1 




l'> 


1 « t 


11-2 


11 
•>1 


01 ^ 


1 ^ •"> 


11 


•11 


i-^ — if 


11 


I'il'l 


mm '■ 

.J— '^ 


.11 


v^i 




•-"-* 




11 


01 


7— ^j 


10 


I'j - 


11-0 


11 

01 


01 

10 " 


15-0 


11 
11 


01 



FE ^HG -EF -GH 



= FE -HG ^EF *GH 



= FE -HG *EF *GH 



1 



= -rFE *;HG -.TIF H^iGH 



= ;fe -i'H g -.tf -»gh 



= -iT E' ^ i-H G -lE F -riG H 



= I'FE' -»HG -rt'EF -;GH 



3 



1 



IP 



3 



-10 



11-10 



lo-lO 



11 

10 


01 

01 


11 

01 


01 
01 


11 

11 


01 
01 



:= F E' ^ H G - E F - G H 



= - F E' - H G -h E F + G H' 



= - F E' - H G '+ E F + G H' 



3 







I ' 



7-14 



11-14 



15-14 



11 


01 


10 


11 


11 


01 


01 


11 


11 


01 


11 


11 



= iPE' -fBG' -tEF' +iGH' 



= iFE' -iHG'-/EF +iGH' 



= -iFE' +111 G' ^I'EF' -iGH' 







AND DOUBLE THETA-FUNCTIONS. 
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Second set, 64 equations (concluded). 



Suffizeii. 



2-3 



nOl . , nil 

^00 '*■*"'* •'^oo^-'* 



= F G' -h H E' -h E H' + G F 







G-3 



10-3 



U-3 



2-7 



(S-7 



10-7 



14-7 



01 
10 


11 

00 


01 
01 


11 

00 


01 

11 


11 

00 


^JJ.-fu' 


all 

• ^10 ^*^^ 


01 
10 


11 

10 


01 
01 


11 

10 


01 

11 


11 

10 



= F G' + H E' + E H' + G F' 



= F G' + H E' + E H' + G F' 



= F G' + H E' + E H' + G F' 



= iFG' -iHE' +iEII' -iGF 



= /FG' -i'HE' ^^-EH' -*GF' 



= iFG' -iHE' +*EH' -/GF 



= iF G' -fH E' -I-/B H' -iG F 



2-11 ^^^M-l-tt'.^JJtt-l*' 



G-11 



= F G' -f H E' - E H' - G F 



10-11 



14-11 



01 
10 


11 

01 


01 
01 


11 

01 


01 

11 


11 

01 







■^' 



= F G' + H E' - E H* - G F 



= - F G' -HE' + E H' + G F 



= _ F G' -HE' -I- E H' + G F' 







2-15 ^^u+m'.-^JJm-m' 



= iFG' -iHE' -lEH' H-iGF 



6-15 



10-15 



14-15 



01 
10 




01 
01 




01 

11 





= iFG' -iHE' -/EH' -l-iGF 



= -tFG' -l-tHE' -l-iEH' -iGF 



= -iFG' +iHE' +iEH' -/GF 







(5 O 2 
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PROFESSOR A. CAYLEY ON THE SINGLE 



88. Third set, 64 equations. 



SafEzea. 



I 2-0 



r,-o 



10-0 



14-0 



2-4 



C-4 



10-4 



14-4 



2-8 



6-8 



10-8 



14-8 



«01 . , qOO 



01 
10 


00 


01 
01 


00 


01 

11 


00 
00 



nOl , , J)0 



10-12 



14-12 



01 
10 


00 
10 


01 
01 


10 


01 

11 


00 
10 



nOl , , aOO 



01 
10 

01 
01 

01 
11 



(X) 
01 

00 
01 

00 
01 















2-12 ^[|Ji4 + V.^^^M-n' 



6-12 



01 
in 


00 

11 


01 

01 


00 

11 


01 

11 


00 

11 









' + J J' -h K K* + L L' 



' + JJ + K K' -I- L L' 



+ J J' + K K' + L L' 



' -h J J' + K K' -I- L L' 



' - J J' + K K' - L L' 



' - J J' + K K' - L L' 



' - J J' -I- K K' - L L' 



' - .1.1' + K K' - L L' 



' -/J J' -fiKK' +iLL' 



' -iJJ' +iKK' +»LL' 



' +/JJ' -iKK' -I'LL' 



' +/J J' -/K K' -/LL' 



' +/JJ' +/KK' -I'LL' 



' +i'J J' -\-iKK' -I'LL' 



' -iJJ' -/KK' +VLL' 



' _,jj' -^KK' H-i'LL' 



o 







.s 







AND DOUBLE THETA-FUNCTIONS. 
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Third set, 64 equations (continued). 



3-1 



-1 



11-1 



15-1 



3-5 



7-5 



11-5 



15- 



5 



3-9 



7-9 



11-9 



15-9 



7-13 



11-13 



15-13 



'00 






10 
00 

10 

00 

10 

00 



^u' = J 



= J 



= J 



= J 



. . alO 

10 
10 



10 
10 

10 
10 



= J 



= - J 



= J 



= - J 



00 







M-hM'.^JJw-w' 



10 
01 

10 
01 

10 
01 



= -tJ 



= -a 



= ij 



= tJ 



3-13 & 



00 



. , nlO 

10 

11 

10 

11 

10 

11 



= -a 



= tJ 



= ij 



= - 1 J 



' + IJ' + L K' + K L' 



' -f IJ' + L K' + K L' 



' -h I J' + L K' + K L' 



' + I J' -f L K' + K L' 



' - I J' -h L K' - K L' 



' -h 1 J' - L K' -h K L' 



' - I J' + L K' - K U 



' + I J' - L K' + K L' 



' -tIJ' ^-tliK' +tKL' 



' -iIJ' -l-iLK' +iKL' 



' +^IJ' -t'LK' -tKL' 



' +iIJ' -tLK' -iKL' 



' +iIJ' -fiLK' -iKL' 



' -iIJ' -tLK' +iKL' 



' -iIJ' -i'LK' +»KL' 



' +aj' +iLK' -iKL' 



Suffixes. 











3 







o 
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PROFESSOR A. CAYLEY ON THE SINGLE 



Third set, 64 equations (continued). 



0-2 


aOO . , 


• ^s "— ' 


4-2 


00 
10 




01 
00 


8-2 

1 


00 
01 




01 
00 


12-2 

i 


00 

11 




01 
00 



= IK' -h J L' -h K r -f L J' 



= IK' -h J L' + K I' -f L J' 



== IK' -f J L' -I- K I' -h L J' 



= IK' + J L' -h K I' + L J' 



Saffizes. 







0-6 


nOO . , 

S^u-\^u 


aOl 

^10 ^--" 


=z 


IK' 


- JL' 


+ KI' 


- L J' 


1 


4-e 

■ 


00 
10 




01 
10 


- 


IK' 


- JL' 


-h KI' 


- L J' 





i 

' 8-6 


00 
01 




01 
10 


= 


IK' 


- JL' 


+ KI' 


- LJ' 


3 


12-6 


00 

11 




01 
10 


- 


IK' 


- JL' 


+ KI' 


- L J' 


2 


0-10 


aOO . , 


. all ^-^' 


= 


a K' 


+ 1 J L' 


-iKI' 


-/L J' 


2 


4-10 


00 
10 




01 
01 


= 


ilK' 


+ tJL' 


-/K I' 


-tL J' 


3 


8-10 


00 
01 




01 
01 


= 


tIK' 


+ tJ L' 


-iK r 


-i'L J' 





12-10 


00 

11 




01 
01 


— 


/IK' 


+ iJL' 


-/KI' 


-iL J' 


1 


0-14 


^00' 


i + w' 


nOl 


= 


tIK' 


-a L' 


-iK r 


H-tL J' 


3 


4-14 


00 
10 


• 


01 

11 


= 


tiK' 


-tJ L' 


-iK r 


-l-tLJ' 


2 


1 

■ 8—14 


00 
01 




01 

11 


- 


iIK' 


-tJL' 


-/K r 


-l-tL J' 





12-14 


00 

11 




01 

11 


^ 


tIK' 


-iJ L' 


- /K I' 


+ tLJ' 


1 



AND DOUBLE THETA-FUNCTIONS. 
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Third set, 64 equations (concluded), 



1-3 


a^^u+w 


•^JJ— "' 


^^_ 


JK' 


+ IL' 


-h LI' 


+ K J' 


5-3 


10 
10 




11 

00 


= 


JK' 


+ IL' 


+ LI' 


+ KJ' 


9-3 


10 
01 




11 

00 


= 


JK' 


+ IL' 


+ LI' 


+ K J' 


13-3 


10 

11 




11 

00 


"^ 


JK' 


+ IL' 


-h LI' 


+ K J' 


1-? 


^J2«+«' 


. a\l u^u' 


JK' 


-^ IL' 


-1- LI' 


- KJ' 


5-7 


10 
10 




11 

10 


— - 


- JK' 


+ IL' 


- LI' 


-h K J' 


9-7 


10 
01 




11 

10 


• — 


JK' 


-IL' 


+ LI' 


- K J' 


13-7 


10 

11 




11 

10 


^- 


- JK' 


+ IL' 


- LI' 


+ K J' 


1-11 


nlO , , 


nil 

. 3r.n U—U 


^ 


i J K' 


+ *I L' 


-/LI' 


-iK J' 


5-11 


10 
10 




11 

01 


= 


iJK' 


+ 11 L' 


-/L r 


-/K J' 


9-11 


10 
01 




11 

01 


^ 


iJ K' 


+ *I L' 


-iL r 


-tK J' 


13-11 


10 

11 




11 

01 


= 


tJK' 


H- a L' 


-ill r 


-iK J' 


1-15 


olO , , 
SqqU + U 


nil 
. d^^ U—U 


— 


a K' 


-il L' 


-tL r 


+ /K J' 


5-15 


10 
10 




11 
11 


= - 


-iJK' 


-l-tIL' 


+ /L I' 


-/K J' 


9-15 


10 
01 


• 


11 
11 


— 


/JK' 


-a L' 


-/L r 


-h /K J' 


1 

i 

13-15 


10 

11 




11 
11 


= - 


-/J K' 


+ a L' 


+ /L r 


-/KJ' 



Suffixes. 



U 



3 







3 



f; 



3 







3 



2 







".[ = jr. X - j: F ~ ly - ;^ ; 

■^" =— -X* -T5 ->?• -»;■; 



i ,._, =_ 



j: A* — u - ? ? 
-jcje -TT ---5' 

'if » - T 5 — ? ?■ 



«-;r 


•i^•- 


,• »?:' .- 


-.■ ^- * « - »s 


- ?P 


-«« 


S 


r- « 


jj 


;•; 


= - »M -y s 


- PP 


-<<<.• 


i 


jj J« 


:j 


?,■ 


- - M M - >- J 


- ?P 


-«« 


1 


ji-ji 


11 


)j 


=- «« - SX 


- PP 


-«<* 


<• 



aKd double theta.f unctions. 
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Fourth set, 64 equations (continued). 



2-1 



«01 , . AO 



6-1 


01 
10 


10 
00 


10-1 


01 
01 


10 

00 


14-1 


01 
11 


10 
00 


2-5 


^SJ-+-' 


.&\^u^u' 


6-5 


01 
10 


10 
10 


10-5 


01 
01 


10 
10 


14-5 


01 

11 


10 
10 



= M N' + N M' + P Q' H- Q P' 



= M N' -h N M' + P Q' -h Q F 



= M N' + N M' -h P Q' + Q P' 



= M N' -h N M' + P Q' + Q F 



= iMN' -{NW +iPQ' -i'QF 



= aiN' -iNM' +tPQ' -iQF 



= /M N' -/N M' +tP Q' -tQ F 



= t'MN' -/NM' +tPQ' -iQF 



2-y ^^Jti+ti'.-^JJii-it' 



= -/MN' -iNM' +tPQ' +tQF 



Suffixes. 











3 



I 2 



2 



6-y 


01 
10 


10 
01 


= _t-MN' -iNM' +iPQ' 


■f /Q F 


3 


• 

10-9 


01 
01 


10 
01 


= tlVfN' H-iNM' -*PQ' 


-iQ F 





14-9 


01 
11 


10 
01 

JO 


= t-MN' -ht^M' -iPQ' 
= M N' - N M' - P Q' 


-tQ F 


1 


2-13 


allu^w 


+ QF 


3 


6-13 


01 

11 


10 
11 


= M N' - N M' - P Q' 


+ QF 


2 


10-13 


01 
01 


10 
11 


= - MN' H- NM' + PQ' 


- QF 


1 


14-13 


01 

11 


10 

11 


= - MN' + NM' + PQ' 


- QF 






MDCCCLXXX. 



(y H 
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PROFESSOR A. CAYLEY ON THE SINGLE 



Fourth set, 64 equations (continued). 





1 •_• 


,vl 




MP' 


* NQ 


+ PM 


+ QN 


Rnffixe*. ' 


1-2 





o—'l 


i':» 

10 


01 


^ 


ilp 


-r XQ 


+ Pil 


+ QN' 


1 


C*— 2 


iM 
•>i 


01 


^ 


MP 


+ XQ 


+ PM 


+ QN' 


1 

2 


13-2 


Iv 

11 


01 


s= 


MF 


-r NQ 


+ P3r 


+ QN 


3 



1-0 



C.10 ,,01 



= -i^IP -r-i-NQ -iTM +/QN 



1 



o— ^J 



10 
10 



01 

lu 



= I'MF -i-XQ +/PM' -I'QN' 



U 



0-0 



13-0 



10 
01 

10 

11 



01 
10 

01 
10 



= -.,-^IP -f/NQ -iPM' +iQN' 



= I'^rP' -iT^Q' H-iTM' -iQN' 



1 1,. cil'-' aOl 



o-lO 



•J- 10 



13-10 



10 


01 
01 


= 


ItJ 


01 




01 


01 




10 

11 


01 
01 


= 









= iMP H-iNQ' -tPM' -iQN' 



= /MP +iNQ -iPM -iQN 



^ I MP' ^i-NQ -tPM' -lyN' 



= ^-MP' ^i-NQ' -iPM' -iQN' 



1-14 ^JJu + tt'.^J} u-«' 



5-14 



9-14 



13-14 



10 
10 


01 

11 


10 
01 


01 

11 


10 

11 


01 

11 



= M P' - N Q' - P M' + Q N* 



= - M P' -h N Q' + P M' - Q N' 



= M F - N Q' - P M '+ Q N' 



= - M P' + N Q' + P M' - Q N' 



3 



2 



2 



3 








AND DOUBLE THETA-FUNCTIONS. 
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Fourth set, 64 equations (concluded). 



0-3 



4-3 



8-3 



12-3 



aOO . , Jl 



00 


11 


10 


00 


00 


11 


01 


00 


00 


11 


11 


00 



= M Q' -f N F -h P N' 4- Q M' 



= M Q' + N F + P N' + Q M' 



= M Q' + N F + P N' + Q M' 



= M Q' + N P' + P N' + Q M' 



Suffixes. 







3 



1 

i 0-7 


««+«■ 


nil 


= MQ' 


-/NF 


+ /P N' 


-iQM' 


1 

1 


1 

4-7 

j 


00 
10 




11 

10 


= iMQ' 


-iN P' 


+ ?TN' 


-iQ M' 





8-7 


00 
01 




n 

10 


= /MQ' 


-iTSTF 


+ iPN' 


-rQ M' 


3 


12-7 


00 

11 




11 

10 


= iMQ' 


-iN F 


+ iFN' 


-iQ M' 


2 


1 0-11 


oOO ^ , 


Jl 


= /M Q' 


+ /N P' 


-/P N' 


-IQ M' 


2 


4-11 


00 
10 




11 

01 


= /MQ' 


+ tN F 


-iP N' 


-iQM' 


3 


8-11 


00 
01 




11 . 

01 


= iUQ' 


-h/N F 


-rPN' 


-i'Q M' 





12-11 


00 

11 




11 

01 


= ;mq' 


^t'NF 


-yp N' 


-/QM' 


1 


0-15 


^gg. + u' 


. s\\ w-w' 


= -MQ' 


+ NF 


-h PN' 


- QM' 


3 


4-15 


00 
10 




11 
11 


= - MQ' 


-h NF 


-f PN' 


- QM' 


o 


8-15 


00 
01 




11 
11 


= -MQ' 


+ NF 


-f PN' 


- QM' 


1 


12-15 


00 

11 




11 
11 


= -MQ' 


+ NP' 


+ PN' 


- QM' 


n 



(i II 2 
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90. I re-arrange these in sets of 16 equations, the equations of the first or square- 
set of 16 being taken as they stand, but those of the other sets being combuied in 
pail's by addition and subtraction as will be seen. And I now drop altogether the 
characteristics, retaining only the current numbers : thus in the set of equations next 
written down, the first equation is 

in the second set, the first equation is 

i{^,(«+tt')-»o(«-«')+^o(»+"')-»4(«-«')}=XiX,'+ZiZ/, 

and so in other cases. 

First or square-set of 16. 





tt— u' 






(Suffixes 0.) 










= 


X X' 


+Y Y' 


+ Z Z' 


+w w 


4 


4 


= 


X X' 


-Y Y' 


+ Z Z' 


-WW 


8 


8 


^n 


X X 


-hY Y' 


-Z Z' 


-w vv 


12 


12 


^ 


X X 


-Y Y' 


-Z Z' 


hW w 


1 


1 


— 


Y X' 


+ K Y' 


H-WZ' 


-fZ w 


5 


5 


Z^ ' 


-Y X 


+ X Y' 


-WZ 


+z w 


9 


9 


czz 


Y X 


-f X Y' 


-w z 


-z w 


13 


13 


:^ . 


-Y X 


+ X Y' 


+ WZ 


-z w 


2 


2 


= 


Z X' 


+ W Y' 


+x z 


-l-Y W 


6 


6 


:sz 


Z X' 


-W Y' 


+ X Z' 


-Y W 


10 


10 


^^^B " 


-Z X' 


-W Y' 


+ X Z' 


-hY W 


14 


14 


^^^^ 


-Z X' 


+ WY' 


-f X z 


-Y W 


3 


3 


^mZZ 


WX' 


-l-Z Y 


+ Y Z 


-l-X W 


7 


7 


^z. • 


- W X 


-fZ Y' 


-Y Z' 


-hX w 


11 


11 


^^2 


-WX' 


-Z Y' 


+ Y Z' 


-f X w 


15 


15 


*^^ 


W X' 


-Z Y' 


-Y Z 


+x w 






91. 


Second set o 


f 16. 


• 




u+u' 


u—u' 


u+v' 


u — u' 






i\ 


[ ^ • 

4 





+ ^ 


. ^ } 


(Suffixes 1.) 







4 = 


X X 


+z z 




12 


8 


8 


12 


X X' 


-Z Z' 




5 


1 


1 


5 


Y X' 


+ WZ' 




13 


9 


9 


13 


Y X' 


-WZ' 




6 


2 


2 


6 


Z X' 


+ X Z' 




14 


10 


10 


14 


-Z X 


-hX Z' 




7 


3 


3 


7 


V\^X' 


+ Y Z' 




15 


11 


11 


15 


-W X 


+ Y Z' 




M+U' 


u—u' 


n + u' 


v-u' 






i\ 


4 





- s 




4 = 


(Suffi: 
Y Y' 


Kes 1.) 




-hW W' 




12 


8 


8 


12 


Y Y' 


-W W' 




5 


1 


1 


5 


X Y' 


+ Z W' 




13 


9 


9 


13 


X Y' 


-Z W' 




G 


2 


2 


G 


W Y' 


-hY W' 




14 


10 


10 


14 


-W Y' 


+ Y W' 




7 


3 


3 


7 


Z Y' 


-fX w 




15 


11 


11 


15 


-Z Y' 


+ X W' 
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92. Third set of 16. 









U — tt' 

. a } 


(Suffixes 2.) 


8 








8 = 


X X' -hY Y' 


12 


4 


4 


12 


X X' -Y Y' 


9 


1 


1 


9 


Y X' H-X Y' 


13 


5 


5 


13 


-Y X' H-X Y' 


10 


2 


2 


10 


Z X -l-W Y' 


14 


6 


6 


14 


Z X' -W Y' 


11 


3 


3 


11 


W X' -f Z Y' 


15 


7 


7 


15 


-W X' -l-Z Y' 


ti+u' 


u— u' 


U + tt' 


tt — u' 




i{^ . 


^ - 




^ 


. ^ } 


(Snffixes 2.) 


8 





8 = 


Z Z' +WW' 


12 


4 


4 


12 


Z Z' -w w 


9 


1 


1 


9 


W Z' -l-Z w 


13 


5 


o 


13 


-W Z' -l-Z w 


10 


2 


2 


10 


X Z' -hY W 


14 


G 


G 


14 


X Z' -Y W 


11 


3 


3 


11 


Y Z' 4-X W 


15 


7 




15 


-Y Z' +X W 



93. Fourth set of 16. 



tt + tt' u — h' u + u' M— It' 

^{ S . S + S . S } (Suffixes 3.) 



12 








12 = 


X X' +WW' 


8 


4 


4 


8 


X X' -WW 


13 


1 


1 


13 


Y X' +Z W 


9 


5 


5 


9 


T X' -Z W 


14 


2 


2 


14 


Z X' +T W 


10 


6 


G 


10 


Z X' -Y W 


15 


3 


3 


15 


W X' +x w 


11 


7 


7 


11 


W X' -X w 


U + tt' 


tt— tt' 


tt+tt' 


tt— tt' 




i{^ . 


^ - 


^ . 


^ } 


(Suffixes 3.) 



12 12 = Y Y' H-Z Z' 

8 4 4 8 -Y Y' -hZ Z' 

13 1 1 13 X Y' -hWZ' 

9 5 5 9 -X Y' -hWZ' 

14 2 2 14 W Y' +X Z' 

10 6 6 10 -W Y' -hX Z' 

15 3 3 15 Z Y' -hY Z' 

11 7 7 11 -Z Y' 4-Y Z' 
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94. Fifth set of 16. 



u+nf «t— «* «+«' «— «' 



*{ ^ . 


5 


-h 5 . 


^} 




(SnffixeB 0.) 




1 








1 : 


= E4-G . 


E -hG 


+ 


F-f H . 


F+H' 


5 


4 


4 


5 


t.E-G 


?» 


+ 


i.F-H 


•» 


9 


8 


8 


9 


E-hG 


^m 


— 


.F-fH 


>» 


13 


12 


12 


13 


I.E-G 


9. 


— 


I.F-H 


r* 


3 


2 


2 


3 


F+H 


.« 


-f 


E-fG 


*• 


7 





6 


7 


I.F-U 


•? 


-f 


ij;-G 


t' 


11 


10 


10 


11 


- .F-f H 


rt 


-h 


E+G 


n 


15 


14 


14 


15 


-f.F-H 


•^ 


-h 


f.E-G 


>' 


u+u' 


«-«' 


« + k' 


«— «' 












H ^ . 


5 


- 3 . 


^} 




(SnfliTea 


0.) 




1 








1 : 


= E-G 


. E-G 


+ 


F-H . 


F-H' 




4 


4 


5 


t.E+G 


•? 


-f 


i.F-hH 


?» 


9 


8 


8 


9 


E-G 


»» 


^ 


.F-H 


99 


13 


12 


12 


13 


t.E+G 


1» 


— 


t.F+H 


w 


3 


2 


2 


3 


F-H 


J? 


+ 


E-G 


9f 


7 


6 


C 




t.F-fH 


Jm 


-f 


i.E + G 


•9 


11 


10 


10 


11 


-.F-H 


»» 


+ 


E-G 


99 


15 


14 


14 


15 


-•'.F+H 


w 


+ 


t.E + G 


99 



95. Sixth set of 16. 



i{ 5 . 5 H- ^ . 5 } (Snffixes 1.) 



5 








5 = 


E-tG . 


E'+tG 


+ F-i-H . 


F' + i'H' 


1 


4 


4 


1 


-i.E+iG 


99 


- t-F+i-H 




8 


13 


13 


8 


E-iG 


99 


- .F-i-H 




9 


12 


12 


9 


-t.E+t'G 


99 


+ t.F+iH 




7 


2 


2 


7 


F-iH 


99 


-h E-tG 




3 


6 


6 


3 


-{.F-j-f-H 


»» 


- t.E-hiG 




15 


10 


10 


15 


- .F-iH 


99 


H- E-iG 




11 


14 


14 


11 


i.F-ftH 


99 


- i.E-fiG 




K + tt' 


»< — «' 


V + ti 


«— « 










J{ * . 


^ - 


5 . 


^ } 




(Rnffiu 


esl.) 





5 5= E+iG . E'-iG' + F+iH . F'-iH' 

14 4 1 -i.E-iG „ - f.F-iH 

13 8 8 13 E-htG „ - .F+tH 

9 12 12 9 -t.E-i'G „ -h t.F-iH 

7 2 2 7 F+i-H „ H- E-hiG 

3 6 6 3 -1.F-1H „ - t.E-iG 

15 10 10 15 - .F+tH „ + .E-l-tG 

11 14 14 11 -hi.F-tH „ - t.E-iG 



AND DOUBLE THETA-FUNCTIOlfS. 
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96. Seventh set of 16. 



ti+u* u—v! tt+u' u-tt* 



H » . 


» 


+ ^ . 


^} 




(SnfBzes 2.) 




9 








9 = 


E + G . 


E' + G' 


+ F-H . 


F'-H' 


13 


4 


4 


13 


t.E-G 


19 


+ t.F+H 


19 


1 


8 


8 


1 


E+G 


» 


- .F-H 


ii 


5 


12 


12 


6 


i.E-G 


}) 


- t.F+H 


1| 


11 


2 


2 


11 


F+H 


»} 


+ E-G 


II 


16 


6 


6 


16 


I.F-H 


ii 


+ t.E+G 


1) 


3 


10 


10 


3 


F + H 


1i 


- .E-G 


11 


7 


14 


14 


7 


t.F-H 


a 


- t.E+G 


II 


u + u' 


ti-u' 


n+M' 


u — u' 










H » • 


& 


- ^ . 


»} 




(Suffixes 2.) 




9 








9 = 


E-G 


. E-G' 


+ F+H . 


F + H 


13 


4 


4 


13 


;.E+G 


19 


+ t.F-H 




1 


8 


8 


1 


E-G 


»l 


- .F+H 




5 


12 


12 


5 


i.E+G 


»» 


- t.F-H 




11 


2 


2 


11 


F-H 


»> 


+ E + G 




15 


6 


6 


15 


t.F+H 


)} 


+ t.E-G 




3 


10 


10 


3 


F-H 


)) 


- .E+G 




7 


14 


14 


7 


t.F+H 


9i 


- t.E-G 





97. Eighth set of 16. 



tt+it' 



tt— K 



tt + u' tt— k' 



H ^ - 


^ -h 


& . 


^} 




(Suffixes 3.) 




13 








13 = 


E-iG . 


E'-hiG' 


+ F + tH . 


F'-tH' 


9 


4 


4 


9 


-i.E-h/G 


II 


- t.F-m 




5 


8 


8 


5 


E-tG 


II 


- .F+tH 




1 


12 


12 


1 


-i.E-htG 


II 


+ t.F-tH 




15 


2 


2 


15 


F-iH 


11 


+ E+tG 




11 


6 


6 


11 


-/.F-hiH 


!• 


- t.E-tG 




7 


10 


10 


7 


F-iH 


II 


- .E+tG 




3 


14 


14 


3 


-i.F+iH 


II 


+ t.E-tG 




•t+u' 


It— It' 


U + tt' 


H—U' 










u ^ 


. ^ - 


& . 


•M 




(Suffixes 3.) 




13 








13 = 


E-h/G . 


E'-/G' 


+ F-tH . 


F'+tTT' 


9 


4 


4 


9 


-7.E-1G 


11 


- t.F + t'H 




5 


8 


8 


5 


E + /G 


II 


- .F-tH 




1 


12 


12 


1 


-i.E-iG 


II 


+ t.F+tH 




15 


2 


2 


15 


F + tH 


II 


+ E-tG 




11 


6 


6 


11 


-/.F-tH 


II 


- t.E+tG. 




7 


10 


10 


7 


F+tH 


11 


- .E-tG 




3 


14 


14 


3 


-I.F-/H 


II 


+ t.E+tG 
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98. Ninth set of 16. 



u+h' 


U — tt' 


M + U' 


«-uf 












i{^ . 


^ + 


& . 


^} 




(Suffixes 


0.) 




2 








2 = 


I+K . 


r-l-K' 


H- 


J+L . 


J'+L' 


6 


4 


4 


6 


1+K 




— 


.J+L 




10 


8 


8 


10 


i.I-K 




H- 


t.J-L 




14 


12 


12 


14 


a-K 




— 


t.J-L 




3 


1 


1 


3 


J + L 




-h 


I+K 




7 


5 


5 


7 


- J + L 




— 


.I+K 




11 


9 


9 


11 


i.J-L 




+ 


t.I-K 




15 


13 


13 


15 


-/.J-L 




— 


t.I -K 




K+tt' 


u— «' 


U + »l' 


u — u' 












i{^ . 


& - 


^ . 


^\ 




(Suffixes 0.) 




2 








2 = 


I-K . 


r-K' 


-h 


J-L . 


J'-L' 


6 


4 


4 


6 


I-K 




^ 


.J-L 


)} 


10 


8 


8 


10 


/.I+K 




H- 


t.J + L 


91 


14 


12 


12 


14 


t.I+K 




— 


U+L 


>> 


3 


1 


1 


3 


J-L 




+ 


I-K 


«» 


7 


5 


5 


7 


- .J-L 




+ 


I-K 


If 


11 


9 


9 


11 


i.J + L 




+ 


».I+K 


>» 


15 


13 


13 


35 


-t.J+L 




+ 


t.I + K 


>1 



99. Tenth set of 16. 



U+tt' 


M—v! 


« + u' 


U — tt' 










\{» . 


& + 


& . 


»} 




(Sufii 


Z08 1.) 




6 








6 


= I+K . 


r + K' 


+ J-L . 


J-L' 


2 


4 


4 


2 


I+K 


J» 


- .J-L 


99 


14 


8 


8 


14 


i.I-K 


91 


+ t.J+L 


99 


10 


12 


12 


10 


t.I-K 


99 


- t.J+L 


99 


7 


1 


1 


7 


J+L 


»» 


+ I-K 


99 


3 


5 


5 


3 


J+L 


9) 


- .I-K 


99 


15 


9 


9 


15 


t.J — L 


>» 


+ t.I+K 


99 


11 


13 


13 


11 


t.J-L 


»» 


- t.I+K 


99 


tt+M 


U-M^ 


tt + U 


U — U"' 










*{* • 


& - 


^ . 


*} 




(Suffixes 1.) 




6 








6 


= I-K . 


r-K' 


+ J + L . 


J'+L' 


2 


4 


4 


2 


I-K 


19 


- .J + L 


99 


14 


8 


8 


14 


t.I+K 


• 


+ t.J-L 


99 


10 


12 


12 


10 


».I + K 


» 


- ♦.J-L 


99 


7 


1 


1 


7 


J-L 


1> 


+ I+K 


99 


3 


5 


5 


3 


J-L 


II 


- .I+K 


99 


15 


9 


9 


15 


t.J+L 


II 


+ t.I-K 


99 


11 


13 


13 


11 


t.J+L 


II 


- t.I-K 


99 



And double thbta-functions* 
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100. Eleventh set of 16. 



tt+uf 


tt— tt' 


tt+tt' 


K— W 










H» ■ 


» + 


^ . 


*} 




(Suffixes 2.) 




10 








10 = 


= I-iK . 


r-h/K' 


+ .J-tL . 


J'+»] 


14 


4 


4 


14 


I-tK 


)t 


— .J— tL 




2 


8 


8 


2 


-i.I+tK 


}) 


— t.J-fiL 




6 


12 


12 


6 


-i.l-hiK 


ii 


+ t.J-|-iL 




11 


1 


1 


11 


J-iL 


»> 


+ I-tK 




15 


5 


5 


15 


- .J-tL 


i> 


-f I-iK 




3 


9 


9 


3 


— t.J-fiL 


»9 


- iJ-\-rK 




7 


13 


13 


7 


+ U + rL 


J» 


- iM-frK 




U+tt' 


tt— u' 


U + tt' 


U— tt 










H* . 


^ - 


& . 


^} 




(Suffixes 2.) 




10 








10 = 


= iH-tK . 


r-tK' 


+ J+tL . 


J'-t] 


14 


4 


4 


14 


1+tK 


)f 


- J-hili 




2 


8 


8 


2 


-i.I -tK 


)} 


— t.J—ih 




6 


12 


12 


6 


-i.I-iK 


t) 


H- t.J— iL 




11 


1 


1 


11 


J+iL 


>» 


+ I-hiK 




15 


5 


5 


15 


- .J+iL 


j» 


+ I-hiK 




3 


9 


9 


3 


— i.J — i'L 


)} 


- t.I-tK 




7 


13 


13 


7 


+ i.J-iL 


i» 


- t.I-tK 





101. Twelfth set of 16. 



u+u 


U-tt 


«+u' 


u— u' 










^{» . 


^ + 


^ . 


»} 




(Suffixes 3.) 




14 








14 ^ 


I-tK . 


r+tK' 


+ J+tL . 


J'-tli' 


10 


4 


4 


10 


I-tK 




- .J+tL 


>t 


6 


8 


8 


6 


-tJ-ht-K 




— t.J— tTj 


u 


2 


12 


12 


2 


-t.I+iK 




+ t.J-tTi 


»» 


15 


1 


1 


15 


J-tL 




+ I+iK 


1> 


11 


5 


5 


11 


J-iL 




- .I+tK 


)} 


7 


9 


9 


7 


— t.J-f tL 




- t.I-tK 


l> 


3 


13 


13 


3 


— i.JH-tTi 




+ t.I-tK 


)} 


u+u' 


tt — U 


tt + U' 


tt — tt' 










i{^ . 


& - 


^ . 


^} 




(Suffixes 3.) 




14 








14 = 


I+tK . 


I'-tK' 


+ . J-/L . 


J'-htL' 


10 


4 


4 


10 


I+tK 




- .J-tL 


t» 


G 


8 


8 


6 


-i.I -{K 




- t.J-ftL 


»» 


2 


12 


12 


2 


-t.I-iK 




-f t.J-ftTj 


1} 


15 


1 


1 


15 


J+tL 




+ I-tK 


)f 


11 


5. 


5 


11 


J+tTi 




- .I-t-K 


>> 


7 


9 


9 


7 


— t.J— tTj 




- /.I-htK 


»» 


3 


13 


13 


3 


— t.J— iL 




+ t.l-ftK 


n 


MDCCCLXXX. 








G I 
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102. Thirteenth set of 16. 



U+tt tt— u' tt+tt U-'Uf 



(Suffixes 0.) 



3 








3 = 


M+Q . 


M'+Q' 


+ N+P.N' + F 


7 


4 


4 


7 


t.M-Q 




- t.N-P 


11 


8 


8 


11 


t.M-Q 




+ t.N -P 


15 


12 


12 


15 


-M+Q 




+ N+P 


2 


1 


1 


2 


N + P 




+ M+Q 


6 


6 


5 


6 


-t.N-P 




+ t.M-Q 


10 


9 


9 


10 


t.N-P 




+ ».M-Q 


14 


13 


13 


14 


N + P 




- ^+Q 


tt + tt 


tt— tt' 


tt+U' 


tt-tt 








i{^ . 


» - 


» . 


»} 




(Suffixes 0.) 



3 
7 
11 
15 
2 
6 

10 
14 




4 
8 

12 
1 
5 
9 

13 




4 
8 

12 
1 
5 
9 

13 



3 

7 

11 

15 

2 

6 

10 

14 



M-Q 
t.M+Q 
t.M+Q 

.M-Q 

N-P 
i.N+P 
i.N+P 

N-P 



M'-Q' + 



+ 
+ 
+ 



N-P 

t.N+P 

i.N + P 

N-P 

M-Q 

t.M-1-Q 

».M+Q 

.M-Q 



N'-F 



103» Fourteenth set of 161 



tt+u^ 


tt— It 

» + 


tt+tt 


tt— •» 




(Sofi&zes 1.) 




7 








7 = 


= M-tQ . 


M'+tQ' 


+ N+tP . 


N'-tP' 


3 


4 


4 


3 


-t.M+tQ 




+ ».N-»P 


)9 


15 


8 


8 


16 


t.M+tQ 




+ ♦.N-tP 


f> 


11 


12 


12 


11 


M-»Q 




- .N + tP 


}} 


6 


1 


1 


6 


N-tP 




+ M+tQ 


f) 


2 


6 


5 


o 


-t.N -tP 




+ t.M-»Q 


9> 


14 


9 


9 


14 


+«.N+tP 




+ ».M-tQ 


91 


10 


13 


13 


10 


N-»P 




- .M+iQ 


99 


u+h' 


tt-tt' 


«+tt' 


tt-tt' 










H* . 


& - 


» . 


»} 




(Suffixes 1.) 




7 








7 = 


= M+tQ . 


M'-tQ' 


+ N-tP . 


N'+tP' 


3 


4 


4 


3 


-t.M-iQ 




+ ».N+tP 


99 


16 


8 


8 


15 


-t.M-tQ 




+ ».N+«P 


99 


11 


12 


12 


11 


M+iQ 




- .N+tP 


99 


6 


1 


1 


6 


N+tP 




+ M-»Q 


99 


2 


5 


5 


2 


-t.N-»P 




+ t.M+iQ 


99 


14 


9 


9 


14 


+».N-tP 




+ t.M+»Q 


99 


10 


13 


13 


10 


N+tP 




- .M-tQ 


99 



/ 



AND DOUBLE THETA-FUNCTIONS. 
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104. Fifteenth set of 16. 



K+V' U — W 



U+tt' 



l» — It 



l{^ . 


^ + 


^ . 


^} 




(Suffixes 2.) 




11 








11 = 


M-/Q . 


M'+tQ' 


+ N-tP . 


N'+tP' 


15 


4 


4 


15 


t.M+{Q 


• 

>> 


- t.N-ftP 


99 


3 


8 


8 


3 


-OI + tQ 


)} 


- r.N-htP 


*» 


7 


12 


12 


7 


M-iQ 


9J 


- .N-iP 


99 


10 


1 


1 


10 


N-tP 


99 


+ M-tQ 


99 


14 


5 


5 


14 


-i.N-f/P 


»» 


+ i.M+iQ 


99 


2 


9 


9 


2 


-i.N+tP 


I» 


- t.M-hiQ 


99 


6 


13 


13 


6 


- .N-iP 


>? 


+ M-tQ 


99 


u+m' 


u— «' 


tt+i?' 


V — w' 










i{^ . 


^ - 


^ . 


^} 




(Suffixes 2.) 




11 





() 


11 = 


: M + iy . 


M'-iQ' 


+ N+tP . 


. N'-tP' 


15 


4 


4 


15 


t.M-iQ 


>l 


- t.N-rP 


9* 


3 


8 


8 


3 


-i.M-iQ 


}} 


- i.N-iP 


99 


7 


12 


12 


7 


M + tQ 


>9 


- .N+tP 


99 


10 


1 


1 


10 


N-f/P 


If 


+ M+tQ 


99 


14 


5 


5 


14 


-t.N -tP 


9? 


+ uM-iQ 


99 


2 


9 


9 


2 


--t.N -tP 


99 


- t.M-iQ 


91 


6 


13 


13 


6 


- .N+iP 


99 


+ M+tQ 


99 



105. Sixteenth set of 16. 







u+u' 


V — H 




(Suffixes [ 


5.) 




16 








15 = 


= M-Q . 


M'-Q' 


+ 


N-hP . 


N' + P 


11 


4 


4 


11 


-t.M+Q 




H- 


i.N-P 


99 


7 


8 


8 


7 


-t.M+Q 




— 


t.N-P 


1 




8 


12 


12 


3 


- .M-Q 




+ 


N + P 


< 




14 


1 


1 


14 


N-P 




+ 


M+Q 


! 




10 


5 


5 


10 


-t.N+P 




+ 


V.M-Q 


J 




6 


9 


9 


6 


-t.N + P 




— 


r.M-Q 


( 




2 


13 


13 


2 


- .N-P 




-f 


M + Q 


1 




«+«' 


u—vf 


ii+u' 


u— w' 












i{^ . 


^ - 


& . 


^} 




(Suffixes 3.) 




15 








15 = 


= M + Q . 


M' + Q' 


-h 


N-P . 


N'-P 


11 


4 


4 


11 


-i.M-Q 




+ 


V.N -h P 




7 


8 


8 


7 


-t.M-Q 




— 


t.N + P 




3 


12 


12 


3 


- .M + Q 




+ 


N-P 




14 


1 


1 


14 


N+P 




+ 


M-Q 




10 


5 


5 


10 


-t.N-P 




+ 


t.M+Q 




6 


9 


9 


6 


-t.N -P 




— 


t'.M + Q 




2 


13 


13 


2 


- .N-fP 




H- 


M-Q 




)9 



C> T 2 



-4 



I 



r 
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PROFESSOR A. CAYLEY ON THE SINGLE 



106. In the square set, writing u'=r'=0, and a, )8, y, 8 for K\ Y', Z\ W ; also 
slightly altering the arrangement. 



the system becomes 



and further writing herein t*=0, t;=0 it becomes 



u 






X 


Y 


z 


W 















c* 


33 





-— 


' « 


P 


7 


£ 1 32 





=: 


a« + /3*+7' + ^* 




=s 







4 


1 ^z. 


a 


-fi 


7 


-e 




4 


=: 


a*-/3^ + 7«-a« 




:^ 


4 




8 


1 


a 


fi 


""7 


— c 




8 


^ 


,»_y3S_^_a« 




=: 


8 


' 12 


1 ^z 


1 


-fi 


—7 


e 




12 


^: 


<,»-^-7« + i« 




^ 


12 




1 


z=z 


/s 


at 


£ 


7 




1 


3S 


2(.^+7«) 




— 


1 




5 


^ 


^ 


— X 


c 


— 7 




5 















9 


= 


^ 


a 


—a 


—7 




9 


= 


2(./3-7^) 




= 


9 




13 


= 


fi 


OL 


— ^ 


7 




13 















2 


^ 


7 


c 


a 


fi 


1 


2 


^Zm 


2(.7+^«) 




^ 


2 




6 


= 


7 


— c 


a 


-fi 




6 


-— 


2(.7-^c) 




=: 


6 




10 


^= 


7 


c 


— a 


-P 




10 















14 


^ 


7 


— c 


— a 


fi 


. 1^ 















3 


"**" 


e 


7 


P 


a 




3 


^ 


2(.2+^7) 




=: 


3 




7 


^ 


e 


"~7 


fi 


— at 




7 















11 


= 


a 


7 


-/s 


— at 




11 













15 


= 


a 


—7 


-fi 


at 




15 


*— 


2(««-/37) 




= 


15 



viz. : this last is the before-mentioned system of equations giving the values of the 
10 zero-functions c in terms of the four constants a, )8, y, 8. 
107. The system first obtained is a system of 16 equations 



V(t^, v)=aX+)8Y+yZ+8W, &c. 



showing that the squares of the theta-functions are each of them a linear function 
of the four quantities X, Y, Z, W. K the ftmctions on the right hand side were 
independent (asyzygetic) linear functions of (X, Y, Z, W) it would follow that any 
four (selected at pleasure) of the squai-ed theta-fiinctions were linearly independent, 
and that we could in terms of these four express linearly each of the remaining 
12 squared functions. But this is not so ; the form of the linear functions of 
(X, Y, Z, W) is such that we can (and that in 16 different ways) select out of 
the 16 linear functions six functions, such that any four of them are connected 
by a linear equation; and there are consequently 16 hexads of squared theta- 
functions, such that any four out of the same hexad ai'e connected by a linear relation. 
The hexads are shown by the foregoing " Table of the 16 Kummer hexads." 

108. The d posteriori verification is inmiediately effected ; taking for instance the 
first column, the equations are 



AND DOUBLE THETA-FTJNCTIONS. 
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S^u 



W 



A 


11 = 


= a 


y 


-iS 


—a. 


B 


7 


8 


-y 


;8 


—a. 


AB 


6 


y 


-8 


a 


-A 


CD 


2 


y 


8 


a 


8, 


CE 


1 


;8 


a 


8 


y> 


DE 


9 


/8 


a 


8 


-y- 



viz. : it should thence follow that there is a linear relation between any four of the six 
squared functions 11, 7, 6, 2, 1, 9 : and it is accordingly seen that this is so. It 
further appears that in the several linear relations, the coefficients (obtained in the 
first instance as fiinctions of a, fi, y, 8) are in fact the 1 constants c : the 1 5 relations 
connecting the several systems of four out of the six squared functions are given in 
the table. 
Read 



/» 20 3_>^ 2 2_L/i 2 a 2_>, 2o 2 — A 



^6 -^ll 



T^16"'^2 ""^12 "^l I ^4 "^9 — ^> "^^* 



109. 



3^ 



11 




7 


6 


2 


1 


9 








G 


- 2 


1 


- 9 


6 








+ 15 


-12 


+ 4 


- 2 






-15 




+ 8 


- 


1 






+ 12 


- 8 




+ 3 


- 9 






- 4 


+ 


- 3 








6 




3 


- 


+ 8 




— 


2 


- 3 




+ 4 


-12 






1 


+ 


- 4 




-J5 




— 


9 


- 8 


+ 12 


+16 




i -15 


+ 


3 


+ 2 


- 6 






, -12 


+ 





+ 1 




- 6 




- 4 


+ 


8 


+ 9 






- 6 


- 3 


+ 16 






+ 9 


- 1 


- 


+ 12 




+ 9 




- 2 


- 8 


+ 


4 




+ 1 


- 2 





= 0. 



110. The first set of 16 equations is the square-set, which has been already con- 
sidered. If in each of the other sets of 16 equations we write in like manner u'=0, 
each set in fact reduces itself to eight equations; sets 2, 3, 4 give thus 8 + 8+8, 
=24 equations; sets 5 to 8, 9 to 12, and 13 to 15, give each 8+8+8+8, =32 
equations; or we have sets of 24, 32, 32, 32, together 120 equations, the number 
being of course one half of 256—16, the number of equations after deducting the 
1 6 equations of the square set. 
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PROFESSOR A. CAYLEY ON THE SINGLE 



111. The first set, 24 equations. 

This is derived firom the second, third, and fourth sets, each of 16 equations, by 
writing therein u^=0. Taking 04, jS^, y^, Sj for the zero-Amctions corresponding to 
Xi, Yi, Zi, Wp then on writing u'=0, X^', Y/, Z/, W/ become a^ jS^, y^, S^. In the 
second set of 16 equations, the first equations thus are 



^^ti.^o^=aiXi+yiZi, 



0=i8iYi+SiWi, 

0=i8,Yi-8iWi, 



viz., the equations of the column require that, and are all satisfied if, i8i=0, §2=0 : 
hence the zero functions are a^, 0, y^, ; and this being so we have only the equations 
of the first colunuu And similarly as regards the third and fourth sets ; the zero 
values corresponding to 



are 



Xi, Yj, Zj, Wi 

oi yi 



-^»^ ^2> ^2* ^^2 

fl^ /Sg 



-^8> ^8> ^8> ^8 

03 83; 



and we have in all 8+8+8, =24 equations. These are 



3u . 3u 



4 

12 

6 

U 



5 
13 

7 
15 



4 

12 
6 





8 

2 

10 



1 

9 

3 

11 



(Suffixes 1.) 





SO 

8 
2 



«2 + 73 
2a7 



«2-72 



'^it . 3u 



8 
12 

9 
13 



10 
14 
11 
15 



SO 
8 

12 
9 



(Suffixes 2.) 
X Y 




4 

1 
6 



2 
6 
3 
7 



^ 
^ 



'a 




SO 

4 
1 



= «3+)82 



— -2 



a— )8« 



= 2«/3 



i9u . Su 



12 

8 

15 

11 



13 

9 
14 
10 



(Suffixes 3.) 
X W 




4 
3 
7 



a 
-6 



1 

5 
2 
6 



a 
a 
B 



SO . SO 

12 = 

8 4 = 

15 3 = 



—a 

at 

z 

a 
-a 

a 
a 



«2+a2 
2«a 



AND DOUBLE THBTA-FUNCTIONS. 
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112. The second set^ 32 equations/ 



To exhibit these in a convenient form I alter the notation, viz., I write 



E+G, i(E-G), (F+H), i(F-B.) 
X, Y, Z, W 



Ei+iGi, Ei-iGi, Fi+iHi, Fj-iHi 



Yi, 



'!> 



w, 



(E^+G,), t-(E,-G,), (F,+H,), i(F,-R,) 



= X 



3» 



2> 






Wo 



Es+iGj, Eg— iGa, F3+/H3, F3— iHj 



■^a* 



8> 



Z3, 



W 



8> 



80 that as regards the present set of equations, X, Y, X, &c., signify as just mentioned. 
And this being so the corresponding zero-values are 



a, 0, y, I a^, 0, y^, 



a 



'Z> 



0, 0, 8. I ay, 0, 0, 83. 



The equations then are 



(Suffixes 0.)| 



1 

y 
3 



5 

13 

7 

15 



= « 7 

8 = » -7 

2=7 a 

11 10 = 7 - 



at I 



w 



4 
12 

C 
14 



7 
7 



7 

—7 

a 

— a 



1 4 

9 12 

3 

11 14 



5 
13 

7 
15 



(Suffixes 1.) 
X Z 






8 

2 

10 



a 

a 

7 
7 



W 

7 

—7 

a 

— a 



(Suffixes 2.) (Suffixes 3.) 

^« . ^w X W ^a .^li X W 



y 

1 

15 

7 



13 
5 

11 
3 



= 



8 

G 

14 



a 

at 

f 

— c 



-^ 



14 

12 

2 

10 



:= a 



c 

a 



z 






9 
1 

15 
7 



4 
12 

2 
10 




^ 

= — *; » 

^ 



t 13 

11 
3 





8 

6 

14 




30 .BO 
1 
9 8 
3 2 



= »3 + 7^ 



y 
^3-73 



= 2 



«7 



1 4 
9 12 
3 6 



-t(«H70 

-l(«2-72) 

- 2/^7 



M . 30 
9 = 
1 8 = 

15 G = 



2ac 



30 . M 
9 4 
1 12 

15 2 



-t(^Ha«) 

--t(«3-63) 

2«o 
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PROFESSOR A. CAYLEt ON THE SINGLE 



113. Thibd set, 32 equations. 



We again change the notation, writing 



I+K, t(I-K), J+L, t(J-L) ' Ii+Ki. t(Ii-KO. (Ji+Li). i(Ji-LO 



= X, Y, 



Z, 



W 



Xj, Yi, 



'i» 



Wi 



Ig+^^s* I2"— iK2, J^+iL^, J^— iL2 , I3+1K3, I3— iKj, Jg+tLj, J3— iLj 



— X2, 



2> 



'3> 



w. 



JlLQ. 



^8> ^» 



w, 



the zero values being 



a, 0, y, I a^, 0, 0, 81 | a^ 0, yg* I ^a^ 0, 0, 8, 



Then equations are 



(Suffixes 0.) 
^.^ X Z 



2 
6 
3 

7 



10 
14 
11 
15 




4 

1 
5 



7 
7 



7 

—7 

a 



Y W 



8 
12 

9 
13 



= m 

= 7 
= 7 



7 

7 

a, 

•at 



2 
G 4 

3 1 



2«7 



a«-7« 



(Suffixes 1.) 
^u . ^ X W 



6 
2 

15 
11 



14 

10 

7 

3 





4 

9 

13 



a 
a 

a 






Y Z 



8 

12 

1 

5 



a 

a 

■B 

C 



•c 

a 
a 



SO ,30 
6 =5 
2 4 = 

15 9 = 



2«^ 



2 8 

6 12 

3 9 

7 13 



10 
14 
11 
15 



(Suffixes 2.) 
X Z 

ia —17 

•»■« +t7 

i^ — 1« 

t7 +j« 



W 




4 
1 
5 



a 
et 

7 
7 



7 

—7 

a 

— a 



2 8 
6 12 

3 9 



i(«H7^ 
t(«2-7«) 
2i»7 



^.^ 



6 

2 

15 

11 



8 

12 

1 

5 



(Suffixes 3.) 
X W 



= —ia —it 



ta 
ta 



a 
a 



14 

10 4 

7 9 

3 13 




30.^ 
6 8 
2 12 

15 1 



2aB 



AND DOUBLE THETA-FUNCTIONS. 
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114. FouBTH set, 32 equations. 



Again changing the notation we write 



Mg+t-Qj, Mj-tQa, Nj+t-p^. N^-tPg 
X, Y, Z, W 



M3+Q3, i(M,-Q,), N3+P3, t(Ns-P,) 



Xi. 



i> 



W, 



M+Q, t(M-Q). N+P, t(N-P) i Mj+tQj, M^-tQi, Ni+tPj. Ni-tPi 



— Xj, 



Ya. 



'2> 



w. 



3> 



Ys, 



'3> 



w, 



the zero values being 



a, 0, y, I ai, 0, 0^, 8 | a^, 0, y^ | 0, ^83, y^, 



and the equations then are 



(Suffixes 0.) 
^.^ X Z 



3 = 

15 12 = 

2 1 = 

14 13 = 



■a 

7 
7 



7 

7 

a 



Y W 



4 7 = 

8 11 = 

6 5 = 

10 9 = 




SO .30 

3 = 
15 12 = 

2 1 = 



-(-'-70 
2«7 



^1* . Su 



3 
15 

6 
10 



7 
11 

2 
14 



(Suffixes 1.) 
X W 



4 

8 

1 

13 











12 

5 

9 



at 

is 

iB 



Z 

B 

- a 

■tat 
2a 



3 4 

15 8 

6 1 



-t(*^-^^) 
2«5 



^M.^tt 



(Suffixes 2.) 
X Z 



15 
3 

14 
2 



11 
7 

10 
6 



4 
8 
5 
9 



i» 
1*7 



—17 
-17 

— 146 

—lot 



Y W 




12 

1 
13 



a 
a 

7 
7 



7 

7 

a 

•at 



15 4 
3 8 
2 9 



= i(«^-7«) 
= -i(«H7^) 
= - 2t*7 



(Suffixes 3.) 
Su.Su Y Z 



15 
3 

10 
6 



11 
7 

14 
2 



JO 

15 

3 

6 





12 

5 

9 




X W 



4 

8 

1 

13 



-/J 

7 
7 



7 
—7 



50 


12 
9 



/324-7* 
- 2/J7 



MDCCCLXXX. 



G K 
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PROFESSOR A. CAYLEY ON THE SINGLE 



115. It will be noticed that the pairs of theta-fiinctions which present themselves 
in these equations are the same as in the foregoing '* Table of the 120 pairs/' And 
the equations show that the four products, each of a pair of theta-fimctions, belonging 
to the upper half or to the lower half of any column of the table, are such that any 
three of the four products are connected by a linear equation. The coefficients of 
these linear relations are, in fact, functions such as the a^+Sr, a^— S^ 2a8 written down 
at the foot of the several systems of eight equations, and they are consequently products 
each of two zero-functions c. 

Thus (see " The first set, 24 equations ") we have 



hi 
4 


8 


(Snffixes 3.) 

X w 

. — ' — . 

= a -8 


5 


9 


(Suffixes 3.) 

Y Z 

, * . 

= a -8 


^0 
4 


. AO 
8 


(Suffixes 3.) 
=a2-8* 





12 


= a 8 


1 


13 


= a 8 





12 


=a+^ 


3 


15 


= 8 a 


2 


14 


= 8 a 


15 


3 


= 2a8 


7 


11 


= -8 a 


! 6 


10 


= -8 a 









116. In the left hand four of these, omitting successively the first, second, third, 
and fourth equation, and from the remaining three eliminating the X3 and Wg, we 
write down, almost mechanically, 



*w . 


-Jw 






4 


8 


+2«8, 


-S^^^a^ a3-8* 





12 


— 2a8, 


-82+a2, a^+gi 


3 


15 


i a2+82, S*-a2, 


2a8 


7 


11 


-a2+82, 8«+a2, 


-2a8 



and thence derive the first of the next following system of equations ; read 






— C^Cg ^(y>i2 

+Co^i2'^o^ia 



•~^0^12^3'^16 
"T^^^'S'^S'^IS 



— ^30^5.^3^13 



1 ^4.^8 •^7'^11 
+<^8^15'^7^11 



= 0, 
:0, 

= 0, 
= 0, 



where the theta-functions have the arguments w, v. 

Observe that on writing herein !f = 0, r==0, the first three equations become each of 
them identically 0=0 ; the fourth equation becomes — c^^c^j^+Cq-Ci^^— C3^Ci5^=0, which 
is one of the relations between the c's, and which serves as a verification. 

But in the right hand system, on writing u=t'=0, each of the four equations 
becomes identically 0=0. 
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117. The equations are 



9 


4.8 


0.12 


3.15 


7.11 


c 




3.15 


-0.12 


4r.S 




-3.15 




-4.8 


-0.12 




0.12 


-4.8 




3.15 




-4.8 


0.12 


-3.15 





=0, 



5.9 



1.13 2.14 6.10 =0, 





3.15 


-0.12 


4.8 


-3.15 




4.8 


-0.12 


0.12 


-4.8 




3.15 


-4.8 

1 


-0.12 


-3.15 





3 


6.8 


2.12 


1.15 


5.11 


c 




1.15 


-2.12 


6.8 




-1.15 




6.8 


-2.11 




2.12 


-6.8 




1.15 




-6.8 


2.11 


-1.15 





=0, 



3 


7.9 


3.13 


0.14 


4.10 


e 




1.15 


-2.12 


6.8 




1.15 




6.8 


-2.12 




2.12 


-6.8 




1.15 




-6.8 


2.12 


-1.15 





=0, 



9 0.6 


2.4 


9.15 


11.13 


( 

c 


9.15 


-2.4 


0.6 


-9.15 




0.6 


-2.4 


2.4 


-0.6 




9.15 


-0.6 

I 


2.4 


-9.15 





=0. 



3 


1.7 


3.5 


8.14 


10.12 


c 




9.15 


-2.4 


0.6 




-9.15 




0.6 


-2.4 




2.4 


-0.6 




9.15 




-0.6 


2.4 


-9.15 





=0, 



8.6 



c* 



1.4 



9.12 14.11 =0, 





9.12 


-1.4 


3.6 


-9.12 




3.6 


-1.4 


1.4 


-3.6 




9.12 


-3.6 


1.4 


-9.12 





3 


2.7 


8.5 


0.5 


8.13 


c 




9.12 


-1.4 


3.6 




-9.12 




3.6 


-1.4 




1.4 


-3.6 




9.12 




-3.6 


1.4 


-9.12 





9 


8.9 


0.1 


2.8 


10.11 


e 




-2.3 


0.1 


8.9 




2.3 




-8.9 


-0.1 




-0.1 


8.9 




2.3 




-8.9 


0.1 


-2.3 





=0, 



3 


12.13 


4.5 


6.7 


14.15 


c 




-2.3 


0.1 


8.9 




2.3 




-8.9 


-0.1 




-0.1 


8.9 




2.3 




-8.9 


0.1 


-2.3 





» 


4.6 


0.2 


1.3 


5.7 


e 




-1.3 


2.0 


4.6 




1.3 




-4.6 


-0.2 




-0.2 


4.6 




1.3 




-4.6 


0.2 


-1.3 





=0, 



5 


9.11 


13.15 


12.14 


8.10 


c 




-1.3 


0.2 


4.6 




1.3 




-4.6 


-0.2 




-0.2 


-4.6 




1.8 




4.6 


0.2 


-1.3 





=0, 



3 


6.12 


2.8 


3.9 


7.13 


c 




3.9 


-2.8 


-6.12 




-3.9 




6.12 


2.8 




2.8 


-6.12 




-3.9 




6.12 


-2.8 


3.9 





=0. 



s 


1.11 


5.15 


4.14 


0.10 


c 




3.9 


-2.8 


6.12 




-3.9 




-G.12 


2.8 




2.8 


6.12 




-3.9 




-6.12 


-2.8 


3.9 





6 K 2 
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^ 


6.15 


1.8 


0.9 


7.14 


e 




0.9 


-1.8 


-6.15 




-0.9 




6.15 


1.8 




1^ 


-6-15 




-0.9 




6.16 


-1.8 


0.9 





= 0, 



& 


2.11 


5.12 


4.13 


3.10 


c 




0.9 


-1.8 


6.15 




-0.9 




-6.15 


1.8 




1.8 


6.15 




-0.9 




-6.15 


-1.8 


0.9 





=0, 



s 


4.9 


1.12 


2.15 


7.10 


e 




2.15 


-1.12 


4.9 




-2.15 




4.9 


-1.12 




1.12 


-4.9 




2.15 




-4.9 


1.12 


-2.15 





=0, 



» 


0.13 


5.8 


6.11 


3.14 


c 




2.15 


1.12 


-4.9 




-2.15 




-4.9 


1.12 




-1.12 


4.9 




2.15 




4.9 


-1.12 


-2.16 





=0, 



s 


4.12 


0.8 


1.9 


5.13 


e 




-1.9 


0.8 


4.12 




1.9 




-4.12 


-0.8 




-0.8 


4.12 




1.9 




-4,12 


0.8 


-1.9 





-0, 



^ 


3.11 


7.15 


6.14 


2.10 


c 




1.9 


-0.8 


4.12 




-1.9 




-4.12 


0.8 




0.8 


4.12 




-1.9 




-4.12 


-0.8 


1.9 





=0, 



s 


4.15 


3.8 


2.9 


5.14 


e 




-2.9 


SJ8 


4.15 




2J9 




-4J5 


-3.8 




-3.8 


4.15 




2.9 




-4.15 


3.8 

• 


-2.9 





=0, 



s 


0.11 


7.12 


6.13 


1.10 


e 




-2.9 


3.8 


-4.15 




2.9 




4.16 


-3.8 




-3.8 


-4.16 




2.9 




4.15 


3.8 


-2.9 





=0. 



s 


6J9 


3.12 


0.15 


5.10 


e 




-0.15 


3.12 


-6.9 




0.15 




-6.9 


3.12 




-3.12 


6.9 




-0-16 




6.9 


-3.12 


0.15 





-0, 



» 


2.13 


7.8 


4.11 


1.14 


e 




0.15 


3.12 


-6.9 




-0.15 




-6.9 


3.12 




-3.12 


6.9 




0.16 




6.9 


-3.12 


-0.16 





=0, 



1215 0-3 



1-2 



13.14 =0, 



1.2 -0.3 -12.15 

-1.2 12.15 0^ 

0.3 -12.15 -1.2 

12.15 -0.3 1.2 



» 


8.11 


4.7 


5.6 


9.10 


e 




1.2 


-0.3 


12.15 




-1.2 




-12.16 


0.8 




0.3 


12.15 




-1.2 




-12.16 


-0.3 


1.2 





=0, 



9 


1.6 


3/4 


8.15 


10.13 


c 




8.15 


-3.4 


1.6 




-8.16 




1.6 


-3.4 




3.4 


-1.6 




8.15 




-1.6 

< 


3.4 


-8.15 





=0, 



» 


2.5 


0.7 


11.12 


9.14 


e 




-8.15 


-3.4 


1.6 




8.15 




1.6 


-3.4 




3.4 


-1.6 




-8.16 




8.15 


3.4 


8.16 





=0, 
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and this ought therefore to be the value of the first two terms, that is of 

(2Q+2Q«-2A— 2A')(l-2Q*-2S*){2Qcos^7m+2Q«cos|7rw 

+ 2A cos ^'7r{u+2v) + 2A' cos i7r(z^— 2t;)}(l— 2Q*cos 7rM+2S* cos irv) 

-(2Q+2Q«+2A+2A')(1-2Q*+2S*){2Q cos ^7ru+2Q^ cos iiru 

— 2A cos ^7r(u+2t;) — 2A' cos ^7r(t*— 2v)}(l — 2Q* cos ttm — 2S* cos irv), 

which to the proper degree of approximation is 

=(2Q— 4QS— 4QS*+2Q^— 2A— 2A'){2Q cos ^ttw— 4Q^ cos i^nu cos ini 

+ 4QS* cos ^iru cos 7rv+2Q^ cos |7ri^+2A cos ^(tt+2v) + 2A' cos ^7r(t/— 2v)} 

-(2Q-4Q^+4QS*+2Q»+2 A+2A'){2Q cos ^7rw-4Qs cos ^u cos nu 

m 

— 4QS* cos ^nu cos 7rt;+2Q^ cos Ittu— 2A cos ^7r(M-f 2v)— 2A'cos ^7r(u— 2t;)} . 

This is 

(2Mo— 2no)(2M+2ft) 

-(2Mo+2fto)(2M— 2ft), =8(Moft— Mfto) 

if for a moment 

M=Q cos ^^TTU— 2Q^ cos ^nu cos TTU+Q® cos Ittm, Mq=Q— 2Q^+Q^ 

n=2QS* cos Ttu cos 7rt;+ A cos ^7r(t^+2v)+ A' cos ^7r{u—2v), fty=2QS* + A+ A', 

or substituting and reducing, the value of 8(MQft— Mfto) to the proper degree of 
approximation is found to be 

■ 

= -8Q(2QS*+A+A0 cos ^nu 

+*8(Q'S*+8QA) cos ^7r(w+2v)+8(Q"S*+8QA') cos ^n{u^2v), 

which in virtue of the relations QA=A2S2, QA'=A'2S^ Q2S2=AA', is equal to the 
foregoing value of CjCg^Ji^^^. I have thought it worth while to give this somewhat 
elaborate verification. 

Rhiime of the foregoing results. 

120. In what precedes we have all the quadric relations between the 16 double 
theta-functions : or say we have the linear relations between squares (squared ftmc- 
tions) and the linear relations between pairs (products of two functions) : the number 
of the asyzygetic lineai* relations between squares is obviously =12; and that of the 
usyzygetic linear relations between pairs is =60 (since each of the 30 tetrads of pairs 
gives two asyzygetic relations): there are thus in all 12+60, =72 asyzygetic linear 
relations. But these constitute only a 13-fold relation between the functions, viz., 
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they are such as to give for the ratios of the 16 functions expressions depending upon 
two arbitrary parameters, x, y. Or taking the 16 functions as the coordinates of a 
point in 15 -dimensional space, these coordinates are connected by a 13-fold relation 
(expressed by means of the foregoing system of 72 quadric equations), and the locus 
is thus a 13-fold, or two-dimensional, locus in 15 -dimensional space. 

Hence, taki ng any four of the functions, these are connected by a single equation ; 
that is regarding the four functions as the coordinates of a point in ordinary space, 
the locus of the point is a surface*. 

In particular the four functions may be any four functions belonging to a hexad : 
by what precedes there is then a linear relation between the squares of the four 
functions : or the locus is a quadric surface. Each hexad gives 15 such surfaces, or 
the number of quadric surfaces is (16 X 15=) 240. 

Tlie 16-nod(tl qaartic surfaces. - 

121. If the four functions are those contained in any two pairs out of a tetrad of 
pairs (see the foregoing "Table of the 120 pairs "), then the locus is a quartic surface, 
which is, in fact, a Kummer's 16-nodal quartic surface. For if for a moment x.y and 
z.w are two pairs out of a tetrad, and r,s be either of the remaining pairs of the 
tetrad ; then we have rs a linear fimction of xy and zw : squaring, r^^ is a linear 
function of ar^y% xyzWy zriv^; but we then have r^ and ir, each of them a linear function 
of a^, y^, z^, w^\ or substituting we have an equation of the fourth order, containing 
terms of the second order in (ar, y-^, z^, tv^), and also a term in xyzw. It is clear that 
if instead of r.s we had taken the remaining pair of the tetrad we should have obtained 
the same quartic equation in {x, y, z, w). And moreover it appears by inspection 
that if ocy and zw are pairs in a tetrad, then xz and yw are pairs in a second tetrad, 
and ocw and yz are pairs in a third tetitid : we obtain in each case the same quartic 
equation. We have from each tetrad of pairs six sets of four functions {x, y, z, w) : 
and the number of such sets is thus (^6.30=)G0 : these are shown in the foregoing 
" Table of the GO Gopel tetrads," viz., taking as coordinates of a point the four 
functions in any tetrad of this table, the locus is a 16-nodal quartic surface. 

122. To exhibit the process I take a tetnid 4, 7, 8, 11 containing two odd functions ; 
and representing these for convenience by Xy y, s, /r, viz. : writing 

^.p •»:, -^s* -^u (^0=^^ Vy h ^ 

we have then X, Y, Z, W linear functions of the four squares, viz., it is easy to 
obtain 

S( „ )-«( „ )=2( „ )W, 
-y( „ )+/3{ ., ) = 2( . )Z. 
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Also considering two other functions \{u) and S^iqIIu), or as for shortness I write 
them, Sq and $129 we have 

V=aX-^Y-yZ+SW, 
and substituting the foregoing values of X, Y, Z, W, we find 

where writing down the values first in terms of a, fi, y, S and then in terms of the c's, 
we have 

B=-aS(i8«-/)+)8y(««-82)=., C3V-C16V, 

D= - aZifi^-y') -iSy(a*-8«) =„ Ci,\^-c^\^ ; 
and we then have further 

that is 

whence equating the two values of ■Jq^^is* w® have the required quartic equation in 
X, y, z, w. 

123. But the reduction is effected more simply if instead of the c's we introduce the 
rectangular coefficients a, h, c, kc We then have 

M=(c''2-6'2), A=-a"c, C=a'h, 
B=-b'c-b"c", =bc; D=6'6"+c'c", =^a'a", 

and the equations hecome 
so that the elimination gives 
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6V'(-a"ca:2+fcc/+a'&z3-a'a'V) 



X ( a'hx^-aa"i/-a"cz^+bcuf')={c"'-by. \axii^-h"cyu^+2y-ab"cxyzw], 
viz. : this is 

— a'hl)c\a''^ + ^'") (^ *^'^ + y^^') 
— 2(6'^ — c''^Y \/ — aVcxyzw^- 0. 

124. In this equation the coefficients of xV and y'^io^ are each =aV6o(//^+c"^)> as 
at once appears from the identities 



{ 
{ 



ab,U — (;".a'c=a(6'^ — c"-), 
a b.c — b .a c= [b - — c )", 

a a ,b — c ,bc= — b [b - — c -'), 
a V.c —b'.bc = c {b^'-^c''-^), 



by multiplying together in each pair the left hand and the right hand sides respec- 
tively. Substituting and dividing by — aa'bb'cc\ we have 

jc^-^y^-^z^+w^ 

n'^2ii3 W'A-r^^ n'^A-c- 

+ - - f fiijr-n - xyzw=0 ; 

or if we herein restore the c's in place of the rectangular coefficients this is 

x^+y^+z^+w^ 









*^1 ^2 *4 '■fl ^8 'U 



which is the equation of the 16-nodal quartic surface. 

Substituting for x, y, z, w their values ^4, ^7, ^g, ^^^(u), we have the equation con 

MDOOCLXXX. 6 L 



J 
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necting the four theta-functions 4, 7, 8, 11 of a Gopel tetrad. And there is an equa- 
tion of the like form between the four fiinctioos of any other Gopel tetrad : for 
obtaining the actual equations some further investigation would be necessary. 



The xy-expi'essions of the theta-f unctions, 

125. The various quadric relations between the theta-fimctions, admitting that 
they constitute a 13-fold relation, show that the theta-fiinctions may be expressed as 
proportional to functions of two arbitrary parameters x, y ; and two of these functions 

,1^1 being assumed at pleasure the others of them would be determinate ; we have of course 

(though it would not be easy to arrive at it in this manner) such a system in the 
foregoing expressions of the 16 fimctions in terms of x, y; and conversely these 
expressions must satisfy identically the quadric relations between the theta-functiona 

126. To show that this is so as to the general form of the equations, consider first 

the xy-factors v/a, Vah^ Ac. As regards the squared functions (v/a6)*, we have for 
instance 

(v^)2=^{abfcAe,+a>Xcde+2v^XY], 
(>/^^=^{cdfa>,e>c,dXabe+2v/XY], 

2 

each of these contains the same irrational part ^a/XY, and the difference is 

therefore rational ; and it is moreover integral, for we have 

(v^)2-(v/(J3)^=^(abcA-ab,cd)(fe-f,e), 

where each factor divides by ^, and consequently the product by 6^ ; the value is in 
fact 



= (^-/) 



1, x-\-y, xy 
1, a+fc, crfc 
1, c-^d, cd 



a linear function of 1, x+y, xy ; and this is the case as regards the difference of any 
two of the squares {s/ahy, {VacY, &c. ; hence selecting any one of these squares for 
instance {y/defy any other of the squares is of the form 

and obviously, the other squares (v^a)^, &c., are of the like form, the last coefficient p 
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being = 0. We hence have the theorem that each square can be expressed as a linear 
function of any four (properly selected) squares. 

127. But we have also the theorem of the 16 Kummeb hexads. 

Obviously the six squares 

Waf, (^/6)^ {V~cf, {Vd)\ {Vef, {y/ff 

are a hexad, viz. : each of these is a linear function of 1, x+y, xy, and therefore 
selecting any three of them, each of the remaining three can be expressed as a linear 
function of these. 

But further the squares {\/a)\ {\/h)\ {\Aib)\ {\/cd)\ (v/ce)^ {\/d^Y form a 

hexad. For reverting to the expression obtained for (\/a6)^— (\/crf)^, the determinant 

contained therein is a linear function of aa^ and bb„. that is of (v/a)" and (\/5)^; we 
in fact have 



(a— 6) I 1, x+y, xy 
1, a+&, cib 
1, c+c?, cd 



=(6-c)(?>-d)(a-a:)(a-y)-(a-c)(a-rf)(&-^)(&-.y)- 



Hence (\/a6y^— (n/oZ)^ is a linear function of (v^a)% (v^6)^; and by a mere inter- 
change of letters (\/a6)^— (^/ci)^ (\/a6)^— (v/c/e)^ are each of them also a linear 

function of {y/af and (\/6)^; whence the theorem. And we have thus all the 
remaining 15 hexads. 

128. We have a like theory as regards the products of pairs of functions ; a tetrad 
of pairs is of one of the two forms 

x/oa/S, \/ac\/hc, \/ady/bd, \/ae^/he and VJy/oh, \/c\/de^ \/5\/ce, \/e\/cd ; 

in the first case the terms are 

v/aa^bb^ } , 

^ { (ab, + a» v/cdefc,d,eX + (cfd,e, + c/,de) v/'aa>b, } , 
^{ » n +(dfc,e,+dXce) „ }, 

^J ,, >, +(efc,d^+c,fce) „ }, 

and as regards the last three terms the difference of any two of them is a mere 

constant multiple of \/aa^bb, ; for instance, the second term — the third term is 

6 L 2 
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=^(cd^— c^d)(fe,— f e)v/aa^bb^,=(c— c?)(/— 6)v/aa^bb, ; we have thus a tetrad such 

that selecting any two terms, each of the remaining terms is a linear function of these. 
In the second case the terms are 

^{fv/abc^d,eX + f v^a^b^cdef }, 



1 
d 



(C ,, -p c^ ,, j, 



whence clearly the four terms are a tetrad as above. And it may be added that 
any linear function of the four terms is of the form 

^{ (\+fur)v/ abc^d,e,t; + (X+fty) \/a^b,cdef }. 

129. Considering next the actual equations between the squared theta-functions, 
take as a specimen 

^2 o 2 ^ 2 o 2 1^ 2 2 ^ 2 q 2 — A 

that is _^ 

where Cg, Cg, Cj, 09= v^, v^cS, VTcy ^ de respectively. Since the functions {\/abf, 



&c., contain the same irrational term — \/XY, it is clear that the equation can only be 
true if 

Cq ""Cg +^1 ""^9 =0, 

and this being so it will be true if 

where by what precedes each of the terms in {} is a linear function of (v/o)^ and 
{\/by: attending first to the term in (\/a)®, the coeflBcient hereof is 

ef. be. hd, Cc^ — df. he, he. 0^*+ c/! hd. fee.Cg*, 

where for shortness 6c, hd, &c., are written to denote the difi*erences 6— e, 6— rf, &c. : 

substituting for c^ its value (\/c5)*, ^=^ed.ef,df.ah ae.he, and similarly for c^* and Cg* 
their values, =eexf,ef.aKad.bd, and de.df.ef.ab.ae.hc respectively, the whole expression 
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contains the factor ah,hc,hd,hexf,df.ef, and throwing this out, the equation to be verified 

becomes 

cd.ae'^ce.ad-\-de.ax^=^0 

which is true identically. The verification is thus made to depend upon that of 
Cg*— C2*+Ci*— C9*=0 ; and similariy for the other relations between the squared 
functions, the verification depends upon relations containing the fourth powers, or the 
products of squares, of the constants c and h 

130. Among these are included the before-mentioned system of equations involving 
the fourth powers or the products of squares of only the constants c ; and it is inter- 
esting to show how these are satisfied identically by the values Cq= \/hd, &c. 

Thus one of these equations is c^^+c^'\'C^^=^c^\ substituting the values, there is 
a factor ce which divides out, and the resulting equation is 

ad.qf.d/Mc.he'\-c/.ef.ahMd.bd+ab.af.b/xd.de^acMe.h^ 

There are here terms in a^, a, aP which should separately vanish ; for the terms in 
a^ the equation becomes 

d/,bc.be-{'bd.c/.ef'{'bf.cd.de^hd,bf.clf=0, 

which is easily verified ; and the equations in a and a^ may also be verified. 

An equation involving products of the squares is 0^2%^ — <^i^c/+C3"C6^=0. The 
term Ci^^c^^ is here \/adf.bce s/de/Mbc vfhich is ==\/{bc)\dfY.(ib.ac.ad.qf.be.ce,de.ef, 
which is taken =:bc,d/\/'ab,ac.ad.a/.b€,ce.de.ef; similarly the values of c^^c^ and c^^Cq^ 
are =bd,cfB,nd b/.cd each into the same radical, and the equation to be verified is 

bc.df'^bd.cf-{'b/.cd=Oy 

which is right : and the other equations may be verified in a similar manner. 

131. Coming next to the equations connecting the pairs of theta-functions, for 
instance 

this is 

^3^15^0^12 { v^^ \/c(d—\/be\/ae} -{-c^cjc^k^^. \/b\/a=0, 

the products \/bd \/ad and \/be y/ae contain besides a common term the terms 
^(dfc,e,+d/^ce) v/aa^bb^, and ~ (efc^d^+e/,cd)\/aa,bb„ hence their difierence contains 

^(de^— d,e)(fc^— f c)\/aa,bb^ which is == ci?e;.yc \/aaJbb^, that is dejc\/a\/b : hence the 
equation to be verified is 

c^c\^t\fiY2 '^^ = \/bef,acd \^ae/,bcd ^yi)dj\ace y/adfbce, where under the fourth root we 
have 24 factors, which are, in fact, 12 factors twice repeated; and if we write 
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n,==ah.acMd,(MMf.hc.hd,h€.h/xdxe,cf,de.df.ef, for the product of all the 15 faxjtors, 
then the 12 factors are in fact all those of II, except ah, cf, de ; viz., we have 

Again, c^c^hjkn, = y/acf.hde \^bcf,ade y/acdef y/hcdef, is a fourth root of a product of 
32 factors, which are in fact 16 factors twice repeated, and in the 16 factors, at does 
not occur, cf and de occur each twice, and the other 12 factors each once : we thus 
have 

^.t^8*7^'ii= v/n-(</)2(de)--r-(a6)-, 
and the relation to be verified assumes the form 

fc.de^\-r{cf)\dt)'-\- ^\cf)\def= 0, 



which, taking yc.(ie= — \/{cfY(deY, is right. And so for the other equations. It will 
be observed that in the equation c?e./c. CgCigCQCij +c.i.Cs^'7^ii=0, and the other equations 
upon which the verifications depend, there is no ambiguity of sign : the signs of the 
radicals have to be detennined consistently with all the equations which connect the 
CB and the i's : that this is possible appears evident d pHori, but the actual verification 
presents some difficulty. I do not here enter further into the question. 



Further residts of the product-theorem, the u-^u foi^nul(B. 

132. Recurring now to the equations in u-^-u', u—u, by putting therein w'=0, 
we can express X, Y, Z, W in terms of four of the squared functions of u, and by 
putting w=0 we can express X', Y', Z\ W in terms of four of the squared functions of t^'; 
and, substituting in the original equations, we have the products .J( )U'\'U.^{ )</— t// 
in terms of the squared functions of u and u. 

Selecting as in a former investigation the functions 4, 7, 8, 11 (which were called 
X, y, 2, w) it is more convenient to use single letters for representing the squared 
functions, and I write 



^{u+u') . 


. ${u—tiy 


^•-M 


r-u' 


r-0 


4 


4 = P, 


4 = p, 


4 = p\ 


^ = Po {=c*)y 


7 


7 = Q, 


7 = 7, 


7 = q'. 


7 = 0, 


8 


8 = R, 


8 = r, 


8 = /. 


8 = r, (=0, 


11 


11 = S, 


11 = s, 


1 1 = s, 


11 = 0. 
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en 



Y 



W 



X Y Z W 



X' Y' Z' W 



P = X' -Y' +Z' -W, p= a -/8 +y -8, ^/= « -)8 +y -8, 

Q = W -Z' +r -X'. ,j= 8 -y +)8 -a, q'= 8 -y +/5 -a, 

R= X' +Y' -Z' -W, r= a +^8 -y -8, /= a +)8 -y -8, 

S = W +Z' -Y' -X', .s= 8 +y -^ -a, /= 8 +y -^ -a. 



Heiice 



«(/>+»•) -8(^+«) = 2(a2-8-)X, 
8 „ -a „ =2 „ W, 

-fiip-r) -\-yiq-s) = 20-^-/)Y, 
-y » +)8 „ =2 „ Z, 



aO/+r') -8(r/+«') =2(a^-8-)X', 
8 „ -a „ =2 „ W, 
-P{p-r')-\-y{q-s)=2{fi--'/)T, 
— y „ +^ „ =2 „ Z'. 



and by means of these values 



4(a»— 8^)2X'X =a^{p+r){p'+r)+8%q+s){q+s)-c^[{p+r){</+s)Mp'+r'){q+s)l 



>> 



WW =8^ 



)> 



a" 



»> 



-a8[ 



J> 



n 



]• 



4(/ff'-/)*Y'Y =^-^(^_,.)(p'-r')+y2((z-.)(c;'-0-i»>{(i?-r)(7'-«') + (p'-0('i-*)J. 



»> 



Z'Z =/ 



J^ 



+i82 



>> 



-i»>{ 



>> 



>J 



]. 



Hence 



4(«2-S2)(X'X-WW) = (p+r)(/+r')-((Z+«)(3'+^'). 
4(^-/)(Y'Y-Z' Z )=(j,_,.)(/-r')-(<Z-.)to'-/). 

and substituting in the expressions for P and li, 



4(a2-83)(y8-^-y2)P = 

(^=-r)[(i'+'-)(i>'+0-(7+«)te'+«')]-{«--S-)[(i>-'')(i>'--0-(7-«)('/-*')J. 



}> 



R= 



» [ 



«> 



» 



1+ » [ 



>> 



>» 



]• 



Similarly 
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4(a«-S2)2W'X = 



i 4 „ X'W= 






I 

! ' 

i 
I 



4(^_y2)2Z'Y = 

^{p-r){p-r')+{q-s){(/-s')]-p-{2i-r){q-s')-r{q-s){p'-r'), 
4 „ Y'Z = 

whence 

4(a2-82)(W'X-X'W)=-[(i>+r){?'+6'')-(p'+0(7+«)l 
i{^-r){Z'Y -Y' Z) = -[(i>-r)(.7'-/)-(p'-r')(3-.)], 

and substituting in the expressions for Q and S 

- {^-y^l{p+r){q+s') - (i>'+r')fo+.)]+ {a^-^)[p-r){q'-s) - {p-r'){q-s)]. 

4 „ R= 

"^ " L " " J~" " L " »' J* 

133. Hence collecting and reducing 

-{a^-^^-\-f-h%pp-qq'+rr'-ss')+{(t^+0^-f-^%pi''-\.p'r-qs'-q's), 
R= 

4 „ S = 

we have^o(=c/)=a^— ^+y2— 8^, 7'Q(=C8^)=a-+)8^— 7^— S^> and thence 



j> 



>> 



/.o2-po'=4(a2-8«)(i8«— y2) ; 



the equations hence become 
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{'ro^—Po^W = —poiPP'—<l<l'+>'r—ss')-\-ro{pr'-\-p'r—qa'—</s), 

« 

On writing in the equations u'=0, then P, Q, R, S, p', 7', /, 5' become = p, q, r, s, 
Poi 0> ^o» ^ » ^^d ^'^^^ equations are (as they should be) true identically. The equations 
may be written 

tt tt u u n u' n u u v v h u u' u u' 

C2(^2.^2 52.^2 ^2.^2 ^2.^2) c2(^i.^2 ^2.^2 B^,^^ ^2.^2) 

-4(4.4-7.7+8.8 -11.11) +8(4.8 + 8.4—7.11 — 11.7), 

+ 8( „ ) -4( „ ), 

+4(4.7 — 7.4+8.11-11.8 ) -8(4.11 — 11.4+8.7 — 7.8), 

( „ ) 11 11 = -8( „ ) +4( „ ); 

and there is of coui'se such a system for each of the 60 Gopel tetrads. 



(c* c*) 


u+u' 


« — tt' 


(8-4) 


4 


4 = 


( » ) 


8 


8 = 


( » ) 


7 


7 = 



Differential relations connecting the theta-functions with the quotient-functions. 

134. Imagine jp, q, r, 5, &c., changed into or^, y^, z^, u;^ ; that is, let aj, y, 2;, w represent 
the theta-functions 4, 7, 8, 1 1 of w, v ; and similarly x', y', z\ w those of t/', i/, and 
^0* ^> ^o> those of 0, 0. Let u\ v be each of them indefinitely small ; and take 

6, =i^'— +vV, as the symbol of total difierentiatlon in regard to u, v, the infinitesimals 

u' and v' being arbitrary : then we have in general 

^u+u, v+v)=^u, v)+b:^{u, v)+^b^^u, v), 
and hence 

'P={x+hx+j^b^x){x-bx+^b^x), =a^+{xh^X'-{bx)% 

and similarly for Q, R, S. Moreover, observing that x\ z are even fimctions, y\ z' odd 
fiinctions of (i^', v'\ we have 



a;', \f, z\ v/=x^Jt\^W ^yo> ^^o+i^V ^( 



o> 



where b^x^^ by^ &c. are what 6^.r, 6y, &c., become on writing therein t/=0, v=0 ; 
by^, bw^ are of course linear functions, b^x^ b\ quadric functions of u and 1/. The 
values of x^, 1/^, z'^, w^ are thus x^-^-x^^x^ (^o)^ V+^o^%» (^'0)^ » ^^^ ^'® ^^^^ 
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9 /A 



y^y^ +z^z'^ 






— V?'Z'^ 

— v?'y^ 



O 

2^ 2 



= 2J^X 




WXq 



aob% (e>yo)^ 2o^% (^o)^ 

+Z%2 ^.^J! _yi ^^8 _^^ 

— i^Zo'' — y2 +x3 -W2 +22, 

+a^V +«^ *-^ +a;® — y*. 

— jr'zo* — «^ +«' — y* +a*. 



135. On substituting these values the constant terms (or terms Independent of u'v) 
disappear of themselves ; and the equations (transposing the second and third of them) 
become 



yd 



(^vor- 



h^\ 



(^o) 



s 



}> 



>l 



{a63« -(iO'}= (-V«2+V-»*) +( V«^-«oy) +(-V'»*+»o''«*) +( <^Y-Oo^), 

where it will be recollected that x, y, 2, u; mean A^, .J^, .^g, .Jn (t<) ; Xq]s S^ (0) that is 
c^ and 2q is ^g (0) that is Cg. But the formulae contain also 



The formulae may be written 



c^^c^ 



U 



U 



t( 



{ »^^»-(h»f\ 



(V-"**)! 



» 



» 



)) 



4 


4 


4 } 


7 


7 


7 


8 


8 


8 j 


{11 


11 


11 J 






C2 . ^ c2 

4 4+8 8) 
4 7-8 11) 
4 8 4-8 4) 
4 11 -8 7) 



(^7)' 



7> 





c2.^ C2.^2 


+( 


4 7-8 11) 


-(- 


-4 4 +8 8) 


+( 


4 11 -8 7) 


+ - 


-4 8 +8 4) 



c^c, 



+( 
-( 
+( 
-( 



8 . (*«u)* 

V ' '^ , ' 

4 8 +8 4) +( 4 11 -8 7), 
7) 



4 11 -8 

'4 4 +8 8) 
4 7-8 11) 



-(-4 8+8 4), 
+( 4 7-8 11), 
-(-4 4+8 8), 



where b*c^, b'cg, bc^, bcu are written in place of h^x^j, b^Q, b^Q, bzQ. There is of covuBe a 
like system of equations for each of the Gopel tetrads. 

136. Observe that dividing the first equation by 'S/(u), or say by .&/, the left hand 
side is a mere constant multiple of b" log 5^ ; and the right hand side depends only on 
the quotient-functions Ay-r.^^, .Jg-j-.J4, •*ii"^'*4 '> each side is a quadric function of (m', v"), 
and equating the terms in u'^, u'v', v'* respectively, we have 






log ^4, 



«P 



eP 



dv, dv 



log K ;^ log ^i 



dt>« 



each of them expressed as a linear function of the squares of the quotient-functions 

'*7"^'*4> •*8"^-^4> •^u'^'**' The formula is thus a second-deviative formula serving for 
the expression of a double theta-function by means of three quotient-functions. 
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Differential relations of the theta-functioihs. 

137. In ''The second set of 16/' selecting the eight equations which contain Y^ and 
Wj, these are 

(Suffixes 1.) 

Y W 

A 

i{ 4 0-0 4} = Y' + W, 

12 8 - 8 12 = Y' -W, 

6 2-2 6 = W' + Y', 

14 10 - 10 14 = W'-Y', 



«t + 14" It — U 



le+n M— u 



i{ 5 


1+1 5} = X' +Z'. 


13 


9 + 9 13 = X' -Z', 


7 


3+3 7 = Z' +X', 


15 


11 + 11 15 = Z' -X', 



and then, considering any line in the upper half and any two lines in the lower half, we 
can from the three equations eliminate Yj and W^, thus obtaining an equation such as 



h^i-^hh> X', Z' 



=0, 



viz., this is 



-2X'Z' (^4 ^0— »A) 

+ ( X'W'+Y'Z0(^5 ^i+^i^s) 

+ (_X'W'+Y'Z')(4^13-»9+Vl8) = 0, 

where the arguments of the theta-functions are as above, u^u\ u—u'y ?^+w', u— w'; 
and the suflBxes of the X', Y', 71, W are all =1. 

138. Suppose in this equation v! becomes indefinitely small; if u were =0 the 
values of X', Y', Z', W would be a, 0, y, : and hence u being indefinitely small we 
take them to be a, i)8, y, 68, where 



6A =(u'|-+i;l) Y. and bS, =ft*l+4) W, (.=r=0). 



rfif dv, 



dv dv' 



we in fact linear fimctions of u' and v. 
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We have •J4'Jo""*^o^4 standing for 

and here S^Ju■±:u')=^^^■±:b^^^, ^o("i^')='*o"i:^'*o5 *^® function in question is thus 

where the arguments are (t^, v), and the h denotes u- — h^V- 

^5^i+^i^5, that is 9^Q{u-\-t<^3^^{u'-u')-\'$i{u+u')3^{u-'u), becomes simply =2^5^^, 
and similarly •^is'Jg+'^Q'^is becomes =2^13^9; and the equation thus is 

where the proper suflBx 1 is restored to the a, hfi, y, and 68. 

139. The equation shows that the differential combination •Jo^4""'^4^'^o ^^ ^ linear 
function of ^g^^ and ^13^9, the coefficients of these products being of course linear 
functions of u' and v ; writing the equation 

we can if we please determine the coefficients in terms of the constants g', c", c''', c^% c^ ; 
viz., taking u, v indefinitely small, we have 

'*l = ^li ^6 = C5'^+<'V> 

or substituting, and equating the coefficients of u and v respectively 

Coic^'U+C^'lT) ^c^{c^-U+Co''v') =ACiC5''+BC9Ci3^ 

which equations give the values of A, B. 

140. Disregarding the values of the coefficients, and attending only to the form of 
the equation 
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this is one of a system of 120 equations; viz.: referring to the foregoing table of the 
120 pairs, it in fact appears that taking any pair such as SqS^^ out of the upper com- 
partment or the lower compartment of any column of the table, the corresponding 
differential combination ^QhS^^S^ijbS^Q is a linear function of any two of the four pairs 
in the other compartment of the same column. 

Differential relation ofu^v and a?, y. 

141. We have as before, in the two notations, the pairs 

A . B 11 . 7 



C . DE 5.9 

D . CE 13 . 1 

E . CD 14 . 2 

F . AB 10 . 6 

and from the expressions given above for the four pairs below the line, it is clear that 
any linear function of these four pairs may be represented by 

(a— 6)^{(X+/^y)v^cdefa>,+(X+fta;)\/c,d,e,fab}, 

« 

where X, ft are constant coefiicients, and the factor (a— 6) has been introduced for 
convenience, as will appear. 

We have consequently a relation 

v^aa,6 v^bb,— v^1bb^6\/aar=--^ { (X+fty) s/cdefa^b, + (X+ftx) \/c^d^e,f^ab} , 

where as before 6 is used to denote u- — h^V, ^^' and v bemg arbitrary multipliers ; 
considering t^, v as functions of a:, y, we have 

d dx d dy d 

du du dx du dy 

d dx d dy d 

dv dv dv dv dy 

d d dx dx 

and thence 6=P^ — I-Qt" if for shortness P, Q are written to denote u'-r-+v'— and 

dx ^dy du dv 

Ay ,dy , , 

t^-i^+t;-^ respectively. 
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142. The left hand side then is 



>;fe^^^- ^''^;fe ^) +^( ^^^'dy ^^^- ^^^>d^y^) ' 



=PI^/aa 



the coefficients of P and Q are .at once found to be 

= -|^^-^)v^. -^(^-W^ respectively, 

or observing that a— b, =a,— b^, =a— 6, the equation becomes 

or multiplying by \/aba,b, and writing for shortness abcdef=X, a^b,c^d,e/,=Y, this 
becomes 

aA{P+^(X+/iy)x/X}+ab{+Q|(X+^)x/Y} = 0. 

143. There are, it is clear, the like equations 

b,c {P+|(X'4-M y) v/X } +hc{Q+l{\'+,i'x) '/Y \ =0. 
cA{P^-|(X"+M"y)^/X}^-ca{Q+^(X"+/'a;)^/Y}=0, 

and it is to be shown that X=X'=X'' and fi'=L fi z=i fi\ For this purpose recurring to 
the forms 

v^aa^6\/bb^— v1^6v/aa7=-^ +(X +fix )\/c,d,eXab}, 

\/bb,6\/c^-- \/cc^i>%/bb^= -y- { (X' +ft y) \/adef b^c, +(X' +/i'a; )\/a,d,eXbc}, 
v/cc,6 \/aa^ — v/aaTbv/cc^ = -^ { (X'' +/^'V) V bdefc^a^ + (X'' +/i''(c) \/b d^e^ca} , 

multiply the first equation by \/cc^ the second by \/aa^, and the third by x/bbT, and 
add : the left hand side vanishes, and therefore the right hand side must also vanish 
identically. 
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144. But on the right hand side we have the term ^\/defa,b^c^ multiplied into 

(a-fe)c(X+/ii/)+(6-c)a(V+/iV)+(c-a)b(X"+/.», 
and the term — ^ v/d,e,f,abc multiplied into 

(a-6)cXX+/^) + (6-c)aXX'+/i'a:)+(c-a)bXr+/t'y), 

and it is clear that the whole can only vanish if these two coefficients separately 
vanish. This will be the case if we have for X, X', X'' the equations 

(a-6)X+(6-c)X'+(c-a)X"=0, 
c „ +a „ +6 „ =0, 

and the like equations for ft, fi\ ii\ The equations written down give 

(a— 6)X : (6— c)X' : {c^-ayis!' ^a^-h : t— c : c— a 

that is X=X'=X'': and similarly fi^:zfiz=zfi^\ 

145. But this being so, the three equations in P, Q give 

P+^(X+/i3/)x/X=0, Q+^(X+^)v/Y=0, 
that is 

dvT dv x-y^^^^' ' 

au dv ic— y 

In these equations u and v are arbitrary ; hence X and ft must be linear functions of 
u' and v' ; say their values are = cM'\-pv\ ctu'+ti/ respectively. We have therefore 



or. what is the same thing. 



dec 

— i<?— 7^= {■Bt+<Ty)du+ {p+Ty)dv, 

dv 

—i0--^={rit+<rx)du+ {p+Tx)dv, 
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whence also 

<rdu+rdv= ^[■^-^), 

J , J 1 / xdx ydy \ 

which are the required relations, depending on the square roots of the sextic 
functions X=abcdef, and Y=a,b^c^d^e/^ of x and y respectively ; but containing the 
constants cr, />, o", r, the values of which are not as yet ascertained. 

146. I commence the integration of these equations on the assumption that the 
values '«^=0, i;=0 correspond to indefinitely large values of cc and y. We have 

X=a^(l-?+..),Y=/(x -?+..). 
where S=a+6+c+d+6+/; and thence the equations are 



hence integrating 



^du+pdv^-i^^[v^^ . . )+i^^(l+f . . ), 



<rtt+TV=-i(^-i)+ . . , 



aud thence 



-"+^= iG-^)+is&-^)' 



«rtt+pv+iS{<ru+ry)=i( ---j+ . . , 



where the omitted terms depend on -„ -. &c. 
Hence neglecting these terms 



6m+pv+iS(crw+Tt?) \x y^ 

an equation connecting the indefinitely small values of u^ v, with the indefinitely 
large values of a?, y. 

147. From the equations A=kiia)\/a^ B=kfja)\/hj taking (u, v) indefinitely small and 
therefore (re, y) indefinitely large, we deduce 
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C„'M + C„"i ?_ ^ 



*n 1 



Cj'm + c^'v 



k, 1 



'^ \x y/ 



and hence substituting for — |-- the foregoing value, and introducing an indeterminate 
multiplier M, we obtain 

which breaks up into the two equations 



and thence also 



C7 = 



Ck = 



^13 — 



WCr,{ 



;> 



J> 



>> 



9» 



9> 



h } 

c ] 

d ] 

e ] 

f } 



c ''— 



MJfcy { 


„ h ], 


Wc,{ , 


. c }, 


Mil3{ . 


, d ], 


m,,{ , 


e ], 


M*xo{ , 


, f h 



which twelve equations determine the coefficients cr, o", />, r in terms of the c\ d' of the 
odd functions 5, 7, 10, 11, 13, 14 ; and moreover give rise to relations connecting these 
(/, c" with each other and with the constants a, 6, c, d, e,/. 
148. It is observed that if as before 






then, substituting for P, Q their values, we have 



6=-|(W+^(^|+^?^^)-|(<™'+„')(j,yx£+x^^^). 



= (Bm'+/)i;')6i + ((tm' +Ti/)bj, 



if for shortness 



^--|(^/^£+v^|)'^*=-|(yv/X^ 



' ^^^^i> 
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and tlien opemtiiig with b on the equations A^^cok^i^ab, &c., we have for instance 

+{a'U+Tv'){^ab2y/b— v/&i>2v/a) }, 

which is one of a system of 120 equations, the A, B being in fact any two of the 16 
functions. 

These are in fact nothing else than the foregoing system of 1 20 equations giving the 
values of the differential combinations -Jq^-Ji— »5i&-Jo» ^^-f ®^^ ^ ^ sum of products of 
paira of functions, only on the right-hand sides we have expressions such as 

^abi^h— ^bbi^a, &c., which present themselves as perfectly determinate functions 
of X, y : so that regarding mU'\'pv\ (ru-^-TV as given linear functions of the arbitrary 
quantities ti\ i/, there is no longer anything indeterminate in the form of the equations. 
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XXIL Revision of the Atomic Weight of Aluminum. 
By J. W. Mallet, F.R.S., Professor of Chemistry in the University of Virginia. 

Received March 13,— Read April 22, 1880. 

Need for a redetermination of the atomic weight of aluminum. 

There is probably no one of the so-called chemical elements equally abundant in 
nature with aluminum, and occurring in as numerous compounds, with regard to the 
atomic weight of which our knowledge has long rested upon so slender a foundation 
of accurate experiment. The following brief statement includes, I believe, aJl the 
determinations of this constant which are on record. 

Former Determinations. 

1. Experiments of Berzelius, 1812. — Bbrzelius^ precipitated a solution of alum 
by addition of ammonia, dissolved the precipitate in sulphuric acid to saturation, 
filtered, concentrated the filtrate by evaporation, and threw down aluminum sulphate 
by alcohoL This salt was well washed with alcohol, to separate as far as possible any 
excess of acid, and was then heated in a platinum crucible over an alcohol lamp, 
weighing firom time to time, until no further loss of weight occurred. The anhydrous 
sulphate so obtained was but slowly soluble in water on heating, but left no insoluble 
residue. 10 grms. of this salt was now raised to a higher temperature in a weighed 
platinum crucible, and strongly heated as long as any loss of weight could be detected. 
The residue of loose, light, white alumina foimd in the crucible weighed 2 '9934 grms. 
Consequently the salt consisted of — 

" Sulphuric acid" (SO3) .... 70-066 or lOO'OOO 
Alumina 29*934 „ 42722 



lOO'OOO „ 142722 



Several small arithmetical errors have been made in the discussion of this single expe- 
riment of Berzelius, upon which for nearly half a century the value assigned to the 
atomic weight of aluminum may be said to have rested. 

In the original paper it is calculated that if 42722 parts of alumina contain 19'96 

* Gilbert's ' Annalen der Physik,' zl. (1812), 260. 

6 N 3 
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parts of oxygen (the atomic weight of sulphur being then taken =201*16 — 0=100), 
100 parts of alumina must include 46726 parts of oxygen. This last number should 
be 467207. In a later paper* by the same author, it is calculated from the results of the 
above experiment, that 100 parts of "sulphuric acid" are saturated by 427227 parts 
of alumina, and that the earth contains 467047 per cent, of oxygen ; the earth is 
assumed to be AI2O3, and consequently the atomic weight of Al is found =171*667 
(0=100), or 27'49 (H=l). These nmnbers, correctly calculated from the percentage 
of oxygen taken in this second paper, should read 171*167 and 27*39 respectively. 
Or, if the percentage of oxygen of the former paper, corrected as above, be taken as 
467207, the atomic weight, for A1A> will be 171057 (0=100) or 27-37 (H=l).t 

Finally, if Berzelius' direct results of experiment be taken, and recalculated with 
Stas' atomic weights for O (15*96) and S (31*98), the atomic weight of aluminum, 
its oxide being assumed ALjOg, will be 27*237 in reference to that of hydrogen as 
imity. 

BerzeliusJ also attempted to obtain a pure hydrate of aluminum by precipitating 
the sulphate and nitrate with ammonia, but found that highly basic salts only were 
thrown down. Using the chloride instead, a hydrate was obtained which, after being 
dried in the sun, gave only water on heating, but there was a little loss from mechani- 
cally-carried-over alumina. This sun-dried hydrate left 64*932 per cent, of alumina 
free from acid. Berzelius therefore calculates that 100 parts of anhydrous alumina 
had been combined with 54 parts of water — this amount of water containing 47*65 
parts of oxygen ; while the alumina contains, as shown by the above-quoted analysis 
of the sulphate, 46*726 parts of oxygen. He remarks : " I cannot affirm that either 
the determination of the amount of water or that of the oxygen in the alumina is 
sufficiently exact ; both are, however, so far so as to sufficiently show us that alumina, 
like the preceding bases, combines with an amount of water whose oxygen is equal to 
that of the earth itself" 

In the decomposition by heat of aluminum sulphate, as thus used to frunish data 
from which to calculate the atomic weight of the metal, the following possible sources 
of error may be noticed : — The hydrate precipitated by ammonia from a solution of 
(presumably) potash alum might carry down with it traces of fixed alkali, and this 
latter be retained in the sulphate aftei-wards prepared from the hydrate. The ten- 
dency of aluminum to form basic salts suggests the possibility of traces of sulphuric 
acid being lost in the preliminary drying over the simple alcohol lamp, even at a tem- 
perature at which possibly the last traces of water might not have been removed. I 
have found from my own experiments that a trace of basic sulphate may, on the other 
hand, be obstinately retained even after prolonged exposure to a very high tempera- 

• Poggendoeff's * Annalen der Physik n. Chimie,' viii. (1826), 187. 

t A. C. OuDEMANS, Jr. (in his ' Historiscb-krifciBch Overzigt van de Bepaling der ^qnivalent-Gewigien 
van twee en twintig Metalen;' Leiden, 1863), calculates, from Bkrzelitjs* figures, Al=171"02. 
X GHiBEBT's * Annalen,* loc, cit. 



OP THE ATOMIC WEIGHT OP ALUMINUM. 1005 

ture, when it might be assumed that pure alumina alone was left. As Berzeuus 
himself says, ignited alumina rapidly absorbs moisture from the air, involving risk of 
error in determining its weight. Traces of the light pulverulent alumina are liable to 
be mechanically carried away during the decomposition of the sulphate. It is observ- 
able that all these sources of error, except the last, tend in the same direction, to make 
the atomic weight of aluminum come out too high. 

2. Expenments of Sir Humphry Davy, 1812. — In Sir Humphry Davy's ' Elements 
of Chemical Philosophy' — published in 1812, the same year in which Berzeuus' first 
paper on this subject appeared — it is stated* that no direct researches had then been 
made on the quantity of oxygen in alumina, but that, from some experiments by the 
author on the quantity of ammonia required to decompose saturated solutions of 
alumina in acids, '^ it would appear that the number representing alumina is about 48, 
and, supposing it to consist of one proportion of aluminum and one of oxygen, 33 will 
be the number representing aluminum." The details of the experiments in question 
are not given, and the combining proportions of all substances having been very imper- 
fectly known at the time — ^the number 15 is taken above for oxygen — it is needless 
to say that this passage throws no light upon the exact atomic weight of aluminum. 

3. Experiments of Thomson, 1825. — THOMSONt attempted to deduce the number 
representing this atomic weight from, (a) analyses by himself and others of sundry 
natural aluminous silicates, (6) analyses of potassium alum, and (c) analyses of hydrates 
of aluminum. He concluded from all his experiments that the true number for 
alumina is 2'25 (0=1), and, taking alumina to be AlO, he made Al=r25. This cor- 
responds to Al=30, if O be assumed =16, and alumina AlgOg — a result which can 
only be viewed as a rough approximation to the truth, since Thomson's methods were 
far from accurate, and his experimental results agree but poorly with each other. 

4. Experiments of Mather, 1835. — W. W. Mather,J Assistant Professor of Che- 
mistry at the United States' Military Academy, West Point, prepared anhydrous 
aluminum chloride by Wohler's process, dissolved a weighed portion of it in water, 
added silver nitrate in excess, filtered off, dried and weighed the silver chloride formed, 
threw down excess of silver from the filtrate by hydrochloric acid, filtered again, 
evaporated this second filtrate and washings to dryness, ignited the residue, and 
weighed it as alumina, '646 grmi. of aluminum chloride gave 2*054973 1§ grms. of 
silver chloride (yielding on reduction 1*548161 grm. of silver) and '2975 grm. of 
alumina. 

* Vol. iv., p. 263, of the * Collected Works of Sir H. Datt,* edited by his brother Dr. John Davy ; 
London, 1840. 

t Thomas Thomson, M.D., ' An Attempt to Establish the First Principles of Chemistry by Experiment,' 
vol. i., p. 285 ; Loudon, 1825. 

X Silliman's * American Jonmal of Science and Arts,* zxvii. (1835), 241. 

§ The seven decimal places are given, notwithstanding the statement by the author himself that his 
balance conld weigh easily 3^ grain, and was sensible to y^ grain ! 
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From the amount of silver chloride found and silver obtained from it in this one 
experiment, and from the atomic weights of silver and chlorine adopted by Berzelius 
and Thomson respectively, Mather calculated values for the atomic weight of aluminum 
ranging from 1-82274 to 1'85430 (0=1, and the formula of the chloride being taken 
as AlClg), or 29'16384 to 29-66880 for 0=16; but from the amount of alumina 
obtained and the amount of aluminum therein (the latter deduced from the chloride 
taken for analysis minus the chlorine found), he calculated the atomic weight for 
aluminum as 1 '3188017 (0=1) for alimiina taken as AI3O3, or 21*1008272 for 0=16. 
He does not seem to have been struck by the evidence of some error in his own work 
which these discrepant numbers afford, but suggested that the figures given by Beb- 
ZELius for the aluminum and oxygen in alumina might have been accidentally inverted, 
which would explain the disagreement between himself and the great Swedish chemist. 
In reality it is pretty plain that Mather's alumina was not pure, either from fixed 
matter of some kind left behind from the acids and wash water used, or from absorp- 
tion of moisture before weighing. If his most .direct result only be taken as the basis 
of calculation, namely, the weight of aluminum chloride used and silver chloride 
obtained from it, using Stas' numbers for chlorine (35-37) and silver (107*66), the 
atomic weight of aluminum found will be 28-778 for the formula AlCls- 

5. Experiments of Mallet, 1857. — In 1857 the writer of this paper attempted to 
use metallic aluminum, which had not long before begim to be manufactured and 
Sold, for the determination of the atomic weight. At the meeting of the British 
Association held in that year at Dublin,* he gave a brief account of his experiments, 
which had been made with the metal of commerce, containing, as he foimd, only from 
93 to 96 per cent, of pure aluminiun. The exact nature and amoimt of the foreign 
substances present, chiefly iron and siUcon, having been determined, the crude metal 
was dissolved in hydrochloric acid, the solution precipitated by ammonia, and from the 
amount of alumina left from the precipitate on ignition, after allowing for the impuri- 
ties, the atomic weight was deduced. The results obtained from a few experiments 
were not satisfactory enough to warrant any proposal to modify the then received 
number. The probability that this number needed correction was, however, pointed 
out, with reasons for such an opinion ; the desirability of obtaining for the purpose of 
new experiments really pure metallic aluminum was noticed ; and it was suggested 
that difficulties connected with the accurate determination of alumina by the method 
which had just been tried might make it eligible to determine instead the hydrogen 
given oflF during the solution of the metal in acid. 

6. Experinnents of Dumas, 1858. — DuMAst redetermined the atomic weight in 
question by dissolving in water known weights of aluminum chloride, and ascertaining 
the quantity of silver, used as nitrate, which was required in each case for precipita- 
tion of the chlorine. The aluminum chloride had been carefully prepared on the large 

* ' Report of British Association Meeting at Dublin, 1857 : Transactions of Sections,' p. 53. 

^ 

' Annales de Chimie et de Physique' [3], Iv. (1859), p. 151. 
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scale, then sublimed jfrom iron turnings, and re-sublimed from aluminum filings. It 
sometimes still contained traces of iron. Each specimen to be used was sublimed for 
the last time from aluminum, in a stream of dry hydrogen, into a small glass tube, 
which was sealed at both ends before the lamp, and reserved for one of the analytical 
experiments. Of these there were seven. In each the weight of the sealed tube and 
its contents was taken, a drawn out end opened, and the weight quickly verified after 
equilibrium of pressure with the outside air had been thus established ; the tube was 
introduced into water, and after solution of its contents the weight of the empty tube 
was determined. It does not appear from the published paper how the risk of me- 
chanical loss from violent action of the chloride on the water was guarded against ; 
from my own experiments with the bromide this appears to be a point requiring careful 
attention. Nor is it stated how the quantity of silver used was determined, whether 
by weighing the chloride of silver formed, by measuring the volume of a standard solu- 
tion of silver nitrate, or by weighing off a little less metallic silver than would be required, 
converting this into nitrate, adding it to the aluminum chloride solution, and com- 
pleting the precipitation with a measured quantity of dilute standard solution of silver 
nitrate. Nor is it mentioned how, if at all, the error due to slight solubility of silver 
chloride in the liquid fi:om which it was precipitated is obviated — a point not ignored 
by Dumas, as appears fix)m another part of the same paper,* and afterwards very 
carefully examined by Stas. 

The results of the seven experiments were as follows, the atomic weight or equiva- 
lent being calculated for the formula AlgClg, and on the supposition that Ag=108, 
and a=35-5 :— 

Atomic weight. 



I 1-8786 of ALjClsrei 


juire 


d 4-543 of A 


g =13-74 


IL— 3-021t 


» 


99 


7-292 „ 


= 13-85 (should be 13-86) 


III. 2-399 


i> 


99 


5-802 „ 


= 13-73 


rV. 1-922 


99 


99 


4-6525 „ 


=13-68 


v.— 1-697 


99 


99 


4-1015 „ 


= 13-77 


VL 4-3165 


9) 


99 


10-448 „ 


= 13-68 


VII. 6-728 


Mean 
Should 


99 

m 


16-265 „ 


= 13-76 




. 13-744 




Lbe 


9 9%% 

• • • • 


. 13-746 or 27-492 for AlCL, 



Recalculating this table for the formula AlClg, and using the atomic weights of 
Stas for silver (107*66) and chlorine (35 37), the figures of the last column become— 



♦ Page 135. 

t Contained traces of iron. 



1008 



PROFESSOR J. W. MALLET ON A REVISION 



L- 


-Atomic weight of Al . . 


. . =27-447 


II 






. . =27-696 


III. 






. . =27-435 


IV. 






. . =27-318 


V. 






. . =27-522 


VI. 






. . =27-327 


VIL 




Mean .... 


. . =27-489 




. . . 27-462 



It is to be remarked that the tendency of the chief causes of error connected with 
these experiments is in the same general direction. The presence of any iron in the 
chloride used ; the action upon it, though but to a minute extent, of any trace 
of moisture in the hydrogen in which it was finally sublimed ; any loss occurring with 
the fumes formed on introduction of the chloride into water ; and the retention of 
traces of silver chloride in solution in the liquid from which the main mass of this 
compound had been thrown down ; any or all of these would tend to diminish the 
quantity of silver chloride obtained, and therefore to make the atomic weight of 
aluminum appear greater than it really is. In discussing results which we owe to 
the labours of such experimenters as Berzelius and Dumas, it is of course to soiurces 
of error likely to inhere in the method itself that attention should especially be given. 

Dumas also tried dissolving aluminum (containing iron and silicon in considerable 
quantity) in hydrochloric acid, adding nitric acid in excess, evaporating to dryness, 
igniting and weighing the alumina (and other oxides) left behind. From an analysis 
of the crude metal employed, so as to allow for the impurities present, and on the basis 
of three experiments made as above, he calculated the atomic weight as 



1374 (: 
13-87 (: 
13-89 (: 



27-48 for ALjOg- 

27-74 
27-78 



9i 



0=16) 
» ) 



but he was dissatisfied with these results, having foimd that the impurities of the 
metallic aluminum were unequally distributed throughout its mass, and having been 
unable to obtain the metal in a piure state. He considered the results furnished by 
the experiments with the chloride as accurate, and concluded that the atomic weight 
of Al is represented by the number 13-75 (for AI2CI3) — this becomes 27-5 for AICI3 or 
AI2CI5. 

7. Experiments of Tissier, 1858. — Ch. Tissier* prepared aluminum by reducing 
very pure fluoride of aluminum and sodium — probably cryolite, although this is not 
stated — ^by means of purified sodium in a carbon crucible, re-fusing the metal several 
times in order to free it from any of the fliix which might have been retained. No 



* * Gomptes Rendus des S^nces de I'Acad. des Scienoes/ xlvi. (1858), p. 1105. 
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account is given of the means taken to prepare a carbon crucible free from iron and 
silicon; and to prevent destruction of the crucible by its material burning away during 
the fusion at high temperature of the aluminum salt with sodium. The metal was 
tested for iron by dissolving it in nitro-hydrochloric acid, evaporating to dryness with 
a large excess of nitric aeid, and igniting the residue of alumina, which was observed 
to be of brilh'ant whiteness, while the addition of a solution containing a few thou- 
sandths of iron sufficed *' to colour it very strongly red." Why the much more 
delicate tests available for iron in the original solution were not used does not appear. 

As regards silicon, it is stated that " the solution of the metal by means of hydro- 
chloric acid left no trace of silicon ;" no mention is made of the solution having been 
evaporated to dryness, the residue remoistened with strong hydrochloric acid and 
dissolved in water in oixier to see whether silica was left. A portion of the solution 
obtained with nitro-hydrochloric acid was evaporated to dryness, the residue ignited, 
and the alumina so left was digested with a strong and boil'uig solution of ammonium 
nitrate. This solution was evaporated to dryness, and left a residue of sodium nitrate 
repi-esenting 0'135 per cent, of sodium in the metallic aluminum. 

r935 grm. of this aluminum was dissolved in hydrochloric acid, the solution evapor- 
ated with an excess of nitric acid until all chlorine was completely driven off, and the 
residue heated until the nitric acid was also completely removed and alumina only was 
left. This alumina weighed 3'645 grms. In the paper recording this single experiment 
the resulting atomic weight is not calculated, but the author simply points out that 
the number 14, which he says many chemists adopt as representing aluminum, must 
be too high, while 1375, the number assigned by Dumas, is in all probability accurate. 
In support of this view it is calculated that, if Al=14, the alumina obtained in the 
above described experiment should have weighed 3*590^ grms. ; whereas, with Al= 13*75, 
its weight should have been 3*624 grms. In getting these figures O is taken =8. 

But, if the minute quantity of sodium stated to have existed in the metal used be 
deducted, and allowed for as sodium oxide (almninate) in the last weighed residue, 
and if the results obtained be calculated, for alumina =Aljj03, with Stas' number for 
oxygen (15*96), the atomic weight of aluminum will be represented by 27*068, a 
number much nearer to 27 than to 27*5 (13*75X2), the value assumed as most 
probably correct by Tissier. 

8. Experiments of Terreil, 1879. — Lastly, about a year ago TERREiLt made a 
determination of the constant in question by passing hydrochloric acid gas over 
metallic aluminum, collecting and measuring the hydrogen evolved. He placed a 
known weight of aluminum in a tube of hard glass, the tube wrapped with foil so as 
to allow of its being made red hot. By one end a stream of well dried gaseous hydro- 
chloric acid could be introduced, while a smaller tube extended from the other end and 
dipped into a vessel of water. 

• ThiH ought to read Sb'Jk 

t * Bulletin de la Societe Chimique de Pans,* xxxi. (20 Fev., 187^), p. 153. 

MDCCXJLXXX. (3 O 
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The air was tiret expelled from the apparatus by a cun-ent of dry carbon dioxide, 
and not until the gas passing through was capable of being completely absorbed by a 
solution of potash was the hydrochloric acid introduced, this latter itself freed from 
atmospheric air. The gas escaping from the tube was now collected in a graduated 
jar, and the temperature of the tube containing the aluminum was raised to a red 
heat. As soon as hydrogen ceased to come over, the gas in the jar was shaken up with 
potash to absorb any carbon dioxide which it might contain, and the volume was 
measured, and reduced by calculation to its equivalent under normal temperature and 
pressure. The aluminum chloride left in the tube was pulverulent and snow whita 

No details ai-e given of the method by which pure metallic aluminum was prepared, 
although this has been the great difficulty in the way of obtaining accurate results 
from experiments made with the metal as the starting point, nor is there any recoid 
of the tests applied to prove the purity of the metal used. The gas was collected 
over water, in which hydrogen is not altogether insoluble, and from which more or less 
of the gases of atmospheric air would be given off into the hydrogen. Nothing is 
said of the vapour of water, mixed with the hydrogen in proportion depending upon 
the temperature, having been removed, or its amoimt calculated and allowed for; 
though, as it is not likely that so obvious a precaution was neglected, it may be 
supposed that the potash spoken of as used to absorb any carbon dioxide left was 
either solid hydrate or so strong a solution as to have also removed most if not all the 
aqueous vapour. 

The results of the single experiment reported were — 

Weight of aluminum 'ilO grm. 

Volume of hydrogen collected at 11° and 768 m.m 530 ac. 

Corresponding volume at normal temperatmre and pressure . . 508*2 aa 

Weight of this hydrogen '0455 grm. 

from which the author calculates 

•0455 : -4100=1 : 9'0l, 

giving the atomic weight 13-515 (for Al^Cls) or 27*03 (for AlClg). 

In verifying the above calculation I have found as the result of reducing the volume 
of hydrogen fix)m the given to normal temperature and pressure 514*85 ac. instead of 
508 '2 C.C., but this, I am satisfied, arises from the number representing the pressure at 
the time of experiment being, doubtless by a printer's error, wrongly given as 768 
instead of 758 m.m. With the latter figures the result is as recorded in the paper, 
and of course such atmospheric pressure is more frequently observed than that which 
appears in the above table. 

It is pretty plain that from the researches which have been quoted we may reject 
those of Davy, Thomson, and Mather as incapable of giving exact results, this being 
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either admitted by the authors themselves or shown by an examination of their 
methods and the inconsistency of their conclusiona Our knowledge of the atomic 
weight under consideration rests therefore upon the investigations of Berzeuus, 
TissiER, and Terreil, each of whom made one experiment, and those of Dumas, who 
made seven. 

General results of former determinations. — If all the results be taken as I have 
re-calculated them, using Stas' atomic weights for the other elements concerned, and 
equal value be given to all, we shall have the following arithmetic mean — 

Berzeuus 27237 

Dumas 27-447 

27-696 

27-435 

27-318 

27-522 

27-327 

27-489 

TissiER 27-068 

Terreil 27-030 



Mean 27357 

If, however, the results of Dumas, all depending on repetition of the same process, 
be viewed as possibly affected by some constant error, and be thrown together, taking 
into the calculation the mean only of his seven experiments, the general mean will be — 

Berzelius 27-237 

Dumas (mean) . 27-462 

TissiER 27 -068 

Terreil 27*030 

Mean 27-199 

If we separate Dumas' results, and take the mean of the other three, we get in 
contrast — 

Berzeuus 27237 

TissiER 27-068 

Terreil 27*030 

Mean 27-112 

Dumas (mean). . , , 37*462 
6 o 3 
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Or, if we throw together only the numbers obtained by Tissier and Terreil, which 
come nearest to each other, we have — 

Tissier . 27-068 

Terreil 27-030 

Mean 27-049 

Berzeuus 27*237 

Dumas (mean). . . . 27 '462 



Values now generally adopted for atomic loeight of alaminum. 

The number adopted in some of the more recent chemical handbooks, reports, &c., 
may be quoted as follows : — 

Gmelin : 'Handbook of Chemistry' (Cav. Soc. Trans.) ... 27*4 

Watts :' Dictionary of Chemistry,' Fii-st Supplement . . , . 27*4 

W. A. M11J.ER: 'Elements of Chemistry,* 4th edit 27 '5 

Meymott Tidy : * Handbook of Modern Cliemistry' .... 27*5 

Frankland: 'Lecture Notes for Chemical Students' . . . . 27*5 

Thorpe : 'Quantitative Chemical Analysis' 27*26 

'Agenda du Chimiste' (Wurtz' Laboratory, 1879) 27*5 

' Annuaire du Bureau des Longitudes, 1876' 27*4 

Naquet: ' Principes de Chimie,' &c., 3*^ ed 27-5 

Fittica: 'Jahresb. lib. cl. Fortsch. d. Chemie, 1878' .... 27*4 

RosooE u. SoHORLEMMER : ' Ausf. Lehrbuch d. Chemie' (Ger. ed.) 27*3 

Fresenius: 'Anleit. z. quant, chem. Analyse/ 5*** Aufl. . . . 27 '5 

Classen: 'Grundr. d. anal. Chemie' (quant.) 27*3 

KoHLUAUSCH : 'Leitfaden d. prakt. Physik,' 2^*^ Aufl 27 '4 

Mendelejeff : Paper on the "Periodic Law" (transl.) . . . 27*3 

J. P. Cooke, Jr. : ' The New Chemistry' 27*5 

J. D. Dana : 'System of Mineralogy,' 5th ed 27'5 

E. S. Dana :' Text-Book of Mineralogy' 27-3 

New experiments by the author. 

During the last three years I have devoted a large part of my leisure time to a 
re-determination of this atomic weight, sparing no pains to attain as precise a result 
as possible, and aiming especially at the discovery, and as far as possible removal, 
of sources of error connected with the methods employed. The following general 
principles have been kept in view : — 
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1. That each process used should be as simple as possible, and should involve as 
little as possible of known liability to error. 

2. That different and independent processes should be resorted to as the means of 
checking each other s results, even though it may fairly be assumed that one is more 
advantageous than another. 

3. That each process should be carried out with quantities of material differing 
considerably from each other in successive experiments. 

4. That only such other atomic Weights should be involved as may be counted 
among those already known with the nearest approach to accuracy. 

The most scrupulous care was taken in the purification and examination of all the 
reagents used, and as far as possible vessels of platinum or of hard porcelain were 
substituted for those of glass. 

Means and method of weighing employed. — For the weighings an excellent balance, 
of Becker's construction, was employed. It was in perfect order, carefully adjusted 
(especially as regards centre of gravity of beam with average load to be carried), and 
would bear safely 200 grms. in each pan, giving when thus loade<l a deflection of the 
index to the extent of 1;^ division of the scale over which it moves for a difference 
of weight of "0001 grm. All weighings were made by the well-known method of 
observing the vibrations of the index on either side the position of rest. In one series 
of experiments absolute weights were required, i.e., real equality of weight between 
the quantities of matter dealt with and the standards of weight with which they were 
compared; in these cases the method of "double weighing" was made use of, so as to 
eliminate any error arising from inequality in length of the arms of the balance. In 
view of this need, in connexion with a part of the research, for absolute weights, 
directly comparable with those used by Regnault in his determination of the density 
of hydrogen, I applied to my friend J. E. Hilgard, Esq., in charge of the ofl&ce of the 
United States* Coast Survey at Washington, for a comparison of a kilogramme with a 
weight of the same denomination belonging to the Coast Siu'vey, the value of which 
latter weight is accurately known in terms of the original " kilogramme of the 
Archives" at Paris. He kindly had this comparison made, and sent me the results in 
detail, showing that my weight was 8'1 milligrammes heavier than the "star kilo- 
gramme" which is the standard of reference at Washington (both in vacuo), with an 
imcertainty of comparison not exceeding '1 milligramme, while the "star kilogramme" 
is certified to as agreeing with the normal " kilogramme of the Archives" within 
I'l milligramme. I had already a 10-gramme weight, professedly normal, but, as it 
turned out, too light by a very minute fraction of its value, and with these two, 
checked against each other, a full series of comparisons was made of all the other weights 
to be employed, the specific gravity of each piece being determined before its final 
comparison as to weight, so that the real values might all be referred to a vacuum by 
calculation of the buoyancy in air. Determinations of the specific gravity of all 
materials and vessels which had to be weighed were also made, and, the barometer 
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and thermometer being observed at the time of each weighing, all weights hereafter 
mentioned in this paper represent real values in vacuo. 

Three separate series of experiments were made, by methods to be presently stated. 
A fourth series was attempted, involving the conversion of metallic aluminum into 
oxide and determination of the amount of oxygen taken up, but this process was found 
to be attended with much difficulty from various causes, amongst others from the 
liability to loss by spirting if the metal were treated with acid in open or small 
vessels, from the necessity of transfer to such vessels for final ignition if larger ones 
were at first used, and from the appreciable solubility of the hydrate of aluminum if 
this were precipitated in order to avoid evaporation of the original solution. The few 
results obtained in this way agreed generally with those of the other methods, but 
varied among themselves within unsatisfactorily wide limits, and were manifestly not 
deserving of equal confidence. Hence the work was not pushed further in this 
direction. 

First series of expenments. 

Purification of ammonium alum. — Ammonium alum of commerce was dissolved 
in water, a very little nitric acid added, and the liquid boiled in large glass beakers by 
passing in a current of steam. When the solution had become cold a little ammonium 
ferrocyanide was added — a very smaU quantity sufficed to throw down the traces of 
iron present — and a little animal charcoal, previously well boiled with strong hydro- 
chloric and nitric acid and thoroughly washed, was stirred in to aid in the subsidence 
of the minute amount of very finely divided Prussian blue which had been formed. 
The clear liquid was after about ten days drawn off, and evaporated until the larger 
part of the alum crystallised out on cooling. The crystals, of which there was obtained 
more than a kilogramme, were re-dissolved in hot water, and re-crystallised several 
times (throwing away all the mother liquors), the last time in a porcelain vessel, and 
with agitation, so as to obtain a granular crystalline powder, which was washed with 
cold distilled water. 

Re-dissolving in water the so far purified alum, now much reduced in quantity, 
it became necessary to secure the exclusion of the metals of the fixed alkalies, lest 
their alums should exist in isomorphous admixture with the pure ammonium alum 
required. To this end aluminum hydrate was thrown down from the solution by 
addition of ammonia, using not quite enough of the reagent for complete precipitation. 
The precipitate was well washed with abundance of water, this tedious process being 
much expedited by the use of a siphon-filter delivering the liquid drawn off into a 
large flask connected with a powerful aspirator. The bulk of the precipitate was 
twice re-dissolved in pure hydrochloric acid (each time avoiding complete solution), 
thrown down again by ammonia, and again washed. 

This hydrate was* now dissolved in just the necessary amount of dilute and very 
carefully purified sulphuric acid, and just the proper amount added of aminoniuin sul- 
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phate prepared from the same sulphuric acid neutralised with ammonia. The quan- 
tities were determined by bringing the two solutions to known bulks, ascertaining 
by experiment on a sample of each how much of the respective salts was present, 
and measuring off the required volumes to be mixed. After concentrating the mixed 
solution by evaporation it was allowed to crystalUse by cooling, and the crystallisation 
was repeated thrice, each time washing with a Uttle cold water. On the last crystal- 
lisation pauis were taken to regulate the rate of cooling so that as far as possible 
uniformly small crystalline grains were formed of about a millimetre in diameter, thus 
avoiding the liability of large crystals to contain cavities, in which mother liquor 
might be retained, and on the other hand securing the possibility of seeing with a 
lens, better than could have been done if the alum were in a still finer crystalline 
powder, that all the crystals as afterwards used were cleai' and transparent, and 
showed no signs of efflorescence. 

It should be added that all the aqueous ammonia used as above for the precipitation 
of aluminum hydrate, and for its reconversion into alum, was recently and carefully 
prepared from ammonium chloride purified from alcoholic amines by boiling with nitric 
acid as recommended by St as,* that the last crystallisations were effected fi-om water 
which had been, in pursuance of the practice of the same chemist, distilled from 
potassium permanganate and hydrate, and that for these last crystallisations a large 
platinum dish was used, and care was taken that the solution was not allowed to boil, 
nor even to remain for any length of time near the boiling point, since I ascertained 
that ammonium alum, like simple ammonium sulphate, gradually gives off* small 
quantities of ammonia on continued boiUng of a strong solution. The very last 
crystallisation was carried out with only a sufficient quantity of the alum for a couple 
of the final experiments. 

The salt thus purified was found to be free from any ascertainable content of 
foreign substances. It gave no trace of coloration in its solution when tested by a 
ferro-cyanide, tannic acid, &c., and by sulphuretted hydrogen and anunonium sulphide ; 
and spectroscopic examination showed that the fixed alkaline metals and calcium were 
absent. Silver nitrate gave no indication of chlorine. 

Ignition of ammonium alum. — Difficulties connected with this method. — I proposed to 
ignite a weighed quantity of this alum, whose distmct crystallisation gives it the 
advantage as to definiteness in the amount of water over the simple sulphate used by 
Berzelius, and to determine the weight of the aluminum oxide left behind, but careful 
examination of this process showed that two difficulties were to be feared. 

In the first place, having rapidly dried the product of the last crystallisation by 
gentle pressiu'e between folds of smooth filtering papert free from loose fibre, portions 
were weighed off and exposed to the air at about 22° C, with the hope that before 
long a constant " air-dried " weight would be obtained. It had been previously ascer- 

* Quoted in Pbesbnius* * Zeitschrift fiir analyt. Chemie,' 6*«' Jahrg., 4t«» Heft., S. 423. 

t This had been previously purified by ample washing with acid and water, and well dried. 
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tained that exposure over sulphuric acid led to large loss of water of crystallisation 
within a short time. It was found, however, that even in the air loss of weight went 
on for so long a time that it could not possibly be referred to mechanically adherent 
water only. It is true that this loss fell off very rapidly after the first hour or so, but 
it was impossible to decide precisely when it began to affect the water of crystallisation. 
In order to fully exhibit this I quote the following results obtained from a single large 
specimen kept very long on hand in a place carefully guarded against dust. 

Grms. 

Original weight of alum after one hour's exposure to the air at 22^*5 C. 357456 

Loss of weight in 1st twenty-four hours '0088 

2nd „ „ -0025 

-0017 

-0015 

-0010 

-0012 

, -0009 

-0011 

-0007 

-0005 

This series of weighings was carried on at longer intervals for six months more ; the 
monthly loss was at first '0087 grm., gradually fell off, became as small as 0006 grm. 
in one month of cold weather when the temperature of the room was unusually low, 
and again rose, with warmer weather, to '0012 grm. for the sixth and last month for 
which the weigliings were continued. It was further found that, on placing some of 
the small crystals of the alum in a glass vessel deep enough to prevent mechanical 
loss, sensible loss of weight could be produced by the heat developed in simply 
crushing and pulverising the salt with a thick square-ended glass rod used as a pestle, 
and weighed along with the glass and its contents. While, therefore, it might be 
assumed as probable that mechanically adherent water would be got rid of within a 
time during which but a very minute quantity of water of crystallisation would be 
lost, a slight doubt is thrown over the exact formula of the salt as analysed, in 
reference to tliis component. Some of the ignition experiments were made with 
specimens which had been dried by longer exposure to the air than others, as will be 
noted hereafter. 

In the second place it appeared that a minute trace of basic sulphate was retained 
by the alumina left after ignition at even a very high temperature. This oould not 
be extracted by water, but was detectable by fusion with sodiimi carbonate free from 
sulphur, taking care to use an alcohol flame only. By moistening the alumina with a 
strong solution of pure ammonium carbonate, re-igniting, and repeating this treatment 
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a second time, it seemed to be posBible to remove this source of error, as out of several 
specimens thus ti'eated only one afforded a barely detectable trace of sulphate. 

Details of method adopted. — The actual experiments on the ignition of the alum 
were cai-ried out as followa To render uniform the amount of atmospheric conden- 
sation on the surface of the vessel weighed, a very light glass bottle was specially 
made, with a delicately blown stopper, the latter carefully grounfl in and fitting 
quite air-tight ; the bottle of a size to contain the platinum crucible in which the 
ignition was to be effected. The crucible was heated to bright redness, and while 
still quite hot was placed in a desiccator at some distance above a surface of recently 
distilled sulphuric acid. When cooled down to the temperature of the balance-room 
the crucible was as quickly as possible transferred to the weighing bottle, which was 
at once closed, and the combined weight of bottle and crucible was taken. The 
stopper was then removed for an instant, the cover of the crucible raised, and the 
quantity of alum desired, which had been roughly weighed off in a tube, having been 
poured in, occupying in no instance more than one-third depth of the vessel, cover 

Fig. 1. 




and stopper were replaced, and a second weighing gave, by the gain upon the first, the 
exact amount of alum used. Attached to the inner side of the crucible cover was a 
piece of rather stout platinimi wire, which, when the cover was in place, ran down 
into the crucible in the line of its axis of figure, carrying two httle diaphragms of 
platinum foil perforated with small holes (see fig. 1) ; such a diaphragm having been 
suggested and used by Dumas^ in his researches on atomic weights as the means of 
preventing any loss of solid particles which might otherwise be carried off mechanically 
from the substance ignited. To avoid inconvenience from the fusion of the alum in its 
water of crystallisation, and the swelling up of the salt to a bulky, porous mass, the 
heating was conducted very gradually. The platinum crucible was kept for an hour 
at 90° C, then for an hour at 100°, for an hour at 110", another hour at 120°, a like 
time at 140°, and was then gradually brought to ignition over an argand alcohol lamp. 
It was then placed inside a larger platinum crucible, resting on a flat bit of ungljized 
porcelain at the bottom of the latter, and exposed to a gradually increased, and at 
* ' AnnaleB de Chimie et de PhjBiqne,' loc. eif. 
MDCCCLXXX. ti P 
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last bright yellow heat in a gas furnace of Fletcher's construction. This temperature 
was maintained for a full houi\ On cooling down, the smaller crucible was taken out, 
the cover cautiously raised, and enough of a strong solution of ammonium carbonate 
introduced to moisten the alumina. Drying gently in a steam-bath, the crucible was 
re-ignited over an alcohol blast lamp, producing a strong red heat, and the addition 
of ammonium carbonate, drying, and ignition once repeated. As soon now as the 
crucible had ceased to be visibly red hot it was placed in the desiccator as at first, 
allowed to cool down to the temperature of the balance-room, quickly transferred to 
the weighing bottle, the stopper of which was inserted, and the final weighing was 
made while the alumina in the crucible was thus protected fiom absoi'ption of moisture 
from the air. These experiments were canied out during a period of remarkably 
steady weather, with very little variation of atmospheric temperature, pressure, or 
moisture in the balance-room during the whole series. 

Direct results of Jirst series of expei^iments. — The results were as follows : — 

A. — Alum dried by exposure to air for 2 hours at 21*^-25*^ C. 

I.— 8-2144 grms. of (NH4)3Al3(S04)^.24H20 left '9258 grm. of Al^Og. 

IL— 14-0378 „ „ „ 1-5825 

III.— 5-6201 „ „ „ -6337 

IV.— 11-2227 „ „ „ 1-2657 

v.— 10-8435 „ „ „ 1-2216 

B. — Alum dried by exposure to air for 24 houra at 19^-26® C. 

VI.— 12-1023 grmis. of (NH4)2AL(SOj4.24H201eft 1-3660 grm. of Al^Oa. 

VII.— 10-4544 „ „ „ 1-1796 

VIIL— 6-7962 „ „ „ -7670 

IX.— 8-5601 „ ,, „ -9654 

X.— 4-8992 „ „ „ -5528 

Second series of experiments. 

Prepa7*ation and purificcttion of aluminum bromide. — Aluminum bromide was pre- 
pared by the action of liquid bromine upon metallic aluminum of commerce, and was 
aft-erwards carefully purified. The first action is so violent that without special pre- 
caution the process involves some danger. In a first attempt a lump of aluminum 
weighing 15 to 20 grms. was dropped into a long-necked flask containing a considerable 
quantity of bromine. There was little action for a few moments, but as soon as it 
began vivid combustion took place, torrents of bromine vapour were driven forth, and 
after tlie flask had cooled the surplus metal was found to have been completely fused 
and had nearly melted its way through the glass. 
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By the following arrangement the bromide was prepared in large quantity and with- 
out any trouble. About 50 c.c. of bromine was placed in a large imtubulated retort 
of hard Bohemian glass, the neck of the vessel standing vertically upwards, and an 
elongated piece of ingot aluminum, the upper end of which was firmly tied with 
aluminum wire to a glass rod, was cautiously dipped into the liquid and withdrawn 
as soon as violent action began. By alternately lowering and raising the glass rod 
the lower end of the metal was immersed in the bromine at intervals short enough 
to keep up the temperature of the latter and make the action practically continuous, 
while there was no actual ignition, and but little bromine vapour was lost. As soon 
as a considerable portion of this bromine had become converted into aluminum bromide 
the further action became manageable. The remainder of the main quantity of metal 
to be treated was now at once added in lumps of 10 to 20 grms. each ; a long tube 
funnel with a glass stop- cock near the upper end was introduced into the neck of the 
retort, and liquid bromine was allowed to drip in at just such a rate as to keep up 
steady but not inconveniently violent action, taking care to keep the metal always 
covered. When the pieces of metal had nearly disappeared the supply of bromine 
was stopped, about 30 grms. more of aluminum was added in filings, the contents of 
the retort were digested for 4 hours at about 230° C, and the fluid portion was then 
decanted off from the insoluble residue into another (tubulated) retort. Most of the 
silicon was left undissolved as a brown amorphous powder. Most of the iron was 
converted into ferric bromide, which, during the continued heating, was in part broken 
up, leaving ferrous bromide instead. A little copper derived from one sample only of 
the aluminum used, was of course converted into bromide also. 

More than a kilogramme of crude aluminum bromide being thus prepared, it was 
purified by repeated fi'actional distillations at carefully regulated temperature, using 
as a receiver in each case the retort to be next employed, and adding each time, except 
the last, a few grammes of aluminum filings. About a sixth of the whole amount was 
each time first distilled off and rejected as liable to contain silicon bromide, a little of 
this compound actually occurring in the earlier distillations ; and another sixth was 
left behind, in order to retain the iron, which was separated with greater difficulty. 
After five distillations the bromide was obtained perfectly colourless, and boiling 
steadily at 263°*3 C. under 747 m.m. pressure. Specimens were dissolved in water, 
and carefully examined for iron, silicon, copper, and other conceivable impurities, but 
none could be found. As an additional precaution, the last distillation was effected in 
a slow stream of pure nitrogen, so as to avoid any formation of oxide or oxy-bromide 
of aluminum, the propriety of this being suggested by Berthelot's recent results* as 
to the thermic relations of aluminum to oxygen and the haloids, and the distillate was 
collected in three successive portions, the results of whose analysis will be separately 
given further on ; they go to show that these three portions were sensibly identical. 
The individual specimens of pure bromide required were collected in little tubes of thin, 

* ' Bnlletin de la Soci^t43 Chimiqne de Paris,' 20 Mars, 1879, p. 263. 

6 p a 
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hard glass, previously closed in at one end, carefully dried, and sealed at the other as 
soon as the tube was nearly filled, the fused bromide having been introduced through 
a miniature tube funnel to avoid smearing the upper end of the collecting tube, and a 
new, perfectly dry funnel used each time. The weight of each collecting tube had 
been taken beforehand, and the piece of glass drawn off in sealing being washed, 
dried, and weighed, the weight of the sealed tube itself was known, the diflference 
between this and the total weight of tube and contents giving the amount of bromide. 

Experiments to determine the amount of bromide in this compoimd by precipitation 
with a silver solution have the advantage over those of Dumas, above quoted, upon 
the chloride that, as Stas has shown,* silver bromide practically does not share with 
the chloride of this metal the slight solubility in the exactly neutralised liquid from 
which precipitation has been effected which renders difficult an exact determination of 
the amoimt of silver needed. Pursuing in general the course so carefully examined 
by Stas, the following were the details of the method employed. 

Preparation of pure metallic silver. — Pure metallic silver was prepared by dissolving 
in nitric acid nearly pure silver already on hand, diluting largely, precipitating with pure 
hydrochloric acid, digesting the precipitate with aqua regia, washing thoroughly, and 
reducing the purified chloride in the liquid way with sodium hydrate (from metallic 
sodium) and invert-sugar (from perfectly pure and well crystallised cane-sugar boiled 
with dilute hydrochloric acid). The metal, after having been carefiilly tested, was 
fused by a jet of purified hydrogen mixed with rather less oxygen than necessary for 
perfect combustion. To avoid the necessity for any cuttmg up afterwards with steel 
tools, the pulverulent metal was divided into a number of little lots of various weight, 
and these were supported upon the surface of little blocks made by compressing pure 
sugar charcoal (from cane-sugar quite free from heavy metals) made into a paste with 
pure cane-sugar syrup and gradually drying and heating to redness.t The fused silver 
thus obtained was examined for occluded oxygen, following the method of Dumas;]; in 
his recent experiments. It was supported upon a thin layer of pure lime in a hard 
glass tube, and heated to moderate redness in a Spbengel vacuum. The amount of 
oxygen given off was less than that obtained by Dumas, doubtless owing to the fact 
that his silver was fused under nitre and borax, while mine was, as just stated-, melted 
on a surface of carbon with no flux. He obtained at the rate of 57 c.c. of oxygen 
(for 0° C. and 760 m.m.) per kilogramme of silver, and in other experiments, prolong- 
ing notably the time of fusion, as much as 158 c.c. and 174 c.c. I obtained but 
34-63 cc. per kilogramme, and in another experiment made by Mr. Santos, then a 
student in this Laboratory, the silver having been fused upon ordinary wood charcoal, 
but 30*12 cc. was given off All the silver used in the atomic weight determinations 

• * Comptes Rendus,' 73, 998. ' Annales de Chimie et de Physique ' [5], 3, 289. 
t This form of support had the advantage that if any particles of carbon shonld be mechanicallj 
enclosed in the silver thej would be readily seen on solution of the latter in nitric acid. 
X * Comptes Rendus,' 86, 65. ' Chem. Centralblatt,' 27 Febr., 1878, S. 138. 
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was, in separate portions, heated in the Sprengel vacuum as long as any gas was 
expelled, and, having been treated with pure hydrochloric acid to remove any possibly 
adhering particles of lime, the granules were finally washed with pure water, dried, 
and kept for use in a glass stoppered bottle. An approximate calculation having been 
made of the quantity of silver which would be required to precipitate each of the 
specimens of aluminum bromide, an amount less than this by something under a 
decigramme was dissolved in nitric acid in a strong flask closed with a stopper, which 
was carefully opened when cold, and the contents were somewhat further diluted with 
water. The amount of specially purified nitric acid used was apportioned so as to 
leave the smallest possible excess after solution of the metal. 

Precipitation of silver bromide — Details of metJiod used. — To avoid the danger of 
losing aluminum bromide when it was brought in contact with water, the action being 
quite violent and attended with dispersion of white fumes, each one of the sealed thin 
glass tubes containing the bromide was, when the time came for using it, cautiously 
marked with transverse scratches at intervals of about half-an-inch by means of a 
writing diamond, and a strong glass bottle with a very well ground stopper having 
had a suflScient quantity of pure water placed at the bottom, the tube was broken 
across at the uppennost scratch, above the surface of the bromide, the empty point 
was dropped into the bottle, and the rest of the tube carefully lowered by means of a 
loose fitting spiral of platinum wire held sideways, so as to rest by the closed end on 
the bottom of the bottle without allowing the water to reach the bromide imtil the 
stopper had been inserted and tied down. By now gently inclining the bottle the 
water was brought very gradually into contact with the aluminum bromide, without 
dangerously violent action and without possibility of loss. 

As soon as solution was complete and the bottle had cooled down the stopper was 
removed, any liquid adhering to it washed back into the bottle, and a stout glass rod 
with square end was used to gently crush the tube to small fragments, as otherwise 
its contents could not have been brought fairly into contact with the silver solution, 
since the interior of the tube would have become plugged up with silver bromide. 
The scratches previously made upon the glass rendered it easy to break it up without 
any splashing, and the rod was then well washed with pure water allowed to run 
directly into the bottle. The silver nitrate solution destined for this particular 
specimen was now washed out of the flask in which it had been shortly before 
prepared into the bottle containing the bromide, the stopper was again inserted, and 
the bottle was vigorously shaken as in the usual Gay-Lussac silver assay. The 
precipitation of the bromine was completed with a very careftiUy adjusted solution of 
silver nitrate, containing 1 milligramme of silver per cubic centimetre, and delivered 
from a burette* reading clearly to -s^^th c.c. Tlie correspondence in capacity of the 
burette and measuring flask used was well ascertained. It was at first intended to 

* This burette was simply drawn down to proper bore at the bottom, and the flow of the liquid was 
regulated by the admission of air through a well ground stop-oock at the top. 
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use, for some at least of the experiments, an excess of silver, filter off the silver 
bromide formed, and determine silver in the filtrate by Volhard's method* with a 
standard solution of sulpho-cjanate ; but this plan was abandoned as less simple, and 
probably requiring further investigation in r^ard to inherent sources of error and 
limits of accuracy. The completion of the reaction was therefore ascertained simply 
by very cautious addition of the standard silver solution until all trace of turbidity 
ceased, verifying the result by counter test with a drop of very dilute solution of 
potassium bromide. By letting the bottle stand for a little while after each addition 
of silver solution and shaking, and then tilting it to one side so as to bring the upper 
portion of the liquid above the line it had before occupied on the glass^ letting the 
new drop fall gently in, an exceedingly slight cloud was easily seen. 

It should be added that the silver globules and the tubes of aluminum bromide, 
after final cleansing and drying, were handled only with forceps, so as to avoid any 
risk of traces of chlorides being taken up from the fingers, and due attention was 
given to the freedom of the laboratory atmosphere from hydrochloric acid or chlorine 
in other volatile forms. 

Direct results of second series of experiments.~The results of the experiments made 
in this way were — 

A. — Aliuniniun bromide from first portion of last distillate. 

I. — 6*0024 grms. of AlBr3 required 7*2793 grms. of Ag for precipitation 
II.— 8-6492 „ „ 10-4897 



III.— 31808 „ „ 3-8573 



»> »» 



B. — Aluminum bromide from second portion of last distillate. 

IV. — 6*9617 grms. of AlBrj required 8*4429 grms. of Ag for precipitation, 
v.— 11*2041 „ „ 13*5897 „ „ 

VI.— 3*7621 „ . „ 4*5624 

VII.— 5*2842 „ „ 6*4085 

VIIL— 9*7338 „ „ 11*8047 

C. — ^Aluminum bromide from third portion of last distillate. 

IX. — 9*3515 grms. of AlBrg required 11*3424 grms. of Ag for precipitation. 
X.— 4*4426 „ „ 5*3877 

XL— 5*2750 „ „ 6*3975 

Third series of experiments. 

Preparation of pure metallic aluminum. — A further supply of pure aluminum 
bromide having been made as above described, it was used to prepare metallic 
aluminum by reduction with sodium. 

• Fbksenjus* * ZeitBchrift fur analjt. Chemie,* 18*« Jalirg., 2*«« n. 3*" Heft., S. 271, 
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With a view to render the bromide more manageable while in contact with the 
air, it was decided to unite it with an alkaline chloride, as the aluminum and sodium 
chloride is used in the ordinary process of Deville, and in order to keep down 
the melting point, a mixture of both potassium and sodium chlorides was employed. 
The two alkaline salts were separately purified, carefully tested, well dried in plati- 
num vessels, mixed in the proportion of one molecule of each, the mixture fused in 
lots of about 250 grms. in a platinum dish over a gas furnace, poured out into 
another such dish standing on a block of cold iron, the thin cake gently crushed to 
a coarse powder while still warm in a mortar of hard glazed porcelain (from which, 
it was afterwards proved by examination, no silica was taken up), and the pul- 
verised product kept until needed in a well stoppered bottle. Separate portions 
of the purified aluminum bromide having been in the last distillation collected in tared 
glass flasks and weighed, a quantity of the above mixture of alkaline chlorides was 
weighed off for each corresponding to 1 molecule (K+Na)Cl for 1 molecule AlBrg, 
and the flask having been heated until the bromide was fused, the potassio-sodic 
chloride was cautiously added. Very marked rise of temperature occurred, so that 
in a fii*st attempt, using considerable quantities of the materials and mixing them 
abruptly, since such an eflfect had not been foreseen, tlie flask was violently cracked, 
and torrents of aluminum bromide vapour were driven offi This evolution of heat 
is interesting as evidence of chemical combination taking place, not only between two 
chlorides or two bromides, but between a chloride and a bromide. The fiised mass 
was on cooling crushed to small fragments and coarse powder and preserved in a 
well-stoppered bottle. The precaution was not omitted of testing for any evidence 
of impurity derived from the flasks or mortar, but with negative result. The material 
thus prepared did not fume in the air, was suflSciently slow in taking up atmo- 
spheric moisture to be managed without difl&culty, and fused on re-heating to about 
130*^ C. The sodium to be used in decomposing it was in large ingots, which when 
needed were wiped to remove naphtha, the outer crust cut off* with a knife, the large 
pieces roughly weighed, and the proper quantity rapidly cut up into small fragments 
without again moistening with naphtha. 

The great diflficulty in the way of obtaining pure metallic aluminum consists in 
obtaining crucibles of suitable material, especially such as shall not yield either iron 
or silicon. M. Tissier* seems to have been more fortunate than I in the use of 
carbon vessels. The crucibles of hard carbon which I had on hand, purchased in 
Germany, contained both the above-named impurities, which were taken up in no 
small quantity by the aluminum ; and I failed in sundry attempts to make crucibles 
of purer carbon, or to use this substance as a lining, the carbon either burning away, 
crumbling up, or permitting the fused materials to pass through its pores or through 
cracks in the mass. I at last succeeded in adapting to my purpose alumina itself, 
sufl&ciently cemented together by sodium aluminate. I was indebted to Henry 

* ' Comptes Bendns,' loc, cU. 
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Pemberton, Esq., Vice-President of the Pennsylvania Salt Manufacturing Company 
at Natrona, Pennsylvania, and to W. N. Richard, Esq., of the same works, for an 
abundant supply of aluminum hydrate, such as is thrown down by a stream of carbon 
dioxide from solution of sodium aluminate in the process of making soda fi-om cryolite. 
This was not absolutely free from iron, but one lot contained traces only of this metal, 
insufficient, as it turned out, to contaminate the aluminum to be made in contact with 
it The hydrate was strongly heated in well covered crucibles until it ceased to give 
off water ; the alvunina which was left required then to be guarded from the air, as it 
readily took up moisture again. All attempts to use it mixed with water and any 
unobjectionable cementing material to a plastic mass failed from excessive shrinkage 
and crumbling, but by mixing it in the dry state with dry sodium aluminate better 
results were obtained. The sodium aluminate had to be specially prepared, as that 
made (for soap boilers' use) at Natrona from cryolite contained too much iron. The 
dry mixture was pressed into wooden moulds, and three or four crucibles thus made 
having been veiy slowly and cautiously heated up in a gas furnace, stood fairly the 
necessary temperature of the reduction of aluminum, although they were very fi'agile. 
On the whole, however, it was found best to use a highly aluminous Beaufaye 
crucible, with a thick lining of this mixture of dry alumina and sodiiun aluminate well 
rammed in and very gradually heated. There were some failures from cracking of the 
crucibles or linings, and whenever the slightest contact of the metallic aluminum with 
the outer crucible occurred, silicon and generally iron were sure to be found in the 
metal With successful prevention of this by an adequately thick and perfectly 
continuous lining there was much difficulty in securing a sufficiently high temperature 
in the interior, since the conducting power for heat of the alumina linings seemed to 
be quite low. This led to much loss of sodium by combustion, and but a very small 
yield indeed of really pure aluminum was secured. When the crucible had been 
heated up ready for the reduction, a small quantity of the pulverised mixture of 
potassium and sodium chlorides was thrown in ; soon afterwards the aluminum bromide 
(which had been fused with the alkaline chlorides) with the proper quantity of sodium 
was introduced,* and as soon as the violent reaction was over a further portion of the 
mixed alkaline chlorides. 

Only the large, well-fused globules of aluminum were picked out ; these were re- 
fused once or twice before a blowpipe flame upon a support of alumina, to free them 
from any possible remains of the flux ; any trace of oxide was detached by acting 
slightly upon the surface with pure hydrochloric acid, and the globules were then well 
washed with water, and dried by a gentle heat. Specimens cut from different portions 
of tlie globules were carefully tested, particularly for silicon, iron, sodium, and 

^ Abide from the qacstion of expense there is some advantage in nsing aluminum bromide for inakipg 
the metal, on account of the low melting-point of the sodium bromide which ifi left. Cabnillbt'b recent 
determinations (Ghem. Soc. Joum., July, 1878, pp. 279, 280) make the melting-point of sodium bromide 
708° C, while that of the chloride is 772**, and that of the fluoride above 902**. 
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potassium ; and a sufficient quantity of the metal for the intended experiments was 
found to yield no appreciable trace of impurity. The surface of the specimens to be 
used which had touched the cutting pliers was again cleansed by acid and water. 
This pure aluminum did not differ much in physical character from the ordinary metal 
of commerce ; it seemed, however, to be somewhat whiter, was distinctly softer, and 
had a little higher density, the mean of three closely-agreeing determinations made at 
4^ C. giving the number 2*583 as referred to water at the same temperature. 

Production of hydrogen by aluminum, and measurement of the gas. — Details of 
method used, — The pure metal was used for the determination of its atomic weight by 
acting upon a known weight of it with a strong solution of sodium hydrate and 
determining the amount of hydrogen evolved. The advantage of using an alkali 
rather than hydrochloric acid, as in Terrell's experiment above quoted, lies in the 
non-volatility of the former, only vapour of water having to be separated from the 
hydrogen, while sulphuric acid is not available on account of the resistance to its 
action of aluminum. In 1863 Fr. Schulze^ proposed to measure the volume of 
hydrogen given off by the action of an alkaline solution on commercial aluminum as 
the means of approximately deciding on the comparative purity of different specimens. 
The nature of the reaction was established by preliminary experiments, which proved 
to me that noimal sodium aluminate alone is formed, so that each atom of aluminum 
liberates three atoms of hydrogen. The sodium hydrate was prepared from metallic 
sodium, and was used in the form of a solution so strong as scarcely to lose a sensible 
amount of water by the passage through it of a dry gas at common temperature — 
such an alkaline solution, so fiir as strength is concerned, as would be used to absorb 
carbon dioxide in an organic analysis. The quantity taken for each experiment was 
but a few cubic centimetres, and but little beyond the exact amount required for the 
solution of the metal ; a small excess was, however, always allowed, so that the action 
might not become very languid towards the end. This strong alkaline solution was 
prepared with water which had been boiled to expel air, and the solubility in it of 
hydrogen was ascertained to be so small that any coiTection on this account would 
have fallen within the limits of inevitable error, and might be safely neglected. 

To secure accurate measurement of a somewhat large volume of hydrogen, two stout 
flasks were selected, one holding about a litre and the other about half as much, and 
with narrow necks of rather more than usual length; and on the necks a simple 
millimetre scale was marked. One of these flasks having been carefully filled with 
mercury and inverted over the mercurial trough, the hydrogen was collected in it, such 
a quantity of aluminum being used in each experiment as previous trials had shown 
would yield gas enough to bring the level of the mercury within the range of the scale 
on the neck. To thus obtain such a volume of gas as could be accurately measured in 
the narrow part of the flask it was necessary to note in advance roughly the prevailing 

• Fr. Schulzk, "Die f^volnmetrische Analy»e," S. 18, quoted in v. Wagner, * Jahresbericht,' 
n. s. w., 1864, S. 23. 
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temperature and pressure, and to take advantage of a time when these were not 
undergoing much change. The level of the mercury having been noted on the 
millimetre scale, the corresponding volume was afterwards determined by calibration 
with mercury, weighed in in portions of about half a kilogramme. 

The little piece of apparatus used for the solution of the aluminum is shown in 
fig. 2, in which (a) represents a glass bulb of about 65 m.m. diameter; (6) a tube con- 
nected therewith, originally open at both ends, and about 12 m.m. diameter and 
175 m.m. long, but afterwards reduced in length to about 100 m.m. by drawing off and 
sealing, as shown in the figure ; (c) is the much smaller tube for carrying off the gas 
produced ; (o?) is a water jacket like that of the common Liebig's condenser, formed 
by a piece of larger tube surrounding the ascending limb of (c), and put in place 
before (c) was bent ; while (e, e) represent small indiarubber tubes for circulating a 
current of water through (d). 

Fl! 



• *j. 



Each experiment was made as follows : The proper quantity of strong solution of 
sodium hydrate, its volume accurately measured, having been introduced into the 
bulb by means of a little tube fimnel passed through (6), taking care to leave the 
surface of the latter clean, the aluminum (usually in a single piece of elongated shape) 
was passed into (6), held nearly horizontal, so that the metal did not sUp down into 
the bulb, but rested 40 or 50 m.m. from it. (6) was now drawn off and sealed with a 
well-rounded end. The bulb was touched for a moment or two with the hand, so as 
to expel a very little air, and the outer end of the small tube (c) was introduced into 
the mercury of the trough, taking care that (6) was still kept in such a position as to 
prevent the aluminum coming in contact with the alkaline solution. After a sufficient 
lapse of time for the apparatus to have acquired the, temperature of the room, the 
barometer and thermometer and the difference of level of the mercury in the trough 
and in (c) were read off;* so that, knowing the volume of alkaline solution introduced 

* All readings were of course made from- a distance with the aid of a small telescope. 
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and of aluminum (the latter from its weight), calibration of the bulb and tubes after 
the experiment was over completed the data necessary to determine the volume of 
air which the apparatus contained at the beginning. The aluminum was now made to 
slide down into the bulb, the end of the gas-deliveiy tube (c) having been brought 
under the mouth of the measuring flask. Over-rapid evolution of hydrogen and any 
considerable rise of temperature were prevented, partly by tilting the bulb so that the 
little piece 6f aluminum rested against one side and exposed but a part of its surface 
to the action of the liquid, and partly by cooling the outside of the bulb with water ; 
while, on the other hand, it sometimes became necessary to gently warm the liquid 
towards the end of the experiment. To guard against more than traces of aqueous 
vapour being earned away with the hydrogen, a current of ice-water was kept up 
through (d). As soon as the last of the aluminum had disappeared, leaving the liquid 
quite clear, (c) was brought up into a nearly vertical position, and the apparatus left 
to itself until the temperature of the room had been attained. The barometer and 
thermometer, height of mercuiy in (c) above that in trough, and level of mercury in 
neck of measuring flask (after the last traces of moisture had been removed from the 
hydrogen by means of a stick of caustic potash), with its height above that in trough, 
were now read and recorded. Lifting (c) straight up from the trough, the mercury in 
this tube was got out by running a wire up and down in it, and inverting it, the 
whole of the remaining space in (a), (6), and (c) was filled up with alkaline lye of the 
same strength with that already contained, this liquid being run in from a graduated 
burette through a slender tube funnel, and the volume used noted, so as to show how 
much liquid had been already present. The apparatus being now emptied, washed 
out, and calibrated (with water, instead of mercury, on account of the difficulty of 
getting the interior quite dry), the volume of gas remaining in it at the close of the 
experiment was had from the difference between the total capacity (to the level of the 
mercury in (c)) and the volume of liquid which the bulb had contained at the close of 
the experiment, these taken together with the data for pressure and temperature. 

On accoimt of slight rise of temperature during the solution of the metal, the 
volume of hydrogen left in the bulb and tubes was always less than the air in the 
same at the beginning ; and, after reduction to normal temperature and pressure, the 
difference had to be subtracted from the volume of gas collected in the flask. 

In order to connect the weight of the aluminum with the weight of the hydrogen, 
the latter being obtained from its observed volume and Regnault's determination of 
its density, it was necessary that the weight of the metal should be absolute, or in 
terms of equal value with those used in Regnault's researches ; hence, as has been 
already stated, the weights used were such as had had their real value determined, 
and the precaution of double weighing was applied. The quantities of metal used 
being small, the centre of gravity of the balance beam was so adjusted as to give 
great sensitiveness. 

In calculating the weight of the hydrogen from its volume, the difference in the 
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value of the force of gravity at Paris and at the University of Virginia had to be 
taken into account. In view of the difference of latitude and elevation above the sea 
this constant is, in C.G.S. units, 

For Paris 980*94 

For University of Virginia . . . 979*95 

and, applying the difference in nominally normal pressure at the two places, Regnault's 
value for the weight of a litre of hydrogen at 0° C. and 760 m.m., '089578 grm., 
becomes '089488 grm. 

In the experiments made in this way the only assignable cause of constant error, 
tending to affect in a particular direction the atomic weight deduced from them, seems 
to be the retention in solution of traces of hydrogen by the alkaline liquid in the bulb. 
The tendency of this is, of course, to make the atomic weight of aluminum appear 
greater than it should be, but I am satisfied that the possible extent of such error 
must be excessively minute, inappreciable within the limits of error of observation. 

Direct results of first set of third seines of experiments. — The results obtained were 
as follows : — 

A. — Hydrogen by volume at 0° C. and 760 m.m. 

04106 grm. of H. 

04187 
449-1 „ =-04019 
941-5 „ =-08425 
907-9 „ =-08125 
936-4 „ =08380 



L— -3697 grm. of Al gave 458-8 c.c.= 
II.— -3769 „ „ 467-9 „ = 

III.— -3620 

IV.— -7579 
v.— -7314 

VL— -7541 



>> 
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Second set of experiments of third series. — Hydrogen collected and weighed as water. 
— Details of method used. — As the collection and accurate measurement of larger quan- 
tities of hydrogen would be difficult from the great weight of mercury to be dealt with, 
while it seemed desirable to repeat these experiments with a larger amount of aluminum, 
an arrangement was adopted for bui-ning the hydrogen and weighing it as water. 

A bulb like that described above was used for the reaction between the aluminum 
and solution of sodium hydrate, another small tube (which may be designated as {x)) 
being connected, however, with the bulb, for the purpose of sweeping out air at the 
beginning of the combustion and the remainder of the hydrogen at the end by a 
current of other gas. The gas from the delivery tube (c) was carried through a series 
of four drying tubes, containing in the former two pumice stone soaked with pure 
sulphuric acid of full strength, and in the other two well dried asbestos and looser 
woolly phosphorus pentoxide ; thence it passed through a long combustion tube, filled 
for the first two-fifths with pure, finely granular cupric oxide, which had been recently 
ignited, and for two-fifths more with turnings of electrotype copper oxidised on the 
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surface, while the last one-fifth of its length remained at first unoccupied, to be filled 
later as will be described ; the vapour of water being finally collected beyond this 
combustion tube in a single light drying tube of calcium chloride, one of sulphuric 
acid on pumice, and one of phosphorus pentoxide. 

The whole of the apparatus having been put together, with the exception of the 
three final drying tubes, for which at first a single unweighed calcium chloride tube 
was substituted, with sodium hydrate solution in the bulb, and metallic aluminum in 
the tube (6), a slow stream of carefully purified and well dried air was passed through 
from (x) for some time, while the combustion tube was heated to low redness. Having 
allowed it to cool down to the temperature of the room, the stream of air from (x) was 
replaced by one of dry nitrogen ; a plug of soft copper turnings with bright unoxidised 
surface was introduced into the further end of the combustion tube, so as to fill up the 
unoccupied fifth of its length, and it was again brought to and kept at a red heat. 
After the nitrogen had passed through at this temperature for about twenty minutes, 
the three drying tubes for the collection of the water to be formed, having been 
standing for some time in the balance case, were accurately weighed, and connected 
with the further end of the combustion tube, the previously used and unweighed 
calcium chloride tube being removed. The tube (x) having been closed, the tube (6) 
was now tilted so as to make the aluminum slip down into the alkaline liquid, and as 
in the experiments already described, the rate at which the hydrogen was evolved was 
controlled by inclining the bulb so as to vary the extent of surface of the metal 
attacked, and by cooling the outside of the bulb with water. 

As soon as the metal was all dissolved, nitrogen was again introduced by (x) to sweep 

out the remaining hydrogen, limiting the quantity of the former gas to such an amount 

as was thought necessary for this purpose. This nitrogen was then in turn replaced 

by pure and dry air, which was passed through the apparatus until the surface of the 

\ copper which had been reduced was reoxidized, this being done to avoid any risk of 

occluded hydrogen being retained, while the nitrogen had served to obviate the danger 
of explosion. The drying tubes were then finally removed from the further end of 
the combustion tube, and weighed after exposure to the atmosphere of the balance 
case long enougb to permit the surface of the glass attaining a constant condition. 
In both weighings the reduction to equivalent weights in vacuo was duly attended 
to, the weights and densities of aU the materials making up the drying tubes and 
their contents having been previously ascertained. The last tube of the set was 
weighed separately, as was the last of the drying tubes connected with the reaction 
bulb, and it was found that, there being no increase of weight on the part of either of 
them, the absorption of aqueous vapour was sensibly complete. 

Although all the precautions I could think of were taken in these experiments, the 
well known diflSculty of absolutely excluding moisture, of which every joint to the 
apparatus becomes a possible source, so that in ordinary organic analysis the amount 
of hydrogen found may be expected to come out rather above than below the truth. 
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leads to the suspicion that such constant error ajs may have been involved tended in 
this direction, and if so that the resulting atomic weight would be made to appear 
somewhat too low. The extent of error from this cause, however, if it existed at 
all, must have been extremely small. 

Direct results of second set of exjperhnents of third series. — ^The results of these last 
experiments were — 

B. — Hydrogen weighed as water. 

L— 21704 grms. of Al gave 2-1661 grms. of HgO. 
IL— 2-9355 „ „ 2-9292 „ 

III.— 5-2632 „ „ 5-2562 „ 



9> 



Calcidation of results. 

In calculating the atomic weight of aluminum from the data furnished by the above 
described experiments, the atomic weights assumed for the other elements involved 
are those which result from the researches of Stas and the previous investigation by 
Dumas and Stas of the composition of water, namely — 

0=15-961 S=31-996 • N=14-010 

In regard to silver and bromine a difficulty arises from the fact that the relation 
between these elements was determined by Stas with metallic silver which, as 
Dumas* has pointed out, contained in all probability occluded oxygen. It appears 
from Dumas' experiments and from mine, that the quantity of oxygen which may 
be so retained varies with the conditions under which the metal is fused, and it is 
impossible now to ascertain precisely how much was present in that used by Stas, 
while the correction to be applied on this account, though small, is not inappreciable 
in its effect upon the atomic weight of the aluminum. Omitting to extract in the 
Sprengel vacuum the occluded oxygen from the silver used in my experiments would 
not have secured identical condition of the silver with that of the metal used by Stas, 
since the circumstances of fusion and cooling would probably not have been altogether 
the same, and it seemed best to use silver fully purified in this respect, so that my 
results might be directly comparable with any obtained in the ftiture, since this source 
of error once pointed out ought not to be hereafter neglected. I have therefore used 
as the atomic weights of silver and bromine the numbers obtained by Stas (from 
his experiments on silver bromide and bromate), recalculated on the assumption 
that the metal employed by him would have yielded 57 c.c. (reduced to 0° C, and 
760 m.m.) or 82 mgrm. of oxygen per kilogramme, this being the quantity obtained 
by Dumas from silver treated as nearly as possible as was in all likelihood that which 
Stas employed. This has the advantage of reducing the remaining error to that only 
which depends on the difference between the real amount of oxygen which was 

• Loc* ciU 
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present and that assumed in such calculation, instead of leaving the whole resulting 

from using Stas' numbers uncorrected, my silver having had the oxygen removed, 

while his had not been so treated. The atomic weights adopted then for these two 

elements are — 

Ag= 107-649 Br=79754 

Calculated results. — The following are the values obtained for the atomic weight of 
aluminum from the different series of experiments, with the probable (mean) value 
resulting from each set, the difference from this mean of each individual experiment, 
and the probable error of the mean itself calculated in the usual way by the method 
of least squares : 

First series. 



A. 



B. 



Experiment. 


Diff. 


from mean. 


Experiment. 




Diff. from mean. 


I. 


Al= 27-029 


— •Oil 


VI. 


Al=27^114 




+ -018 


II. 


„ 27-043 


+ -003 


VII. 


„ 27^095 




— •001 


III. 


„ 27-05.'5 


+ •015 


VIII. 


„ 27^107 




+ -011 


IV. 


„ 27068 


+ •028 


IX. 


„ 27-067 




— •029 


V. 


„ 27-005 


— •035 


X. 

Mean 


„ 27-096 




•000 


Mean 


„ 27-040 


„ 27-096 




Probable 


error of mean result ±'0073 


Probable 


error of mean result 


±•0054 






Second 


I series. 










A. 


I 




B. 






Experiment. 


Diff. 


from mean. 


Experiment. 




Diff. 


from mean. 


I. 


Al= 27-03.5 


+ •001 


IV. 


Al=27-028 




+ •005 


II. 


„ 27-021 


— •013 


V. 


„ 26-993 




— •030 


III. 


„ 27-046 


+ •012 


VI. 
VII. 


„ 27-036 
„ 27^028 




+ 013 
+ •005 








„ 27-034 


1 


VIII. 

Mean 


„ 27^030 




+•007 


Mean 


„ 27^023 




Probable 


error of mean result ± -0049 i 


Probable 


error of mean result 


±•0052 




Experiment. 


( 


1 
J. 

Diff. from mean. 








IX. 


Al=26 


•999 


—•019 








X. 


,. 27 


•034 


+•016 








XI. 


„ 27 


•021 


+ 003 







Mean „ 27^01 8 

Probable error of mean result ± •0069. 
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Third 


series. 








A. 








B. 




Experiment. 




Diff. 


from mean. 


Experiment. 




Diff. from mean. 


I. 


Al=27-012 




+ •007 


VII. 


Al=26-995 


+ -005 


II. 


„ 27-005 




•000 


VIII. 


„ 26-999 


+ -009 


III. 


„ 27-022 




+ -017 


IX. 


„ 26-977 


--01.3 


IV. 
V. 


„ 26-988 
„ 27-006 




— -017 
+-001 
















VI. 


„ 26-996 




--009 









Mean 



j> 



27-005 



Probable error of mean result Jb *0033 



Mean „ 26-990 

Probable error of mean result ±'0046 



In view of the gradual loss of water which, as has been shown, crystallised ammo- 
nium alum imdergoes on exposiure to the atmosphere, I feel that of these various 
sets of experiments, B of the first series is entitled to least confidence, and the con- 
siderable difference between its results and the others leads me to favour its rejection. 
On the other hand, I am inclined to attach most weight to series 3, A, since the 
method used was very simple in principle, the determination of one of the two 
quantities concerned was rendered very exact by the great volume occupied by the 
hydrogen, the comparison was made directly with the standard element in our system 
of atomic weights and not through the intervention of any other substance whose 
atomic weight must be assumed, and the agreement of the results among themselves 
is particularly good, as shown by the probable error of the mean being the smallest 
reached. 

General mean of results. — The general mean from all of the thirty experiments, if 
all be included in the calculation, is Al=27*032, with a probable error for this mean of 
±•0045. 

If series 1, B, be excluded, the mean of all the remaining twenty-five experiments is 
Al=27-019, with a probable eiTor of ±'0030. The third decimal having no positive 
value, we may take Al= 27-02. If integer numbers be used for 0, N, C, Na, &c., 
Al=27. 

AU the experiments which I have made are reported, except three or four in which 
there was manifest failure, as by accidental loss of material to a visible extent, and 
which were on that account not completed. 

The general result adds, I trust, aluminum to the, unfortunately still limited, list of 
those elementary substances whose atomic weights have been determined within the 
limits of precision attainable with our present means of experiment. 
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Bearing of Jinal restdt upon ''Prout's law." 

It is interesting to observe that this result also adds one to the cases already on 
record of the numbers representing carefully determined atomic weights approaching 
closely to integers, and leads to a word on the reconsideration of " Prout'h kw/' The 
recent researches of Mr. Lockyer, not unsupported by evidence drawn from other 
sources, have tended to suggest the possibility, at least, that the forms of matter 
which as known to us under ordinary cbnditions we call elements may be susceptible 
of progressive dissociation at enormously high temperature, and, imder circumstances 
in which this supposed state of dissociation admits of being spectroscopically observed, 
some of the characteristic features in the spectrima of what is usually known to us as 
hydrogen become in a very remarkable degree prominent. If such dissociation may 
really occur, and if the atoms of hydrogen as commonly known to us form either the 
last term, or any term not far removed in simplicity from the last, in the progressive 
breaking up of other forms of matter, it is obvious that " Prout's law," or some modi- 
fication of it, such as was many years ago suggested by Dumas, must be true, the 
atomic weights of all the other so-called elements must be multiples of that of 
hydrogen, or multiples of that fraction of the hydrogen atom which may result from 
the dissociation of this body itself. If such fraction be very small as compared with 
the effect of the inevitable errors of experiment, the experimental verification or refuta- 
tion of the law will prove impossible, but if it be considerable, as for instance one-half 
of the commonly known hydrogen atom, or one-fourth, as assumed by Dumas, the 
question admits of practical examination. 

Well deserved attention has for some years past been given to the labours of Stas 
in this direction, and his main result is no doubt properly accepted, if stated thus, 
that the differences between the individual determinations of each of sundry atomic 
weights which have been most carefully examined are distinctly less than their differ- 
ence, or the difference of their mean, from the integer (or one-half or one-fourth unit 
which Prout's law would require. 

But the inference which Stas himself seems disposed to draw, and which is very 
commonly taken as the proper conclusion from his results, namely, that Prout's law is 
disproved, or is not supported by the facts, appears much more open to dispute. 

It must be remembered that the most careful work which has been done by Stas 
and others only proves by the close agreement of the results that fortuitous en'ors 
have been reduced wnthin narrow limits. It does not prove that all sources of coiistant 
error have been avoided, and indeed this never can be absolutely proved, as we never 
can be sure that our knowledge of the substances we are dealing with is complete. 
Dumas' late observations on the occlusion of oxygon by metallic silver constitute an 
illustration of this, some of the best of Stas' results being thereby undeniably 
vitiated, though probably to but a minute extent. 

mix::cx:lxxx. 6 r 
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Of coarse one distinct exception to the assumed law would disprove it, if that 
exception were itself fiillj proved, but this is not the case. 

As suggested by Marignac and Dumas, anyone who will impartially look at the 
f'drts can hardly escape the feeling that there must be some reason for the frequent 
recurrence of atomic weights differing by so little from accordance with the numbers 
required by the supposed law. 

As the question stands at present, the following 1 8 atomic weights are the only ones 
which may be £iirly considered as determined with the greatest attainable precision, 
or a very near approach thereto, and without dispute as to the methods employed — 

*Oxygen 15-961 

♦Nitrogen 14010 

Chlorine 35-37 it 

Bromine 79-757t 

Iodine 126-541t 

*Sulphur 3r996t 

♦Potassium 39 042 

♦Sodium 22-987 

♦lithium 7005 

Silver 107-667t 

Thallium 203-655t 

♦Aluminum 27019 

♦Carbon 1197 

♦Phosphorus 3096 

Barium 13684 

Calcium 3990 

♦Magnesium 23-94 

Lead 20640 

If now we discard altogether Dumas' assumption of multiples of -5 or "25, and 
consider simply the indications afforded of Prout's law in its original form, we may 
safely take the first decimal place of each of these numbers as quite freed from the 
influence o{ fortuitous errors, while the second decimal is nearly so in many instances. 
It appears that out of the 18 numbers, 10 (those to which an asterisk is prefixed) 
approximate to integers within a range of variation less than one-tenth of a unit 
What then is the degree of probability that this is purely accidental, as those hold 
who carry to the extreme the conclusions of Berzelius and Stas ? Since there are 

t Stas' nnmbers, nncorrected for occlnsion of oxjgen by silver. 
J Crookes' nnmber modified by taking 0=15*961 instead of 15-96. 
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five intervals of '1 each between any integer and the '5 which divides it from the next 
higher (or lower) integer, the result is given by the expression 

5-41 . IJ8v>t , IJg xl^+ '— Xl^+ 1-18 v>t8l 



and the probability in question is found to be only equal to 1 : 1097*8. 

Of course this result might be easily varied by assuming other limits of precision as 
marking accordance with the law within the range of possible constant error, but this 
example seems to be based upon not unfairly assumed ground in this respect, and 
seems suflSciently to illustrate the point that not only is Prout's law not as yet 
absolutely overturned, but that a heavy and apparently increasing weight of pro- 
bability in its favour, or in favour of some modification of it, exists and demands 
consideration. 
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XXIII. Descnption of some Remains of the Gigantic Land-Lizard 
(Megalania prisca, Owen), /ror?i Australia, — Pai-t II. 

By Profcssoi' Owen, C.B,, F.R.S., &c. 

Received March 22,— Read April 15, 1880. 

[Plates 34-38.] 

In a former Part* the author submitted to the Royal Society evidences of the above 
Lacertian species, a contemporary in Australia with correspondingly large Marsupial 
Mammals, and which, with them, had become extinct. The remains of their cold- 
blooded associate, received in 1858, consisted of mutilated vertebrae. They had been 
imbedded in drift-deposits more or less compacted, which, when traversed by streams, 
had become broken up by the violence of the course to which Australian rivers are 
subject. During the alternate periods of drought, the river-beds are laid bare, and 
under these conditions the remains of Megalania already, and about to be, described, 
have been exclusively found. I have not received any specimen referable to the 
genus from the breccia-clefts and cave-deposits of Australia. 

Although the materials for restoration of the subject of the present and former 
papers are incomplete, especially in regard to the limbs, T am unwilling longer to defer 
communicating the results of study of such portions of the skeleton as have come into 
my hands during the last twenty years. 

The most common examples have been parts of the trunk, and among these was one 
entire dorsal vertebra,t of which figures are subjoined (Plate 34) of the natural size. 

This bone somewhat exceeds the largest of those previously described,} as the 
subjoined dimensions indicate : — 

1858. 1880. 

inches, lines. inches, linos. 

Length of centrum 3 3 3 6 

„ non-articular lower surface of centrum . . 2 2 2 

Breadth of centrum 1 11 2 

Vertical diameter to highest part of neural arch . . 3 4 3 9 

„ including neural spine . . 5 9 



• Phil. Trans., Vol. 149, 1858, p. 43. 

t Transmitted by Dr. Geobge Bkxnett, F.L.S., from Darling Downs, Queensland. 

X Loc. cit., Plate 7, figs. 1-4. 
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The following differences, though of minor import, may be noted. The anterior 
(articular concave) surface of the centrum has not the " shallow transversely lengthened 
pit at the centre ":^ the two very shallow depressions at the fore part of the under 
surface are less marked. Better defined is the pair of tubercles above the entry of the 
neural canal (Plate 34, fig. 2, n). The neural spine (ns) is entire : the ridge dividing 
the upper surface of the neural arch is continued into the sharp anterior border of the 
spine ; this abruptly gains breadth towards its hinder part, which is traversed by an 
obtuse medial rising ; but this, as it descends, narrows, and is continued below the 
root of the spine into a sharp ridge above the exit of the neural canal, dividing there 
the interspace between the post-zygapophyses, as the anterior ridge (r) does that part 
of the roof of the neural arch. 

The spine {ris) of the vertebra (ib., figs. 1 and 2), which is probably from the middle 
of the back, is 2 inches 6 lines in length anteriorly, 2 inches posteriorly. Here the 
base is broadened by a pair of obtuse ridges continued from the upper part of the 
post-zygapophyses {z') contracting as they rise, and finally subsiding upon the broader 
part of the spine. The antero-posterior diameter of the spine is the same throughout : 
the summit is truncate and is formed by a partially coalesced epiphysis. The extreme 
contraction of the outlets of the neural canal, noted in the former Part,t is more 
striking in the present large vertebra, especially that of the anterior one (ib., fig. 2, n), 
of which tlie vertical diameter does not exceed 3 lines. 

The chief difference presented by the dorsal vertebrae of Moloch horridus, which for 
reasons subsequently given is here contrasted with corresponding vertebrae of Mega- 
lania prisca, besides that of general size, is the greater relative capacity of the neural 
canal (ib., fig. 4). 

In the sacraJ vertebrae of Megalania\ (Plate 35, figs. 1 and 2) the neural canal (n) 
is enlarged in relation to the part of the myelon which was connected with the nerves 
of the hinder limbs, and I infer the possession of these in proportions at least equal to 
those in Moloch from this character. Although the vertical diameter of the anterior 
concavity of the centrum is reduced to 1 inch 2 lines, that of the neural canal is 
increased to 5 lines ; and at the opposite end to 6 lines : the transverse diameter of 
each outlet being 11 lines. The sacral centrum gains in breadth, while losing in 
height : the two diameters of the anterior cup (c) are, respectively, 2 inches 4 lines 
and 1 inch 3 lines. The under surface of the centrum (ib., fig. 2) is flattened, with a 
feeble transverse concavity along its medial third. The length of the centrum is 
2 inches 2 lines ; the breadth behind the base of the " transverse process " is 2 inches 
6 lines. This process (p), combining par- and di-apophyses, extends its base over the 
fore half of the coalesced centrum and neural arch. It, probably, extended outward, 
by the addition of a coalesced costal element, to the degree shown in the sacral 
vertebra) of Moloch (ib., fig. 5, d) and most other Land-Lizards; it has been broken 

* Ibid., p. 44. f Loc. cit,, p. 45. 

J Transmitted hj F. M. Raynal, Esq., M.R.C.S., from the neighbourhood of Melbourne, Victoria, 1862. 
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away on both sides in the Megalanian specimen described. The post-zygapophyses 
are relatively small and narrow. The medial ridge upon the neural arch rises at once 
to contribute to the neural spine, which accordingly has greater basal breadth than 
m the antecedent vertebrae. This, with other characters, are repeated, in miniature, 
by the sacral vertebrae of Moloch horridus. 

The caudal vertebrae of Megalania^ are represented in my present collection by a 
single specimen (Plate 35, figs. 3 and 4) from about the middle of the tail. In it the 
ordinary proportions of the cup and ball are resumed, with minor flattening of the 
centrum : but the terminal articular surfaces are less oblique, the lower border of the 
cup (c) being more produced and the corresponding part of the ball (6) encroaching 
more upon the imder surface of the centrum. The transverse process (d) springs from 
the side of the vertebra further and more distinctly from the pre-zygapophysis (z) 
than in the trunk- vertebrae : with the spinous process it is broken away, but is 
depressed in shape as far as preserved. A pair of hypapophyses (ib., fig. 4, h) rise, 
with an interspace of 3 lines, from the under surface of the centrum, near the ball (6) : 
a smooth surface on one of them indicates the haemal arch and spine to have been 
movably articulated, not anchylosed as in Moloch (ib., fig. 6, hs), to these processes. 
The length of the centrum of the described vertebra of Megalania is 2 inches 1 line ; 
the breadth of the neural arch is 2 inches 8 lines. 

The occipital segment of the skull of Megalania (Plate 36, figs. 1 and 2,)t shows, 
as in most mature Lizards, confluence of its constituent parts or " elements." 

The centinim (" basioccipital," ib., fig. 1, i) convex posteriorly, as in the following 
vertebrae, forms the lower half of the occipital condyle, the upper portions being con- 
tributed by the bases of the neurapophyses (" exoccipitals," ib., 1, 2). The original 
sutures between these and the centrum are indicated by sUght linear depressions. 
The condyle is crescentic in shape and projects wholly behind or beyond the neural 
arch ; the upper surface of the centrum in advance of the condyle shows a transverse 
excavation. The breadth of the condyle is 1 inch 9 Unes ; the medial depth is 9 lines. 

The neural canal ("foramen magnum," ib., n), the side walls of which are due to the 
exoccipitals, (2/ 2'), is completed in its upper third by the base of the neural spine 
(superoccipital, ib., 3) ; sHght linear impressions indicate the original junctions of the 
latter with the exoccipitals. The outlet of the neural or cerebral canal (n) is 
subcircular, 1 inch 3 lines in diameter, but as it advances it contracts to a diameter 
of 1 inch, and this is encroached upon by the lateral ridges (ib., fig. 2, n). 

About three inches extent of the base of the skull is preserved in advance of the 
occipital condyle ; it is formed by the coalesced basioccipital and basisphenoid. The 
basioccipital curves down at its mid-part and extends laterally, with a similar curve, 
to form the parapophyses which, beyond the outlets of the vagal nerves, coalesce with 

* Collected by M. St. Jean, at Gowrie, near Drayton, Darling Downs, Queensland, 1866 ; presented by 
Sir Daniel Cooper, Bart., K.C.M.G. 

t From the same locality as the " caudal vertebra," and received at the same date. 
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the diapopliyses or " paroccipitals " to form strong triedral costal processes, more or 
less broken away, in the fossil (ib., figs. 1 and 2, 4). The lower surface of the bajsi- 
occipital is transversely convex at the middle part, concave on each side. 

The basisphenoid develops laterally a pair of hypapophyses in the form of low tube- 
rosities, for the attachment of strong " recti capitis " muscles ; on the left side the 
process shows a second pointed prominence. In advance of these are the bases of 
larger outstanding processes against which the pterygoids abut, in Moloch and other 
Lizards ; these processes (ib., fig. 2, 5'. 5') answer to the pterapophyses in the basi- 
sphenoid of Birds. At the anterior interspace of the above processes is the small 
surface (ib., fig. 2, 9)— here fractured — from which the presphenoidal rostrum was 
continued. Above the base of this process is the "sella turcica" (ib., fig. 2, 5), into 
which open a pair of vascular canals. The sides of the " sella " are produced into a 
pair of sub-compressed processes, as in Iguana (ib., fig. 4, 5). Megalania here differs, 
mainly, in the deeper excavation of the sella and the closer approximation of the 
vascular (entocarotid) canals. 

The next difference is shown by the non-articular termination of the pre-zygapophyses 
(ib., figs. 1 and 2, s\ 5 ) of the occipital vertebra, and also of its spinous process (ib., rw), 
which ends obtusely and freely, like the neural spine of a trunk-vertebra. 

The post-zygapophyses are those which are applied and anchylosed to the long and 
strong substriliedral paroccipitals (ib. 4), extending outward and backward from the 
sides of the centrum and neural arch of the occipital segment. The part extending 
from the sides of the centrum is much less than that from the neurapophyses, from 
which it is divided by the nerves issuing from the vagal foramina (ib., fig. 1, v, v), 
which pierce the base of the neural arch obliquely from within, outward, and back- 
ward, thus indicating the par- and di-apophysial constituents of the strong occipital 
transverse processes. 

In the trunk-vertebrae of Meyalania the neurapophyses, as they rise to form the 
side walls of the neui-al canal, develop, as has been shown (Phil, Trans., 1858, p. 44, 
Plate 7, fig. 4, n), a ridge projecting inwardly from their medial surface about hali 
way between the floor and roof of the canal, the ridge beginning in advance of 
the hinder outlet. The exoccipitals repeat this neurapophysial character, but the 
encroaching ridges have greater basal extent and terminate obtusely, converting the 
anterior outlet of the occipital vertebra (Plate 36, fig 2, n!) from a circular to a 
triangular or triradiate figure. The anterior outlet of the occipital neural ("epen- 
cephalic ") canal is similarly modified in Iguana, but with a minor prominence of the 
inner side-surface of the neurapophyses. Accordingly, the triradiate form of the front 
outlet is more marked in Megalania, and both vertical and transverse dimensions 
are relatively less than in Iguana, still less than in the more diminutive Moloch 
(ib. fig. 5). 

The more instructive part of the skull in advance of the occipital segment, in 
relation to the Lacertian affinities of Megalania, has come to hand in the present year. 
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I was favoured by receiving from George Fred. Bennett, Esq., Corr. Member 
of the Zoological Society of London, a letter of November 27tli, 1879, in which he 
writes : — " You will be pleased to hear of a new discovery which my father received 
on November 16th. I got it in King's Creek, part of Clifton Run, of which my 
father speaks in a letter to me, as follows : — * On examining the fossil skull you sent I 
considered it Reptilian, and at fii-st sight to be a Turtle ; but on further inspection 
there are some points which are against that opinion. There is, at present, some 
difficulty in solving the question. Therefore, try to get, if possible, the lower jaw and 
other portions of the animal, so that it may be as perfect as possible to make a drawing 
or cast of it before sending it to Professor Owen.'" 

In reference to the parts which I have received, Mr. G. F. Bennett writes : — " The 
whole lot was got in such a mixed way that it is hard to divide them. The letters R 
for * Reptilian ' and D for ' Diprotodon,' in the sketch, will give you an idea of it. 
They were excavated in a very hard red drift and had to be dug out with a pick : 
close to them was a very large jaw of Dipt^otodon. It is my intention to work out 
the whole of this bank. The horns were apparently in front as if they were originally 
in front of the eyes, but came away when digging ; but I found they were not joined 
together to the other part of the skull." 

In a letter from the father, my old and esteemed friend Dr. George Bennett, 
F.L.S., of December 20th, 1879, he announced the transmission of this collection, and 
inclosed photographs of ten of the larger portions of the supposed Reptilian skull. 

They included unquestionable horn-cores and the fore part of an upper jaw, showing 
no trace of teeth or sockets on the alveolar border. Such correlation of horns with 
edentulous premaxillaries might well suggest the co-existence of a large herbivorous 
Mammal, which, if Mai'supial, would be much nearer akin to the placental Ruminants 
than are the Kangaroos. But the edentulous border showed unequivocal evidences of 
having been encased, like that of a Chelonian, with horn, as my friend at first sight 
®urmised : yet in a fashion more like that of the terrestrial plant-eating Tortoises* than 
of the fucivorous Turtles.t 

On restoring the cranium as far as its transmitted fragments could be correctly 
juxtaposed, it manifested, in one part, not only a weU-defined surface from which an 
apparently autogenous horn-core, as in the Giraffe, had become detached, but also 
pairs of exogenous ones like those of the Ox. The longest of these extended from 
the upper and side borders of the hinder portion of the cranial specimen, but evidently 
anterior, as in the Bison, to the occipital ridge. The surface, seemingly, for the sutural 
attachment of a horn core was on the upper part of the nasal bone, syrometrical in 
shape, crossing the mid-line like the horn of a Rhinoceros. 

The breadth of this many-horned skull from tip to tip of the pair of horn-coves 
(Plate 37, fig. 1, 6, 6') is 1 foot 10^ inches : the length of the recomposed extent, 

* CuviER, * OBsemens Fossiles,' 4to., torn, v, pt. 2, plate 11, fig. 19, a, 6. 
t Tom. cif., plate 11, fig. 3, e, e, 
MDCCCLXXX. G S 
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includiDg the natural anterior end of the skull (Plate 38, fig. 1) is 1 foot ; but the 
occiput, here, is wanting. 

The length of each of the horn -cores (6, 6') is 5 inches : the circumference of the base 
of the core is 8f inches : this is of a full oval shape, 3 inches across antero-posteriorly, 
2 inches vertically. These cores are conical, nearly straight ; the upper contour is 
slightly concave lengthwise near the base and also at the apex, but runs straight 
between them ; the lower contour is very slightly but uniformly convex. It may 
be inferred that the horny sheath (6') of the core showed a more definite, though 
feeble upward curve. Both cores extend almost horizontally outward, transversely 
to the long axis of the skull. Their surface is impressed by small vascular holes and 
channels. 

A second shorter core (Plates 37 and 38, fig. 1, c), projecting from the fore part of 
the base of the preceding, might be reckoned a branch thereof, as if foreshowing the 
type of the brow-antlered weapon of the deer. 

The breadth of the cranium between the hind part of the bases of the (" supra- 
temporal") horns (6, 6') is 13^ inches. This dimension rather rapidly contracts towards 
the orbits (o, o), reducing the breadth between the fore part of the post-orbital tuber- 
osities (la) to 8^ inches. Thence the skull narrows to the single median nostril 
(Plate 37, fig. 1, ol), between the outer walls of which it is reduced to 4 inches in 
breadth, the vertical diameter being about the same. The breadth of the preserved 
maxillo-premaxillary arch (ib. ib., a i, a a) is 6^ inches. 

The base of the small horn-core (e) is subcircular, about 2 inches in diameter ; its 
length is 1^ inch ; it ends more obtusely than the core (6), of which it seems to be a 
branch, and projects obliquely downward and outward. 

Somewhat in a^lvance of this rises a third larger core, or tuberosity (Plates 37 and 
38, fig. 1, c), projecting outward from the upper and lateral border of the cranium, 
overhanging the broad vertical zygomatic plate (a 6, a?). The base of the core (c) 
measures about 3 inches from behind forward, and rather less transversely ; it rises 
about an inch above the cranial leveL 

A lower tuberosity (ib. ib.,/) with a broader base rises from the upper surface of 
the cranium, behind the last described and nearer the mid-line : its summit, rugged as 
in the others, is more transversely extended or ridge-like ; the horn which it probably 
supported would be characterised by its transversely broad base. 

Each of the cores (c, e, f\ like that marked 6, is one of a pair, of which the first (6) 
and third (/) are preserved on the left as well as on the right side of the cranium ; 
the core (c) has been broken away with its supporting part of the cranial plate on the 
left side. 

The rugose surface (ib. ib., d) upon the nasal region indicates the sutural attachment, 
or fractured base, of a horn-core. It is single, symmetrical, transversely ellipsoid in 
shape, 2^ inches across, and 1 inch in the skull s axis. It is situated 2f inches behind 
the fore end of the skull. 
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On the right side of the skull, 4^ inches of the outer wall (ib., oc) extends behind 
the supra-temporal horn-core (6). The broken edge of this portion of skull gives ^ inch 
thickness of rather compact bone, increasiog upwards to I;^ inch, with a finely cancellous 
texture (xxjupying the middle two- thirds. The hind broken margin of the upper wall 
of the skull thins off to 2 or 3 lines. From the under surface and mid-line of this 
border a septum (Plate 37, fig. 1, 7') descends for about the extent of an inch, answering 
to that which similarly descends from the line of the sagittal suture to articulate, in 
Chelone, with the subjacent occipital spine. On each side of this indication by the 
medial septum of capacious temporal fossae the inner smooth compact surface of the 
bone is largely and deeply excavated. 

The nasal aperture (Plates 37 and 38, fig. 1, ol) is overhung by the coalesced nasal 
bones (ib., 15) which project about 1^ inch in advance of the premaxillary (ib. ib., 2 a). 
The aperture is 2f inches in breadth, 1 inch 2 lines in height, partially bisected by a 
septal process (n) of the premaxillary, which rises towards, but does not meet, the 
corresponding thinner septal process from the under part of the nasal. 

The premaxillary (ib., 22) is continued from the nostril downward, with a slight 
backward curve, about 2 inches beneath the olfactory cavity, the floor of which curves 
downward at the outlet, with little mark of boundary, upon the fore surface of the 
premaxillary. 

All sutures are obliterated : at least I have not been able to determine any, satis- 
factorily, in the portions of the cranium transmitted. 

A shallow channel (Plate 38, figs. 1 and 2, on), ^ inch broad, is continued from the 
nostril to the orbit, dividing, as it seems, the nasal bone (15) from the maxillo- 
premaxillary (21.22) on each side of the outer surface of the skull, the channels 
converging as they advance to the sides of the nostril 

The lower border of the maxillo-premaxillary (ib., fig. 3, 21. 22) is subtrenchant, 
convex forward ; the breadth of the preserved part across the ends of the semicircle, 
beneath the orbits, is 6^ inches. An irregular notch at the middle of the fore part of 
the edentulous border (ib., fig. 2, 22) seems due to accident. The sides as well as fore 
part of this evidence of the upper jaw curve downward and inward. 

The upper sinface of the nasal (13), supporting the surface for the horn-core (d), 
is broad, flattened, but laterally bends down somewhat abruptly to form the antorbital 
side-wall of the nasal cavity. The platform supporting the fi'ont horn (d) shows great 
thickness and strength. 

The extent of skull between the nostril and orbit is 2 inches. The preserved 
border of the orbit (Plates 37 and 38, fig. 1, 0) is sub-semicircular in shape. Its upper 
boundary extends from the orbito-nasal groove obliquely upward and backward for 
the extent of 2 inches ; the hind boundary then bends abruptly downward and rather 
backward ; the lower boundary is broken away on both sides of the skull ; about half 
of the orbital floor is preserved on the left side ; rather more of the roof (Plate 38, 
fig. 3, o\ 0') is preserved on both sides. There is a feeble prominence at the middle 

6 s 2 
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of the broad or thick superorbital boundary, which may indicate the share which the 
frontal (i i) contributed to form, with the pre- and post-frontals (i a), that part of the 
orbital frame. The latter cranial element is indicated by the subangular prominence 
(ib., la) at the hind part of the boundary. • The dimensions of the orbit are 2 inches 
in vertical, 2^ inches in longitudinal, diameter. These relatively small cavities open 
upon the anterior third part of the skull — perhaps on the anterior fourth were the 
skull entire. 

The side-wall of the skull (Plate 38, fig. 1, 96. a?), behind the orbit extending back 
beneath the horn-core (e), is vertical and (apparently has been) entire, descending from 
the base of the horn-core (c) for an extent of 5 inches. Beneath the core (e) is a low 
prominence ; behind this part, and below the base of the core (6), is a natural vacuity 
(ib., fig. 1, ^), of a vertically oval form, 1 inch 11 lines in that diameter, and apparently 
1 inch 6 lines from before backward. This vacuity leads to the temporal fossa, which 
is entirely roofed over by the broad arched external cranial platform, developing and 
supporting the lateral (" supra- temporal," 6, c) and superior (" supra-parietaVy) pairs 
of horn-cores. 

The side-wall descends below the vertical temporal opening for an extent of 2 inches 
10 lines. The outer surface of this part is slightly convex, and sculptured by some 
vascular channels ; it is bounded behind by a shallow groove, 9 lines across, extending 
from the temporal opening obUquely downward and backward. The groove is bounded 
behind by a small rugged mamilloid process (s). 

The above-described "side-wall" holds the place of a malo-squamosal zygoma («6, a 7) ; 
the hinder terminal tuberosity (ib., s) I regard as part of the mastoid. 

On the left side of the skull a bony plate is continued frx)m part of the inner 
circumference of the vertical temporal aperture for some distance transversely mesiacL 
The hinder part of this production is much thicker than the fore part, and extends 
ftuiiher before ending in a broken surface : it was, probably, continuous with the 
proper parietes of the brain-case, of which, however, no trace remains. 

The major part of the extensive horn-supporting plates seems to correspond with 
those parts of the parietals and mastoids in Chelone, which make the vaulted roof of 
the temporal foss^. 

Of the tympanies, or supporting bones of the tympanic membrane in Chelonia, and 
of the articular smfaces for those bones, there is no preserved trace. 

Turning to the under surface of the present cranial specimen, the fore boimdary of 
each "palatonaris'' (Plate 38, fig. 3, pn) is preserved. The roof of the mouth extends 
forward 2 inches from these boundaries. On this palatal part of a broad upper jaw, 
formed, as it seems, by the coalesced premaxillary and maxillaries, projects the 
trenchant ridge (ib. ib., r), extending nearly, but not quite, parallel with the outer 
margin (ib. ib., «i. 9«); it is somewhat sharper than that margin, from which it is 
divided by a pretty deep regular channel, widening from 6 lines in breadth at the mid- 
line of the mouth to 9 lines at its outer, best preserved, end. Behind the second ridge 
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is a third lower but equally trenchant one (ib. ib., s), with a smooth canaliculate inter- 
space of 6 lines broad between it and the second ridge, with which it runs parallel 
and is nearly co -extensive. 

From near the lateral and posterior parts of the palatal portions of the skull the 
smooth arched roofs of both orbits (ib. ib., o\ o') are preserved for an extent of from 
2 to 3 inches. 

The shape and superficies of the curved ridges and channels on the prepalatine 
Dart of the upper jaw indicate that such part was sheathed with horn in the living 
Megcdania. This Chelonian character is associated, as I have remarked, with that of 
the osseous expanse over-roofing wide temporal vacuities. But the chief affinities, 
vertebral as well as cranial, of Megalania, are with the Lacertians, and more especially, 
as I have next to show, with a Lizard stiU living in and peculiar to the Australian 
continent. 

In the existing Lacertilia there are four known genera with horned species : 
Ceratophoray Phrynosomay Metopoceros, and Moloch. In the first genus {hah. Ceylon) 
the so-called horn is single, supra-nasal, elongate, flexible, little different in texture 
from the common integument. In Ceratophora Stodarti (Plate 37, fig. 6) it is sub- 
compressed, pointed, of moderate length ; in C aspera (ib., fig. 7) it resembles rather 
a short proboscis than a horn. In Phrynosoma regale {hah. California) a semicircle 
of antero-posteriorly, sub-compressed, broad, corneous spines (ib., fig. 8) crowns, as it 
were, the occiput ; ther^ are some corneous papillae in other parts of the head. In 
the Iguanian genus Metopoceros {hah. S. America) the species M. comutiLS carries a 
single synmietrical short horn upon the nasal region. 

Only in the small Australian Lizard* {Moloch horridus, GRAvt) have I found a 
head resembling in its proportionate breadth and shortness that of Megalania^ with 
the following correspondences in the cranial amiature, seven of the horns (Plate 37, 
fig. 2, and fig. 9, 6, c, d, e) answering to those similarly marked in fig. 1, ib. 

The horns of the pair (6), which are the longest in Moloch as in Megalania, are also 
the largest and widest apart ; they spring from the sides of the upper part of the head 
near to but in advance of the occiput : they are the " supra-temporal horns." A 
shorter horn (ib., fig. 2, e) projects close to the fore part of the base of (6), and seems a 
repetition of the horn marked {e) in Megalania. The horns of the pair placed nearer 
together and springing from the upper part of the head (ib., fig. 2, c) correspond to 
the "post-orbital pair" (fig. 1, c, c) in Megalania; but the large proportional size of 
the orbits in Moloch makes them more approximate. The most advanced horn {d) on 
the upper part of the head is single and symmetrical in Moloch and repeats the 

* Discovered by John Gould, F.R.S., in the Swan River district, and exhibited by him as a "spiny 
Lizard allied to the Agamas,*' at the meeting of the Zoological Society, August 5th, 18-10 : Proceedings, 
p. 04, 8vo., 1840. 

f " Descriptions of some new species and genera of Reptiles from Western Australia discovered by 
John Gould, Esq.*': 'Annals and Magazine of Natural History,' vol. vii., 1841, p. 88. 
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" supra-nasal horn " in Megalania (Plate 38, fig. 1, d). The larger horns in Moloch 
(Plate 37, fig. 2, h) curve obliquely outward and backward ; the " post-orbital " (c) and 
" nasal " {d) horns are vertical : both are short. Moreover, in Moloch a pair of horns 
of intermediate size, but broad basally in proportion to their height (ib., fig. 2, a), 
stand upright, their bases touching each other above the occiput. There is not such 
good ground for homologising these with the " supra- parietal pair" (ib., fig. ly f, /), 
but the extension in breadth of the summit of these horn-supporters in Megalania is 
notable in relation to this comparison. 

The occipital segment of the skull had not come to hand at the date of Mr. 
G. F. Bennett's discovery and transmission of the parts above described ; but the 
previous acquisition of that cranial vertebra (Plate 36, figs. 1 and 2), by M. St. Jean, 
of another Megalania, in a difierent locality, has enabled me to show, in the free 
tuberous termination of the superoccipital spine (ib., ns) and the restricted attach- 
ment by confluence in other elements with the cranial segment in advance, characters 
which are more closely repeated in the skull of Moloch (ib., fig. 5) than in other 
Lacertian subjects of comparison. 

Moreover, in the skull of Moloch (Plate 37, figs. 3, 4, 5) a single edentulous pre- 
maxillary (a a) is sheathed with horn. It is relatively smaller than the similarly 
edentulous upper jaw-bone of Megalania, and the retained sutures in the small homed 
Lizard show the articulation at each side-end of (a a) with a maxillary (ai). The pre- 
maxillary sends up a short medial process which partially divides the single external 
nostril (ib., fig. 5, oZ), but does not reach the nasal '(is). This bone forms, as in 
Megalania, a broad, mainly horizontal platform, tuiiting behind with a similarly broad 
mid-frontal, and laterally wdth the nasal process of each maxillary (ib., fig. 5, ai) and 
with a portion of each pre-frontal (14). 

Each maxillary in Moloch supports a single series of minute teeth, acrodoot in 
attachment, slightly increasing in size as they recede in position. These denticles are 
close set, 20 in number in each maxillary. The malar is broad, ascends obliquely 
backward to join the post-frontal, and, by a short slender process, combines with a 
short and broad squamosal to bound the temporal fossa (ib., t). A small mastoid 
and the posteriorly-produced angles of the parietal form the joint for a broad tympanic 
(ib., fig. 4, as). 

There is a small transverse vacuity between the parietal and frontal representing the 
" foramen parietale f a pair of similar " fontanelles " open between the parietal and 
super-occipital, the division being partially made by the anteriorly -pixduced tuberous 
occipital spine (fig. 3, 3). The palatonares (ib., fig. 4, n) are small and anterior, 
divided by transversely-extended palatines from the larger ptery go- maxillary vacuities 
(y) behind. The parietal develops a pair of short conical processes or "cores" for the 
support of the vertical horns (fig. 5, e, c). There is no such process for the single 
nasal horn (rt). 

In the skeleton of Moloch hoi^ndus (ib., fig. 9) there ai-e 21 vertebrae between the 
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skull and sacrum ; of these, 14 support movable ribs, leaving four "cervical*' and three 
*' lumbar. '^ The two sacral vertebne have sub-depressed centrums, and send outward 
long and strong costal processes (Plate 35, fig. 5), which converge to abut against the 
vertical ilium. The tail includes about 20 vertebrae, many of which (ib., fig. 6) support 
a haemal arch and spine (hs) upon a pair of hypapophyses near the hind ball of the 
centrum. The costal vertebrae (Plate 34, figs. 3 and 4) are miniatiu-e repetitions of 
those in Megalania: the anterior cup and posterior ball show a similar shape and 
obUquity of position. The neural arch has coalesced with the centrum, which is 
relatively to the spine rather longer. The rib articulates with a single tubercle 
beneath the pre-zygapophysis. Of the ribs, the fifth to the ninth inclusive are 
connected by progressively lengthening haemapophyses to the margins of a broad 
sternum. Both fore and hind limbs are pentadactyle and unguiculate. The third 
and fourth digits are longest ; the hind foot is rather longer and narrower than the 
fore foot, but both show the short Agamian proportions. 

A fossil fragment of flat bone, with a moderately convex border roughened as for 
the attachment of cartilage, 9 inches in breadth and 2 inches in thickness at the 
narrower fractured end, best corresponds with the expanded end of the scapula 
supporting the gristly superscapula in Moloch. This massive portion of bone was 
transmitted, with vertebrae of Megalania, from the neighbourhood of Melbourne by 
F. M. Haynal, Esq., in 1862. 

In the Supplement, No. IX., of a ' Monograph on the Fossil Reptilia of the Wealden 
and Purbeck Formations,' * I described and figured certain fossils from the 'feather- 
bed ' sub-division of the latter locality. From their number and the association of 
these fossils, called " granicones," t with unquestionable remains of Lacertians, I con- 
ceived that they were, most probably, the osseous supports of horny developments of 
the integument, affording the extinct Nutlietes a defensive armour, like that of the Moloch 
horridus ; and I alluded to the association of Marsupial Mammals with such fossils as 
supporting the interpretation suggested by the smaller Lizard, now living at the 
Antipodes in like Mammalian association. The dermal interpretation of the osseous 
"granicones" was further supported by their intimate texture, the evidences of which 
were submitted to the Royal Microscopical Society of London. J 

In the investigation of the structure of the horns and spines of Moloch horrndits it 
was found that the density of the supporting cones of fibrous corium was not aug- 
mented by bone-deposits, but indications of such decussatory fibrous structure in the 
ossified cones were plain. 

In the huge extinct horned Lizard of Australia the horn-cores, as we have seen, are 
ossified, and the texture of the bone, as revealed by the microscope in thin transparent 

* Yolame of the PalsDontograpIiical Society, issued 1879, 4to. 

t Op. cit., p. 15, Plate 11, figs. 17-21. 

X Journal of the Royal Microscopical Society, 8vo, vol; i , 1878, p. 233, Plates 12, 13. 
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sections, closely agrees with that of the granicoDes or assumed cores of the horns and 
spines of the extinct Lizard associated with the Marsupials at the Upper Oolitic or 
Wealden period in cur own island. 

In other, older, and larger extinct Saurians * the osseous supports of such horns and 
spines are likewise, as in Megalania, the sole evidences remaining. 

It is interesting here to note the continuance of multiplied pairs of cranial horns in 
certain extinct Mammals of the earlier tertiary periods : as, e.g., the four-homed 
Sivathere and Bramathere of the Sivalik miocene. In the Dinocerata (Marsh t) of 
the Rocky Mountain miocene, the number of such seeming cores comes still nearer to 
that in Megalania. True it is that objections to the term " horns " applied to certain 
elevations of the outer table of the skull in that extinct family, might similarly affect 
those marked f in the skull of Megalajiia, but the weapons which feebler cranial 
indications sustain in Moloch have weighed with me in the foregoing descriptions. 

What, it may be asked, were the habits of life of this hugh Australian reptile of 
diabolic aspect ? With regard to its small existing representative, the name Moloch 
horridus is expressive of the emotions excited by its physiognomy rather than indicative 
of its zoological characters, and the nature of such emotion may be judged by the 
nomenclator's admission that "the external appearance of this Lizard is the most 
ferocious of any that I know.'* J 

It is nevertheless a poor harmless, timorous, little Lizard ; a contemporary it may 
have been with Megalania, and indebted for its continued existence, as a species, to a 
dwarfishness favouring concealment, and to such defence as its tegumentary spines may 
offer against the small existing and contemporaneous predatory enemies. The reptilian 
Megalania, from present dental evidence, seems to have been phytiphagous, and accord- 
ingly, like many herbivorous Mammals, it was provided with defensive weapons. These 
would be as available against the attacks of Thylacoleo as the Buffalos' horns are 
against those of the South African Lion. But the time at length arrived when a more 
fell destroyer then either the marsupial or placental four-footed Carnivore came upon 
the stage. Then, I conclude, drew nigh the date of extirpation of every large animal 
that afforded meat to the Australian, so called, " Aborigine." 

Hence the Naturalists' knowledge of the huge species, so extirpated, rests upon recon- 
structions based on comparisons of their fossil remains. 

♦ Hylceosaurus (dorsal spines), Mantell : Phil. Trans., 1841, p. 131. 

Scelidosaurus (dorsal, lateral, subcandal spines), Owen : ' Monograph,* in 4to. vol. of Palasonto- 
graphical Society, issued 18 j2, p. 20, plates 1-9. 

Iguanodon (carpal spines), Owen: * Monograph,' in 4to. vol. of Palseontographical Society, issued 
1872, p. 6, plates 1 and 2. 

Stegosaurvs (numerous spines — position uncertain), Marsh: * American Journal of Science and Arts,' 

vol. xix., 1880, p. 2.:»8. 

t Marsh : * American Journal of Science and Arts,' vol. v., 1873, p. 486. 
X Gray, loc. cit., p. 88. 
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Addendum. 

(Added October 15, 1880.) 

From the subjects of Part I. (1858) the inference was that a Land-Lizard of unusual 
size had existed in Austi-alia; suggesting further quest of such character among 
existing Lizards, with the result that the largest known species was Australian. 
Any doubt that lingered was as to the validity of separating generically Megalania 
from Hydrosaurii^. It was possible that the discovery of the fossil skull might 
require a generic synonymy with the existing carnivorous species ; and it seemed very 
probable that, in habits, the extinct might agree with the large existing Lizard. 

As years elapsed with successive acquisitions of other parts of the great extinct 
Lizard, and especially the reception, in 1866, of the occipital vertebra, these fossils 
led to the detection of such differences in the corresponding parts of Ilydrosaurus 
giganteiis as to confirm the original inference of generic distinction. But other 
portions of the skull were wanting to deal profitably Avith this advance of insight. 
Accordingly, my instructions and desires were pressed importunately on friendly 
collectors and transmitters of Australian fossils; and, in 1879, met with the return 
which has enabled the above contribution of Part IL 



Description of the Plates. 



PLATE 34. 

Fig. 1. Side view of a dorsal vertebra. Megcdania prisca. 
Fig. 2. Front view of the same. lb. 
Fig. 3. Side view of a dorsal vertebra. Moloch hoiTidus. 
Fig. 4. Front view of the same. lb. 

All the figui'es are of the natural size. 

PLATE 35. 

Fig. 1. Back view of a sacral vertebra. Megalania prisca. 

Fig. 2. Under view of the same. lb. 

Fig. 3. Front view of a caudal vertebra. Megalania prisca. 

Fig. 4. Side view of the same. lb. 

Fig. 5. Front view of a sacral vertebra. Moloch horridus. 

Fig. 6. Side view of a caudal vertebra with the haemal spine. lb. 

All the figures are of the natural size. 
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• PLATE 36. 



Fig. 1. Back view of the occipital vertebra. MegaJania prUca, 
i Fig. 2. Front view of the same. lb. 

•? Fig. 3. Front view of the occipital vertebra. Iguana tuhercvlaia. 

Rg. -L Back view of same. lb. 

Rg. 5. Back view of the occipital vertebra. Moloch horr'ulas. 



All the figures are of the natural size. 



PLATE 37. 



Fig. 1. Oblique upper view of the skull (wanting under jaw) ; nearly half the 

natural size. Megalania pritfca. 
Fig. 2. Oblique upper view of the heacL Moloch horridus. 
\ j Fig. 3. Upper view of the skull. lb. 

fig. 4. Under view of the skulL lb. 
Fig. 5. Front view of the skull (wanting under jaw). lb. 
Rg. 6. Side view of the head. Ceratophora stodarti. 
Fig. 7. Side view of the head. Ceratophora aspera. 
Fig. 8. Front view of the head. Phrynosoma regale. 
Rg. 9. Skeleton, with outline of body. Moloch liorridus. 



:^ All tlie figures, save fig. 1, are of the natiuid size. 



PLATE 38. 



! • ■ 

\v 

\ Rg. 1. Side view of the skidl {wanting the occipital segment and under jaw) ; one- 

third the natural size. Megalania prisca. 
Rg. 2. Front view of fore end of skull ; half the natural size. lb. 
Fig. 3. Under view of the same ; half the natural size. lb. 
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XXIV. On the Ova of the Echidna Hystrix. 
By Professor Owen, C.B., F.R.S., &c. 



Received April 26,— Read May 13, 1880. 

[Plate 39.] 

Towards a knowledge of the generative economy of the Spiny Monotreme (Echidna 
Hystrixy Guv.) the recorded steps are the following : — 

The fact of ite possessing mammary but teat-less glands, as in the Omithorhynchus ;* 
that these glands acquired large and functional development concomitant with ovarian 
indications of recent gestation ;t that the lacteal areola became lodged in a tegiunentary 
depression or quasi pouch, capable of receiving the head and fore limbs of the young, J 
at least when this was not more than 1 inch 1 lines in total length. 

The female Echidiia and her young, the subjects of the paper of 1865, were taken 
in Lolac Forest, Victoria, Australia, on the 12th August, 1864. Guided thereby, I 
noted, in correspondence with friends in localities frequented by the Echidnae, the 
period when females in the impregnated state might be obtained, with instructions as to 
the parts to be preserved and transmitted, in alcohol, for examination ; noting, also, the 
chief facts which remained to be determined § in reference to the subject of the present 
communication. Among such friendly correspondents I have the good fortune to 
include George Frederic Bennett, Esq., Corresponding Member of the Zoological 
Society of London, resident at a locality, Toowoomba, in Queensland, whei'e individuals 
of the Echidna Hystrix were to be had. In a letter of September 23rd, 1878, 
Mr. Bennett writes : — *' You will have received, ere this reaches you, specimens of 
probably impregnated Echidna got on various dates — July 18th, 27th, and August 9th." 

The correspondent's father, my friend Dr. Bennett, F.L.S., being in London when 
these specimens had arrived, I dissected them in his presence, but found not any oviun 
in either uterus. \ The ovaria showed one or more enlarged ovisacs. 

As the season of generation might vary within certain limits in difTerent localities, 
I urged the prosecution of the quest through the months of August and September. 

• Phil. Trana., 1832, p. 537, Plate 17, figs. 2 and 3. 

t Op. ciL, 1866, p. 674, Plate 40, figs. 1-5. 

X Ibid., p. 675. 

§ Ibid., p. 677, Plate 40, figs. 6-10. Ibid., pp. 672, 682. 

II See the figure of the female generative organs of Echidna Hystrix, in Phil. Trans., 1865, Plate 41, ^g. 1 . 
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In a letter frcan Mr. G. F. Bexxett, dated Toowcomba, Janoaiy 14th, 1879, be 
writes : — '' I was not able to get any more specimens this last season, bat I hope to 
begin where I left off last year, and continue to the time advised in the letter of m j 
&ther s — that is, to the middle of September ; and then I lu^ I shall be able to give 
joa material to decide this important question." « 

In February last I was favoured by receiving from Dr. Bexxett, who had returned 
to Sydney, New S^uth Wales, a letter of the date December 26th, 1879, in which 
I had the pleasure to read : — '* I have now sent you a case containing a tin of prepa- 
rations in spirit of the uteri of Echidiuu I selected those I thought would interest 
you, but I fear none of them yet solve the problem. One (not sent) I have ventured 
to open — distended uterus of one captured in August — and it contained a small semi- 
opaque ovum. Those sent were captiued from August 30th to October 10th. One, 
taken September 24th, was not impregnated, but a young one was found in the 
pouch, and another on the 29th September.** 

I welcomed this satis&ctory confirmation of the marsupial structure described in 
the paper of March 2nd, 1865,^ and was gratified shortly after by receiving the ^'tin'' 
of specimens notified as despatched by my firiendly correspondent. 

The ^)ecimens, four in number, of the hinder half of the trunk and hind limbs, with 
i the generative organs entire and in situ, were in a good state of preservation ; and my 

first leisure was devoted to their ezaminatiorL In two of these the uteri were 
unimpr^;nated. In a third specimen, firom a female killed August 30th, 1879, three 
ova were lodged in the deep folds of the thick and soft inner membrane or tissue of 
the left uterus (Plate 39, fig. 1, c). There was no ovum in the right uterus (ibid., 
fig. \,d,c). 

The ova were of a spherical form, and of different sizes ; the smallest had a diameter 
of 2\ millims., the next in size of 4 millims., the largest of 6 millima 

The smallest ovum was situated nearest the vaginal end of the uterus, the next in 
size was nearer the Fallopian end, the largest held an intermediate position. Each 
was lodged in a smooth depression of the soft and thi<^ inner uterine coat, and some 
threads of mucus extended over the larger ovimi. These were shown by microsoopical 
investigation not to be vessels, but filamentary portions of uterine secreticm (fig. 2, a a), 
coagulated probably by the preserving fluid. A magnified view of the ovum, as seen 
un<iisturbed in its nidus, c^, is given in fig. 2. 

In the fourth specimen, firom a female killed on the 14th September, 1879, there 
was no ovum in the left uterus (ibid, fig. 3, c, df) ; but in the right uterus (ibid., 
fig. 3, c, d) was an ovum of the size of the largest of the three in that of the date 
August 30th. It is shown in situ, with half of the smooth cell from which it was 
dislodged in reflecting the portion of the uterine wall, c, including the ovum with the 
other half of the celL This was situated near the FaUopian end of the uterus. The 
parts being dissected while under colourless dilute alcohol, a slight touch of a cameFs 

• Phfl. Trmos., iHdo, p. 671, Plate 39. 
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hair pencil rolled the ovum out of its cell ; there was no organic adhesion between 
them. 

In Plate 39, fig. 4, the ovum is shown, moderately magnified. The outer membittne 
(hyaUnion or " zona pellucida") closely resembled that of the similar-sized ovum of the 
Ornithorhynchus paradodcus.^ Under a magnifying power of 120, hyaline corpuscles 
with interspaces, as shown in fig. 6, pervaded the homogeneous part of the tunic. The 
space separating it from the embryonal or vitelline mass is shown at the rent of the 
hyalinioli, at A-, fig. 4. No trace of spermatozoa could be detected in the fluid 
occupying the interspace. 

The yolk or germ-mass has a delicate smooth covering closely attached to the 
subjacent mass. On picking off with a fine needle-point part of this investment 
(fig. 5, v)y the granular yolk-substance adhered to its inner surface. The chief and 
interesting feature of this yolk-mass was the linear fissure, gr, extending along about 
one-third of the periphery, and penetrating a short way into the vitelline or germinal 
substance. This fissure may be interpreted as the commencement of the primary 
fission of the mass, and as indicative of a stage in development prior or preparatory to 
the complete fission observed by BARRYt and BischoffJ in the smaller uterine ovum 
of the rabbit. 

Not any trace of embryonal structure was discernible in or near this fissure, or in 
any other part of the germ-mass. One portion of this mass presented a darker tint 
than the rest, but the structure was uniformly and minutely granular ; the coagulating 
influence of the alcoholic menstruum had given increased firmness to the mass. 

The results of the foregoing investigations may be summed up as demonstrating the 
close resemblance in Echidna to Oniithorhynchiis of the uterine ovum in structure, as 
in augmentation of size prior to embryonal development ; the latter character being 
exemplified in a greater degree in the present (Echidna) series by the smaller size of 
the ovum, the least of the three, in the left uterus (Plate 39, fig. 1), Concomitantly 
with the more equal development of the right and left female organs in Echidna, as 
compared with OmithorhynchiiSy\ is the evidence of an ovipont by the right ovarium 
shown by the reception of the impregnated ovum in the uterus of that side (ib., 
fig. 3). 

Finally, the additional evidence of the viviparity of the Monotremes in the com- 
mencement of the fission of the germ-mass (fig. 5, y). 

* This " membrane (Plate 25, fig. 6, a) offered a moderate degree of resistance when torn open, and 
yielded equally in every direction when separated from the yolk, the rent margins curling inward like the 
coat of an hydatid ; it was of a dull greyish colour, slightly transparent." — Phil. Trans., 1834, p. 561. 

t Phil. Trans., 1839, pp. 320-332. 

X ' Entwickelungsgeschichte der Kaninchen-Eies,' 4to., 1842. 

§ Phn. Trans., 1834, Plate 25, ^g, 2; PhD. Trans., 1865, Plate 41, fig. 1. 
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Descmption of the Plate, 

Fig. 1. Female organs of Echidna Hystrix; both uteri laid open, and tliree ova 

exposed in situ in the left uterus. Natural size. 
Fig. 2. The largest of the three ova in the cell of the lining uterine substance, with 

filamentary portions of secreted matter passing across the ovum. Magnified. 
JFig. 3. Female organs of Echidna Hystrix ; both uteri laid open, and one ovum 

shown in the right uterus. Natural size. 
Fig. 4. The ovum removed, with the hyalinion, h, partially torn to expose the yolk 

or germ-mass and the interspace between it and the outer tunic. Magnified. 
Fig. 5. The germ-mass of the same ovum, showing the fissure y ; the hyalinion, h, 

being reflected. Magnified. 
Fig. 6. A portion of the byalJnion. Highly magnified. 
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XXV. Oil tJie Deteyiniiiatton of tJie Constants of tJie Cup Anemometer hy Experiments 

with a Whirling Machine — Paxt II. 

By T. R Robinson, D.D., F.RS., &c. 

Received June 13— Read June 17, 1880. 

(55,)* In the preceding Part (Philosophical Transactions for 1878, p. 777) I gave the 
results obtained by anemometers attached to a whirling machine, which substitutes 
motion through the air for real wind. If the air were quiescent this method would be 
nearly unexceptionable ; but the whirling gives the air a vorticose motion for which it 
is impossible to make an exact allowance, and therefore some uncertainty affects these 
results. In the conclusion of that paper I expressed an opinion that greater certainty 
might be obtained by comparing two anemometers, similar and equal in every respect 
except friction; and stated that I would endeavour to carry this into effect. I 
propose now to give an account of my attempt to do so. 

(56.) The instruments used, and their arrangement, are described in paragraph (51). 
The situation in which they are placed would be a good one but for the dome of the 
west equatorial, which in some points of the wind may interfere with its full action on 
one or the other of the instruments. 

The diameter is 13''6 ; the height of its summit above the platform is 15'75 ; that 
of the arms of the instruments being 16'. The horizontal distance of its centre from 
the Kew instrument (K)=21'*5, bearing from it S.S.E., ^ S. The distance from the 
experimental one (E) is 23', and its bearing S.W. b. S. 

The distance between K and E=22'. Of course when the wind is S.S.E., K will be 
less acted on than E, and vice versd^ but probably the difference will be much less than 
that caused by fluctuations of the wind itself. When the wind is E. or W. the 
eddies caused by the windward anemometers may perhaps reach the leeward, but not^ 
I think, to any great extent. 

(57.) The chronograph record of each experiment was at first entered in groups 
during which v, the velocity of K, was nearly uniform ; and A, the nimiber of turns 
made by each instrument, was an integer. The length of the chronograph helix gives 
the time ; it is measured in eighths of an inch (as the Observatory possesses a scale of 
eightieths) and when divided by the length of a second on the same scale, we have the 
number of seconds. As the chronograph in its present situation is exposed to con- 
siderable variations of temperature, its rate is not as regular as it was at Kathmines, 
but the second-space was determined each day of observationa The average in 

* For facility of reference the numeration of the paragraphs and tables is in sequence to that of Part 1. 



105<> 



DB. T. R- KOBIXSOS OS THE DETERUISATIOS OF 



winter is 1 '6€o ; and the times so deduced are certain to teas than O*'!. latterly the 
time was noted hy a watch. 

(58.) It was soon found that the method proposed in paragraph (52) is not avail- 
able, for the wind is never unifbnn loDg enough to make two successire ezperim«kt8 
&irij comparable. It was therefore necesBary to use that of paragraph (53). Assam- 
ing such valaes ota^x, and y, the contitants of equation IIL as will give V veiy nearly 
equal to V (the accented letters belong to E), we may correct them so that the mean 
V — V mav vanish. This assumes first, that however the wind may vary in the course 
of an observation from one iostmment to another, yet if the time be sofBdeDt it rtHues 
to each of them with an equal amount ; its defideocy at one part of the time being 
made np by its excess at another ; and secondly, that the V f»mpated for a mean 
value of V will be its own mean value. 

(59.) As to the first of these assumptions, I have come to the conclusion that if an 
observation lasts for nine or ten nuDutes, the average action of the wind on the two 
instruments will be nearly equal, though during portions of the time it may vary veiy 
mudL This may be illustrated by the following table, which contains a set of p and v 
taken with the normal frictions at K and E, which are 13'5 and 23'2 ; these were 
taken September 17, 1878, und^* unfavourable circumstances, for the wind was S.W. 
The V and v ought to be nearly equal, for the di^rence of the friction will only 
di"Tiniffh v hy 0'24. 
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5-382 


OiWO 


48 


18-4 


5-989 


6-136 


0-854 


7 


13-5 


4-174 ! 3DM 


2-088 


28 


32-4 ! 7-791 


7-368 


0-438 


49 


11-8 


7-141 


6-96S 


1-183 


8 


8-5 


«-834 8-8M 


0-000 


29 


10-8 «-«8 


8-482 


(HWO 


50 


19-3 


5081 


4-841 


0-241 


9 


12-i 


4-843 i 8-481 


1-161 


SO 


11-1 1 4-595 


6-796 


-1-300 


51 


45-3 


8-511 


6-613 


0-000 


IC 


28-7 


2-984 4-H9 


0-939 


31 


151 3-697 


4823 


-0-tK 


51 


3M 


6-378 


8-811 


1-148 


, 11 


19i 


e-4S8 S-18S 


I-W8 


81 


36-4 


4-837 


3-174 


1-481 


63 


H-0 


8193 


3<17 


0-176 


13 


la-s 


itS6 


5-311 


-1-056 


83 


10-8 


6-163 


8-581 


3-5S1 


54 


13-9 


5-040 


4-032 


1-008 


1 I« 


fi-8 


7-S14 


7-S14 


OiHM 


34 


216 


3-739 


1-3*8 


1-498 


66 


20-4 


4-116 


8-480 


0-888 


' 14 


XO-fl 


9-247 


B-S47 


0-000 


35 


14-8 


8-852 


0-764 


3-088 


56 


19-7 


4i81 


1140 


2141 


1 le 


85-1 


8-959 


8-298 


2-681 


38 


39-4 


4-298 


1-910 


3388 


67 


15-5 


4-516 


1-801 


rm 


10 


7-8 


rsiT 


1-915 


1-902 


37 


8-4 


5-083 


^S55 


1-677 


68 


14-8 


3-794 


1-848 


0-948 


1 17 


11-* 


6-m« 


3754 


1-2S3 


88 


15-0 


4-69S 


2-816 


1-877 


59 


31-9 


5699 


4-000 


OitBO 


i 18 


13-7 


6-127 


fl-127 


OWO 


SB 


lS-3 


4-329 


4-329 


OiWO 


60 


14-5 


4-560 


3-434 


1-128 


' IB 


12-4 


6-815 


4-644 


1-171 


40 


18-2 


8-885 


S'885 


OiMO 


61 


18-0 


4-691 


6-478 


-0-782 


, M 


t-s 


8-589 


8-689 


o^>oo 


41 


456 


7-247 


8-163 


-Oit08 


81 


, 11 * 


8-638 


8-S40 


-1-914 


' n 


IM 


6-SH 


yns 


0-819 


42 


n-s 


7-858 


6-613 


0-848 













Total time =646'7 ; mean u=5-8l6 ; mean r'=5-318 ; mean v—v'=0-b9S. 

These show plainly both the variation of wind at one anemometer and the difference 
at the two. In No. 14, v=9-247 ; in No. 10, it is 2934. These represent V=26-264, 
and 8-551. If we look to the column v—v, at No. 85 we find +3*088, at No, 62 
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— 1*9 14 ; foiu'teen are =0, and niue are negative. But if we divide them into four 
consecutive and nearly isochronal groups the discordance is much less. 

8. 

Tune =161-4 t;=6-219 i;'=5-203 t;— i;'=l-016 

159-8 5-508 4-375 I'lSS 

160-6 6-241 5-926 O'SIS 

164-9 5-369 5-067 0-302 

The extreme range here is 0-831 instead of 5-002, grouping them in pairs 

T=321-2 t^=5-864 i;'=4-791 t;— i;'=l-073 

325-5 5-799 5-489 0*310 

There can be little doubt that the total means are nearly correct, and these values of 
v-^v differ from the mean one by +0-475 and —0-289. In general, v— t;'will be less 
than this ; and if it be observed by inspecting the chronograph while an observation 
is proceeding that the ratio of A to A' varies notably, a longer time should be taken. 

(60.) As to the second point it is easily shown that no great en-ors can arise from 
assuming that V is truly given by the mean v. The mean V of a series is, taking the 
time into account, 

_SVT_a,«rT^^''''^ V "+^ 
"■ ST Si"""^ ST 

Now the first of these =xX mean v. In instruments like K where <^ is small, if we 
develop the radical in powers of <^, the second term becomes 

and as the ^ term may be neglected the mean of radical becomes ^z X mean velocity. 
_^^ S'wT X R 

When ^ is large the simplest course is (calHng the radical R) to compute — tt^- , or 



ST 



St;CR 



what comes to the same thing "^^^\ C being the time-space, and compare this with 

the R computed with the mean v. Taking at random No. X. of Table XXI. whose 
<^z= 343*28, we have for the separate groups whose A and A' are nearly uniform 



No. 


c. 


^. 


I. 


81-8 


6-OSl 


n. 


95-2 


7-411 


III. 


88*8 


7-850 


IV. 


49*36 


4-886 


V. 


82-5 


7-864 


VI. 


18*68 


6-042 


815*88 


6-886 



sum t?CE 



=20-633. 



sum C 

R for mean v =20-689. 
Requiring the correction =0'056. 



Here the t/'s do not range very widely, and 1 take a more aberrant set observed 
September 16, 1878, <^'= 173-80. 

MDOCCLXXX. 6 U 
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No. 


c. 


""■ 


I. 


1S-S8 


«7M 


II. 


I07-8S 


BM7 


IIL 


»-ss 


4CU 


IV. 


6S-11 


8-1S6 


T. 


48-« 


1-lH < 


TI. 


60-M 


ioeo 


TIL 


U-IS 


l-flOS 


Tin. 


3«-3» 


1-5925 


IX. 


fli-87 


7-803 


X. 


Si-98 


S-8G1 


XI. 


16-05 


0-9615 


xrr. 


ie-02 


8S3I 


XIII. 


28-09 


B-i76 


XIV. 


4S-GS 


1-987 


701-46 


,-m 



R for mean v= 14728. 
Correction =+0'156. 



Even here the error is not of a nature to interfere with the determination of the 
constants, though in such work terms like V. and XI. had better be omitted. If it 
were thought necessary the exact computation is not difficult. 

(61.) At first the additional fiiction was applied by the brake^levers, and was 
measured bj the process described in the note to paragraph (19) ; but it was soon 
found to be irregular on account of the rusting of the cast-irou disc on which the 
rubbers pressed. This could not be prevented in the present location of the instru- 
ment. 

The rust wore off in the course of an experiment and filled the pores of the cloth on 
the rubbers. Yet more, it became evident that the constants which in the whirling 
experiments had given V— W pretty fairly, fail totally here : for instance, with the 
set last given they give V=14'605, V'=20*066, the difference being far too great to 
be caused by any error of the friction. 

(62.) I intended to remove the uncertainty caused by the rust by substituting for 
the iron disc one of bell metal of the same diameter ; it is, however, some 20 oz. 
heavier, and the normal friction of £ lb now 80'4 grains, and its moment =27542. 
But while it was being prepared it occurred to me that instead of measuring the brake 
friction first and assuming its permanence during a series of observations it would be 
better to record and measure it during the entire time of each observation. Pboiiy'b 
brake afforded a ready means of effecting this, and was thus applied : a ring of iron an 
inch deep and -^ inch thick is divided into two semicircles held together by screws 
tapped in the lugs ; when these are removed it can be got on the axle, lowered to the 
disc, and is made to clamp it with any required pressure by replacing and tightening 
the screws. The ring has an arm which carries an arc of the same depth concentric 
with the disc and of 8^' radius. It is obvious that when the anemometer is turning, 
a cord attached to this arc will be piilled by a force =the moment of the ring friction 
at 8". This pull is measured by a spring balance which I made with one of the dock 
springs described in paragraph (26). 
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(63.) It consists of an iron spindle G" long, turning on a small toe below, and above 
in a brass collar carried by a transverse piece of wood supported on two uprights. It 
has a projecting piece to which the inner end of the spring is attached by a screw 
secured by a check nut ; the outer end is fixed to one of the uprights. On the top of 
the spindle is screwed a disc of mahogany 13" diameter and 0'''5 thick, on the edge of 
which is turned a groove in which the thread that connects it with the brake arc is 
wound. On this disc is fitted one of the papers used with my original anemometer, 
which has its circumference graduated to half degrees, and is covered with circles 0"'05 
apart, every tenth one stronger than the rest. By pulling the cord the spindle is 
turned and the spring tended, the number of its revolutions is shown by a tell-tale 
fixed to one of the uprights, and the degrees by a pointer. 

(64.) It is thus used : tighten the clamp screws so that when the arm is held fast 
the anemometer shall turn without coming to a stop ; pass the cord of the balance 
through a hole in the remote end of the arc, and tighten it tiU the increased tension 
keeps the arm nearly in the same position, then secure it to a pin provided for the 
purpose. In this state of things it is evident that the tension corresponding to d, 
the angle through which the balance has been turned, is the moment of the friction at 
8", from which the moment at the cups is known, to which must be added the normai 
friction. The brake-ring weighs 14 oz., which would increase the friction a few grains, 
but this was obviated by hanging an equivalent weight on the relieving apparatus 
mentioned in paragraph (51). The ring was at first lined with cloth, but as it slightly 
abraded the bell-metaJ, I removed it and used the iron surface lubricated with lard. 

(65.) The relation between the tension of the spring and 6 was thus obtained : the 
balance being clamped to a table its cord was passed over a pulley ; nicieteen weights 
in regular succession from 2 oz. to 36 oz. were hung to it ; and to eliminate the efiect 
of friction the disc was turned a few degrees in advance and in rear of the positions 
of rest, when they were attained, the mean of the ^s was taken as that due to the 
tension. From ten to thirteen sets were taken for each weight. I had expected that 
the tension would be very nearly as 0, but with this spring such is not the case ; at 
the beginning 1°=13 grains, at 4 rev. it =20, and the change is not uniform; so I 
formed from the series an interpolation table with argument, from which T is easily 
computed by a formula analogous to that given by Stirling for equal intervals. 

(66.) In carrying out the work I was met by an unexpected difficulty : friction 
applied in this way is not constant ; and I found that in strong breezes (when the 
wind is always fitful) the arm oscillated more than 90°, the utmost range which the 
opening of the iron box (paragraph 2) permitted unless the friction was reduced. These 
oscillations made it necessary to have a record of the tension, which was provided by 
clockwork moving a pencil from the centre to the circumference of the graduated 
paper at the rate of 0''' 5 per minute. This traces an irregular sector from which the 
mean is easily obtained. But, besides this, it is necessary to reduce the oscillations 
below 90^ so that they all may be recorded. This was eflTected by connecting with 

6 u 2 
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nt^tive direction. It would give for y ; but I think this action must be small 

in a current of wind moving with nearly three times the velocitj of the cups. It is 
found to increase as the diameter of the cups and the length of the arms diminish ; 
for E it i^vea ^=+0*0546, but for E4 (to be soon described) —3-3406. This sup- 
position would give smaller values of V ; for No. II. of Table XXI., where V with 
y=l is 3o'255, the difference is 1'871, and the true value is certainly between these. 
I will use y= 1 as certiunly known. 

(70.) For X, as K and E, are similar and equal, it must be the same in both, and 
the means of obtaining it are explained in paragraph (67). Here I need only show 
how its first approximation is got : Supposing w=0, we have 2VKF=^^^+(p+t'') ; 
but as in K ^ is small, and may here be neglected, we have V=tj(a:±y^z^— ij), and the 
sum of the equation becomes 

2x(v/^^3i +a:)xSr=S^*+S{i;-|-r') (VII.) 

from which x is easily found. When E is not sLoular to K the process Is simpler : the 
reading of K gives V, and we have 2a!:Vu'=V*4-yt/*— ^', whence 



2xxSv=SV-|-yS^'-S^(VIII.) 



Both these formulse are defective from omitting xc, but are near enough to Ix^n 
with. 

(71.) The following table gives the results of the comparison of K and E^, which is 
equal and similar to K. The second column gives the wind's direction ; the third log. 
air's density ; the fourth the time in seconds ; the two next A and A', the number of 



turns made by K and Ej ; the seventh log. of 



JL 



r 1^' ; the two next the velocities 



of the centres of K and E ; the two next the computed velocities of the wind ; and the 
twelfth V— V. V and V were computed by the formulae V=t;(a:-|-v^)4---^ ; 
V'=v'(a;+ A/s + ^jj when 8=1^—1. 
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Table XXI. 



No. 


Dir. 


I.. Dens. 


Time. 

1 


A. 


A'. 

1 


Log. ^'. 


V, 


t/. 


V. 


v. 


V'-V. 


I. 


s.w. 


9-97776 


i. 

176-1 


74 


1 
61 


1-42166 


3-601 


2*488 


10-291 


10-080 


-0*261 


II. 


S.W, b. 8. 


9-97760 


891-8 


669 


611 


1-66164 


12*444 


11176 


86*266 


82-471 


-2 784 


III. 


S.W. 


9-99124 


868*9 


226 


130 


1-88336 


6-393 


8102 


16-327 


14-880 


-0-947 


IV. 


E. b. N. 


9-99820 


369-9 


268-8 


170 


2*07807 


6*389 


4-047 


18-187 


18*294 


+ 0-157 


V. 


S.W. b. 8. 


9-97684 


3344 


822*8 


194 


2*25147 


8-271 


4-971 


23-463 


22-606 


-0-847 


vr. 


8.E. b. E. 


9-98104 


278-0 


216*9 


184 


1*97602 


6*659 


4*183 


18-874 


17*612 


-1-802 


VII. 


t» 


098132 


330-9 


260-7 


161 


2*21161 


6-749 


4-168 


19-334 


20*397 


+ 1-063 


VTII. 


t« 


»f 


210-1 


189-6 


114 


2*27686 


7-738 


4-662 


21*932 


22*315 


+ 0*883 


IX. 


S.E. 


9-97767 


237-0 


806*8 


192 


2-60054 


11-092 


6-941 


31*428 


30-812 


-0616 


X. 


$t 


»> 


176-1 


234*8 


158 


2-63460 


10-446 


6*886 


29-664 


31*249 


+ 1*686 


XI. 


ft 


*f 


197-3 


2136 


152 


2-34007 


9-252 


6*599 


26-228 


27*406 


+ 1*177 


XII. 


n 


it 


164-4 


180 


122 


289493 


10-102 


6*772 


28*631 


28-762 


+ 0131 


XIII. 


»f 


i< 


1311 


167*8 


104 


2-41366 


10-286 


6*800 


29*149 


28-994 


-0-156 


XIV. 


N. 


9-98888 


456-8 


869*7 


211 


2*16403 


6967 


8*970 


19-741 


19-363 


-0-878 


XV. 


8.E. b. S. 


9-97688 


278-6 


231*1 


160 


2*01434 


7-108 


6*920 


20-169 


19-441 


-0-728 


XVI. 


>> 


*i 


259*9 


i 204*4 


134 


210566 


6-788 


4-417 


19-116 


19*570 


+ 0*464 


XVII. 


8. b. £. 


9*96418 


646*9 


1 639 


612 


218691 


8-462 


6-780 


23-994 


25-202 


+ 1-208 


XVIil. 


8. 


9-96469 


414-8 


209 


126 


2*01367 


4*321 


2-606 


12-318 


14-807 


+ 2*494 


XIX. 


8.W. 


9-96600 


684-9 


708*6 


489 


2-26543 


8-867 


6*119 


26141 


25*293 


+ 0*152 


XX. 


t» 


9-96872 


404*6 


810*3 


187 


2-10790 


6-571 


8-960 


18-656 


18*643 


-0018 


XXI. 


" 


9*96783 


718-6 


477-6 

r 


261-2 


1*00599 


6-734 


3-003 


16-290 


14*628 


-1-767 



These were computed with aj= 1*5920 and 2;= 1-534 ; S (V'—V)=— 0*994, which 
bemg divided by S (c— e)=164-56, we have cir=— 0*0060; a:=l-5860; z=l-515; 

V 

V 

ForK, V=t;X 2-831 ■+ 



x+^'z\ =2-826 ; log. 0*45111 ; limit of -=2-826. 

0-355 



V 



It is evident from the values of V— V that the constants do not change with 
v ovv \ but that their differences are casual owing to the difference of wind at 
the two instruments. They differ when the v^b are nearly equal : For instance, I. and 
VIII. differ by 2-995; VII. and XIV. by 1*441, and IX. and X. by 2-181; and 
that such differences of wind may exist for some time is shown by Table XX. where 
during the first 321 seconds V'—V=— 2*888, and during the following 325' it 
is — 0-784.'** 

The minus values predominate during S.W. winds as might be expected from 
pariigraph (56). 

This X and z are larger than those given in paragraph (40), namely, x= 1*2282, 
and 2=1*340, which give for the limit 2*286. 

This difference is due partly to my having then ased an a only two-thirds of what 
I believe to be its real value, partly to the uncertainty of the frictions employed and 
of W, and partly to the defect of the method of minimum squares in such a case. 



* As these instnunents are generally constmcted to raster y=3<;') their readings should be correoted 
by subtracting 0*066 of the recorded V. 
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Reducing the first 21 of Table X. by formula XIII., and with my present values of 
a and y I get a;= 1-3744., 2=0-889, and the limit =2-317. 

The W's used in computing these constants were certainly inaccurate. I measured 
them in the plane of the centre of the anemometer, but as the disturbance of the air 
will be as V^vXsin 0^ W must be less in the upper semicircle than in the lower, 
while it acts with less mechanical advantage in lessening v. It must also be kept in 
mind that any measure of W is an average one, and that it may have very different 
values in parts of the air vortex. 

(72.) In Eg, the cross remaining the same the 9'^ cups were set at 12" from the axis ; 
it is my No. III. In it the constant for t/ is half that for K's v, and the normal 
friction is double =60*8. With the approximate a;= 1*7481 and ^=2-056, the results 
are given in the following Table, in which the densities are omitted as involved in <^'. 

Table XXII. 



No. 


Dir. 


Time. 


A. 


A'. 


Log. 0'. 


1 

V. 


1 

v'. 


V. 


v. 


V-\'. 


I. 


N.E. 


474 


108 


166 


0-67241 


0-976 


1-491 


8-161 


5-590 


-2-489 


II. 


KB. 


606-6 


818 


640*5 


0-62808 


4-434 


8*828 


12-687 


12-589 


+ 0-098 


III. 


S.E. 


641-7 


281-6 


606-6 


0-64167 


4-458 


3-998 


12-698 


13-093 


- 0-400 


IV. 


S.£. b. S. 


560-9 


670 


10110 


0-63683 


8-864 


7-861 


26*135 


25-206 


-0-071 


V. 


a.w. b. s. 


608-6 


203-0 


842-0 


0-68394 


3-463 


2-909 


9-795 


9*858 


-0-068 


VI. 


S.B. 


446-2 


261-6 


458 


0-68185 


60236 


4-850 


14-298 


14-179 


+ 0-119 


VII. 


s. 


601-8 


611 


1134 


0-68800 


8-705 


8-078 


24 686 


25-891 


-1*206 


VIII. 


8. 


, 647-1 


440-8 


762 


0-68300 


6-895 


5-888 


19-562 


18-971 


+ 0-591 


IX. 


S.W. 


607-8 


453-6 


782 


0-63897 


6-348 


5-551 


18-020 


17-779 


+ 0-241 


X. 


w. 


652-1 


880 


647 


0-63127 


5-896 


6-019 


16-764 


16-088 


+ 0-671 


xr. 


S.W. 


690-4 


133 


240 


0-63644 


1-914 


1-727 


5-617 


6-254 


-0*637 


XIL 


S.W. 


476-8 


340 


5765 


0-63295 


6-121 


6-190 


17-889 


16-797 


+ 0*592 


XIII. 


S.W. 


480-8 


380 


682 


0-63966 


6-345 


5-185 


15-201 


16-624 


-1*428 


XIV. 


W. b. N. 


6721 


192 


831 -6 


0-63283 


8-212 


2-778 


9-212 


8-938 


+ 0-274 


XV. 


N.W. 


668-5 


814 


536 6 


0-62821 


4-046 


3-4495 


11-684 


11-381 


+ 0*203 


XVI. 


N.W. 


616-2 


290 


497 


0-62628 


4-3766 


3-674 


12-474 


12-068 


+ 0-406 


XVII. 


N.W. 


600 


2482 


4126 


0-62710 


8-544 


2-945 


10139 


9-845 


+ 0*294 


XVIII. 


N.W. 


660 


178 


813-8 


0-62180 


2-811 


2037 


6-704 


7*127 


- 0-428 


XIX. 


S.W. 


946-6 


488-7 


762 


0-68008 


4-4206 


8-401 


12-698 


11-243 


+ 1-865 


XX. 


& 


720 


364 


699 


0-63364 


4-212 


8-664 


12-014 


11-463 


+ 0-661 



S(V—V')= — 1-251 which divided by Se=145-185, we have da;=— 0-0086 
05=1-7395, 2=2-026, and the limit =3-163. These are larger than those of Ej. 
The results obtained in paragraphs (38) and (39) would make it less, but in the 
present work it is the rule that diminishing the length of the arms increases x. 

(73.) In Eg the 9" inch cups were fixed 8" distance from the axis : too near for 
good work, but I wished to see the efiect on x. With its approximate values 
a;=2-1359 and 2=3-562, I computed Table XXIII. 
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Table XXIII. 



No. 

1 


Dir. 


Time. 


A. 


A'. 


Log. 0'. 


V. 


V'. 


V. 


v. 


V-V. 


I. 


8. 


B. 

660 


848-5 


677-5 


0*81086 


4-524 


2-981 


12*891 


12*849 


+ 0-542 


II. 


W. b. N. 


476-4 


181 


237 


•0*80286 


2-859 


1*428 


6*886 


6*721 


+ 0*116 


1 III. 


W. b. N. 


600 


288 


488 


0*80890 


8*399 


2*061 


9*781 


9 037 


+ 0-694 


IV. 


W. 


600 


192 


860 


0-80174 


2742 


1*714 


7*900 


7*761 


+ 0*189 


V. 


S.E. 


540 


458 


940 


0-81188 


7*267 


4-972 


20-628 


20*424 


+ 0*199 


VI. 


S. b. £. 


646-9 


494-5 


1011-8 


0'fl938 


6*631 


4*972 


19*088 


20*343 


-1255 


VIL 


8.W. 


834-8 


2278 


471 


0*80884 


5*888 


4-063 


16*718 


16*757 


-0*089 


VIII. 


8. b. W. 


600 


800-5 


599 


0*80480 


4*291 


2-851 


12 238 


12*082 


+ 0-201 


IX. 


s.s.w. 


600 


260 


465-5 


0-82025 


3*718 


2-216 


10-616 


9*629 


+ 0*987 


X. 


8.S.W. 


720 


540 


1047 


0*81604 


6-426 


4153 


18251 


17115 


+ 1136 


XI. 


8.W. 


600 


286 


5985 


0-81687 


4*084 


2*825 


11-682 


11*927 


-0*245 


XII. 


8.W. 


600 


285 


609 


0*81150 


4-070 


•2*898 


11*596 


12-223 


-0-627 


XIII. 


8.W. 


420 


816 


638 


0*81497 


6-446 


4-386 


18-807 


17*6*28 


+ 0-684 


1 XIV. 


8. 


600 


466*5 


910 


0-81140 


6-662 


4*331 


18*915 


17-817 


+ 1*098 


XV. 


w. 


720 


291 


574 


0*80694 


8-462 


2*277 


9*910 


9-839 


+ 0*071 


' XVI. 


N.W. 


600 


285-5 


445 


0*80694 


3-862 


2-118 


9-631 


9-255 


+ 0*876 


1 XVII. 


S.W. b. W. 


511 


4688 


9595 


0*79981 


7*767 


5*363 


2-2-033 


21*888 


+ 0-150 


XVIII. 


8.W. b. W. 


5091 


895 


888-7 


0*79712 


6*960 


4*957 


20*0-29 


20-271 


-0-242 


: XIX. 


8.W. 


600 


8503 


727 


0-80133 


5-002 


8-460 


14 285 


14-889 


-0*154 


XX. 


8. b. W. 


491 9 


3125 


751 


, 0-80780 


5*443 


4*361 


15-477 


17-937 


- 2-460 



The sum of V-V'= + l-370, Sej'=119-53. Hence Aa;=+0-0114, x=21473, 
2=3-611 and the limit =4*047. The residue is a little too large; but I did not 
think it necessary to pursue the approximation farther. The great increase of a; is 
remarkable, and I think shows that when the cups are so near the axis of rotation 
they disturb the regular action of the wind. Even with the 12" arms this effect is 
sensible. 

(74.) E^. I now fixed the 4'' cups on the cross at lO^'f from the axis. This arrange- 
ment is similar to the 9" cups at 24", and I thought that the same x might serve for 
both, but it was far otherwise. 

The measures in paragraph (27) give for 4" cups a=3*357 at the normal pressure 
and temperature. For the first ten observations y'=35'19 ; but as these cups are 
35 '5 oz. lighter than the 9" ones, I thought there was too little pressure on the toe, 
and changed the relieving weight from the 11 '5 lbs. to 9 lbs. This made the friction 
= 68-89. I computed with a:=2-57 and 2=5*405 Table XXIV. 
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Table XXIV. 



No. 


Dir. 


Time. 


A. 


A'. 


hog. (p'. 


V. 


t/. 


V. 


v. 


V-V. 


I. 


S.W. 


s. 
600 


291-5 


848 


1-04878 


4166 


2-177 


11*858 


11*719 


+ 0-184 


II. 


8.W. 


420 


202-6 


211 


104676 


4-181 


1-946 


11-786 


10-516 


+ 1-219 


III. 


S.W. 


22608 • 


188-6 


147 


1-06066 


6-626 


2*488 


15-710 


18-169 


+ 2-541 


IV. 


aw. 


688-7 


488 


664-6 


1-06884- 


6-802 


8*587 


17-919 


19-696 


-1-777 


V. 


W. b. N. 


640 


166 


189-6 


1-04918 


2475 


0-990 


7-159 


6-676 


+ 0*488 


VL 


S.W. 


600 


818-6 


414-6 


1-04866 


4-477 


2-681 


12*750 


18-862 


-0*612 


VII. 


S.W. 


600 


268 


806-8 


1-04293 


8-766 


1-941 


10-730 


10*674 


+ 0-066 


VIII. 


8. b. W. 


780 


891-7 


449 


1-04206 


4*808 


2*192 


12-266 


11*796 


+ 0*470 


IX. 


8. b. W, 


600 


871-6 


449 


1-04491 


6-805 


2-850 


15*096 


15*814 


-0*218 


X. 


8. 8. W. 


660 


402 


499 


104889 


6-219 


2-879 


14*844 


14-969 


-0*125 


XI. 


8. b. B. 


840 


480-8 


471 


1-88626 


4-889 


2-185 


12*509 


12-576 


-0*066 


XII. 


W.8.W. 


682-8 


2611 


290-4 


1-88929 


4*146 


2-078 


11-824 


12-112 


-0-288 


XIII. 


S.W. b. 8. 


600 


420-8 


6866 


1-83648 


6-002 


2-085 


17-062 


18-201 


-1149 


XIV. 


S.W. b. W. 


600 


419-6 


608 


1-83768 


5-949 


8-198 


17-019 


17*117 


-0-098 


XV. 


S.W. 


608-1 


862-8 


408-6 


1-38688 


6-106 


2-658 


14-524 


14-211 


+ 0-818 


XVI. 


N. 


640 


820-6 


407 


1-82198 


6-086 


2-870 


14-470 


15-480 


-1-011 


XVII. 


N. 


600 


8686 


480 


1-82089 


5-191 


2-729 


14-768 


14*988 


-0170 


XVIII. 


N. 


eoo 


882-6 


498 


1-82026 


6-462 


8129 


16-527 


16-741 


-1*214 


XIX. 


W. 


666 


498-6 


612-6 


1-38003 


6-407 


2-957 


18-198 


16*991 


+ 2*202 


XX. 


W. b. N. 


600 


461-6 


660-6 


1-33078 


6-592 


8-494 


18-714 


18-466 


4 0-258 



The sum of V— V'=+0-948 ; Sc'=83-121, so Aa;=+00114, ir=2-5814, z=5-664, 
and the limit =4*961. This great excess of x above that of K is very remarkable, 
and shows not only that anemometers must be equal as well as similar to have the 
same constants, but also that x depends on the diameter of the cups as well as the 
length of the arms ; for here it is greater than in Eg, though the arms are longer. 

(75.) Eg. The 4" cups were fixed as far out on the cross as possible, the distance 
from the axis being 26"* 75 ; 275 greater than that of K, and I expected its x would 
be less. At first it was mounted on the axle of E, but it moved so much slower than 
K that I thought its friction =27*42 was too much for the small cups. I therefore 
mounted it on the spindle already mentioned with friction =4*72, and with its results 
(VI., XXIII.) computed Table XXV. 

Table XXV. 



No. 


Dir. 


Time. 


A. 


A'. 


Log. ^'. 


V, 


r'. 


V. 


v. 


V-V. 


I. 


8. 


600 


547 


878 


0-94689 


7*812 


6-016 


22*168 


21*194 


+ 0*969 


II. 


S.W. b. 8. 


600 


444-6 


292-8 


0-94689 


6-847 


4-652 


18-026 


16*617 


+ 1-409 


III. 


W. b. N. 


600 


802 


172-6 


0-92562 


4-818 


2-825 


12-298 


10-699 


+ 1-694 


IV. 


N.W. 


800 


261*8 


188 


0-92662 


7-477 


5*825 


21*207 


20-627 


+ 0-680 


V. 


8.W. 


600 


547 


887 


94124 


7-811 


6-160 


22-169 


21*674 


+ 0-485 


VI. 


8.W. 


660 


646 


484 


9-97488 


8-886 


7-008 


28-788 


24-291 


-0-508 


VI T. 


S.W. 


660 


728*5 


561 


0-16863 


9-8925 


8-117 


26-627 


28-184 


-1*507 


VIII. 


S.W. 


600 


679 


618 


0-16820 


9-696 


8 800 


27-486 


28-800 


-0815 


IX. 


8.W. 


600 


809-8 


209-6 


0-17272 


4*424 


8-834 


12*609 


11*616 


+ 0-993 


X. 


W. 


1200 


922 


660*5 


0-16968 


6-688 


5-266 


18-689 


18-269 


+ 0-420 


XI. 


W. 


480 


260 


162*25 


0-16849 


4-462 


8-288 


12-686 


11-612 


+ 1*174 


XII. 


aw. 


600 


621 


884 


0*16846 


7-440 


6112 


21-110 


21*219 


-0-109 


XIII. 


8.W. 


600 


468 


820-5 


0-16785 


6*540 


5-101 


18-670 


17-786 


+ 0-884 


XIV. 


S.W. b. 8. 


600 


478 


820 


0-16788 


6-764 


5-098 


19174 


17-710 


+ 1-464 


XV. 


8. 


600 


482 


814-5 


0-16727 


6*056 


5-007 


17-205 


17*412 


-0-207 


XVI. 


8. 


600 


566 


487-6 


0-16864 


7-925 


6-963 


22-481 


24-450 


-1-969 


XVII. 


8.E. 


600 


888 


802 


016962 


5*542 


4*817 


15-749 


16-720 


-0-971 


XVIIl. 


S.£. 


600 


857-8 


268 


016041 


5*108 


4-266 


14-514 


14-870 


-0-856 


XIX. 


• • 


1200 


908 


725 


0-16274 


6*488 


5-770 


18-408 


20-087 


- 1*629 


XX. 


8.W. 


660 


659 


495-5 


0*17775 


8-566 


7*169 


21-261 


22-902 


-1-641 


XXI. 


W. b. 8. 


600 


417 


291-5 


0-17795 


5-956 


4-689 


16*920 


16-162 


+ 0*768 


XXII. 


8.W. 


600 


459*5 


822 


0*17390 


6*561 


5*125 


18-682 


17*888 


+ 0-799 


XXIII. 


S.W. 


600 


862-5 


264 


0-17404 


5*176 


4*202 


14-726 


14*645 


+ 0*081 



Time short because it was at the end of the chronograph sheet. 
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Omitting the first five S(V—VO= — 3-179, Se'=269-80. Hence Ax=— 0-0117 and 
a:=l-8624 and 2=2-468 and the limit =3-436. This result surprised me, for the 
friction was so small that no irregularity of it could have any sensible influence, nor 
does it seem probable that the pressures on the surfaces of the two sets of cups are in 
any other ratio than that of the surfaces. The x is actually larger than that of E^. 
The five first V"s were computed with the final x. They give V rather too small, 
but in three of them the wind was S. W. 

(76.) Eg, I now placed my old anemometer, cups 12", arms 23''-17, on the axle 
of E. The a of these cups (if as their area)=27-227* and their /=29-0. With 
the second approximation, a;= 1-5897, «= 1-527, I recomputed the V and V of 
Table XXVI. 

Table XXVI. 



No. 


Dir. 


Time. 


A. 


A. 


Log.0'. 


r. 


t/. 


V. 


v. 


V-V. 


I. 


N.W. 


600 


318 


889 


0-05547 


4-470 


4-674 


12-787 


18-415 


-0*678 


II. 


N. 


600 


882-6 


886-5 


0-04264 


4-747 


5-828 


18519 


15-183 


-1*614 


III. 


N. 


1200 


695 


784 


0*05228 


4-962 


5-404 


14-122 


15-851 


-1-229 


IV. 


N. b. B. 


600 


240 


286 


0-04524 


8-427 


8-948 


9-809 


11-247 


-1-488 


V. 


N.B. 


600 


882 


878 


004701 


5-455 


5-211 


15*509 


14'806 


+ 0-708 


VI. 


W. b. N. 


600 


292 


800 


005411 


4-170 


4-186 


11-896 


11*795 


+ 0-101 


VII. 


8.W. 


600 


898 


868 


005435 


5-683 


5-074 


16-879 


14-404 


+ 1*975 


VIII. 


8.E. 


600 


761 


788 


005278 


10-725 


10-796 


80-892 


80-464 


-0-072 


IX. 


S. 


600 


726 


751-7 


0-05918 


8-640 


8-636 


24-499 


24-484 


+ 0-015 


X. 


S. 


660 


620 


615-8 


0-05918 


8*048 


7-778 


22-880 


22-014 


+ 0-816 


XL 


S. 


660 


659 


679-6 


0*05918 


8-555 


8-517 


24-261 


24-120 


+ 0141 


XIL 


8. 


660 


502 


516-7 


005918 


6-516 


6-476 


18-506 


18-865 


+ 0-141 


XIII. 


N.B. 


600 


286 


282 


0-04772 


4-277 


8-887 


11-662 


11-591 


+ 0061 


XIV. 


£. 


600 


840 


829 


0-04556 


4-855 


4-585 


15-497 


12*900 


+ 2-597 


XV. 


£. 


600 


858 


848-5 


0-04888 


5-112 


4-9S5 


14-454 


14-087 


+ 0-417 


XVI. 


B. 


1200 


798 


860 


0-04485 


5-662 


5-928 


16-093 


16-890 


-0-797 


XVIL 


N.B. b. B. 


600 


279-7 


294-5 


0-04666 


8-994 


4-060 


11*399 


11-678 


-0-179 


XVIIL 


N.B. b. B. 


600 


278-5 


277-8 


0-04797 


8-977 


8-880 


11-351 


10934 


+ 0-417 



It will be observed here, as in Table XX., that v is sometimes greater, sometimes 
less than v ; the near equality of the constants of the 12" cups to those of K makes 
the irregularities of the wind manifest.! The S (V— V) giving III. and XVI. (double 
weight) =—0-649, Se'= 282-65, therefore da:=— 0-0023, a?= 1-5874, 2=1-520, and the 
limit 2-8202. This a; is a little less than that of K ; which shows that the influence 
of the diameter of the cups is felt even here, overpowering the effect of the shorter ones. 

^^T.) I shall conclude with a few remarks on the preceding results. 

The process by which the aj of K is determined seems liable to but two objections : 

• In my original paper " On the Cup Anemometer " (Trans. R.I. A., vol. xxii., p. 170) I have mentioned 
some trials to measnre «. As the Vs given there were doubtful, I have recomputed them with these 
constants and the friction of that instrument =48*61. The six give for a (at normal pressure and 
temperature) 27*898, agreeing fairly with that given in the text. 

t I may mention here, as further proof of the unsteadiness of the wind, that on one occasion I reversed 
two cups of this anemometer so that all the convezes were opposed to the wind ; I expected they would 
remain at rest^ but they were in continual oscillation through many degrees, so that in the limited area 
5' X 1' there must have been differences of V able to overcome a friction of 53 grains. 

6x2 
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the assumption that y=l, and the possibility that the wind errors are not eliminated. 
As to the first, I have shown in paragraph (69) that it cannot be far astray ; even 
were the extreme diminution of it which is mentioned there to occur, the error for 
V=100 would only be 6*1 ; but such is not likely to be the case, and y=l may be 
accepted as a major limit and one not far from the truth. As to the second it is certain 
that in a sufficient number of observations the + and — errors must balance each 
other ; but it may be a question whether the XXI. of Table XXI. were enough. Still, 
it is evident, from inspection of the column V— V that there cannot be any large out- 
standing residue. I have pointed out the defects of the situation. Could I have had 
my wish I would have established the instruments on spars 20' high, erected on a level 
ground away from any influence of houses or trees, and used a better mode of applying 
friction to E^. I also regret that no strong gale occurred during these experiments to 
verify the formula for a very large v. Under favourable circumstances, I tliink this 
mode of determining x the best that is known. I have stated reasons for distrusting 
the results obtained by the whirling machine, and as yet no unexceptional mode of 
carrying an anemometer through the air in a right line has been devised. Even could 
we get a locomotive which could travel without disturbing the air through which it 
passes (and perhaps the new electric motors might effect this), and a line of rails 
certainly screened from wind, there would still remain the doubt whether the pressure 
is the, same when a body is moved through a quiescent fluid or a current impinges on 
the body. 

(78.) The results obtained with other anemometers show that rr is a function both 
of R, the length of the arm, and r, the radius of the cups. I subjoin its values. 



R=2317 


r=6 . 


a;=l-5880 


24 


4-5 


1-5919 


12 


4-5 


1-7463 


8 


4-5 


2-1488 


26-75 


2 


1-8587 


10-67 


2 


2-5798 



If we take Nos. 2, 3, and 4 in which the cups are equal, the dependence of a? on R is 
manifest. In No. 3 it is -j^ larger than No. 2, and in No. 4 ^. This is partly due to 
the air's escape before the convexes being less easy as the circle described by them is 
less. Such a fact is strikingly shown by the whirling experiments (paragraph 69) 
which I made in search of a minor limit for y, in which I found the resistance =30*61, 
and 79 for the three respectively. This was in quiescent air ; but a similar though 
much smaller effect must occur in the actual working of an anemometer. Its influence 
can be obtained only by experiments, such as the present.* 

* I thought to test this by removing two opposite cups in £3. As in this case there is only one cup in 
each semicircle at a time, the probability of their mutual disturbance was small. A set of ten gave the 
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(79.) It is more difficult to account for the similar dependence of x on the size of 

the cups ; d priori^ there seems no reason why small cups should be more resisted than 

large ones, but such is evidently the case. Unluckily I did not place the 12" and 4'' 

cups at the same distances as the 9'', so that the effect of the cups on a; is mixed with 

that of R. I tried to eliminate the latter by interpolating for the values that the %"x 

would have at the R's of Nos. 1, 5, and 6, but this could not be done very exactly from 

the three values. However, this gives x for the 12" O'OOS less than for the 9''; for 

the 4'', in No. 5, 0*2894 greater, and in No. 6, 0'7517. The only way in which I can 

conceive the possibility of such an occurrence is the existence of powers of r and R in 

the factors, which express the mean effects of wind on the concave and convex surfaces 

of the cups. In equation III. I suppose the mean v to be that of the centre of the 

cups, and that the mean impulse and resistance act at these points. But this is not 

necessarily the case. The effect of the resultant on an element of the cup is (1) as 

the square of that resultant ; (2) as the perpendicular pressure on the element ; (3) as 

the resultant of that pressure perpendicular to the plane of the cup's mouth ; (4) as the 

distance from the axis at which the projection of that resultant meets the arm ; and 

(5) as the magnitude of the element. Of these five factors the first contains v and i^. 

(4) 
Now V as the element =t;xV which contains R and r; r^ also enters the fifth, so 

that the differential may contain R^ and r^. As to the second we are ignorant of its 
formula, and it is pretty certain that it will depend on powers of the sine and cosine 
of incidence and (at least for the concave) on the curvature. If we knew its exact 
form we could integrate the differential which they form and get the impulse and 
resistance for a given ^, and multiplying this by ddy and again integrating from to 
IT we should find their mean values. Of the terms in this last integration those which 
have sin^ ^ as a factor disappear ; m^ (the surface) will be a factor of the others, 

among which Ttiay be the three first powers of — ; and these may produce the change 
of aj. 

(80.) In paragraph (41) I inferred from the work with the whirling machine that 
with 9" cups the x is the same for 24'' and 1 2" arms ; but what precedes shows that 
this is not the fact, and that each type of anemometer has a special x. I would 
therefore suggest to meteorologists and opticians the propriety of confining them- 
selves to two types : one for fixed instnmaents, the other for portable ones. For the 
first the Kew type should, I think, be adopted ; if the determination of its constants, 
given in paragraph (70), be not thought sufficiently exact, there would be little 
difficulty in making more observations like those described there, and imder more 



a;s£2'070d less than in No. 4, bnt so large as to make it evident that there must be some other canso of 
the incireased value of x. 
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favourable circumBtanoes ; bat I think they would make very little change in my 
number. For the portable instrument, the only one of which I have experience is 
Casella's 3" cups and 6" arms, and I found it very convement : its x should be 
determined as above. Some such arrangement seems necessary to ensure a uniformity 
of velocity measures. 
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XXVI. 0?i the Dynamo-electric Current^ and on Certain Means to Improve 

its Steadiness. 

By C. William Siemens, D.C.L., F.R.S. 

Received March 1, — Bead March 4, 1880. 

[Plates 40-52.] 

On the Hth February, 1867, I communicated a short paper to the Royal Society, 
describing the accumulative or dynamo-electrical principle of action, the conception of 
which I attributed to my brother Dr. Werner Siemens. When the paper was read, 
another paper followed by Sir Charles Wheatstone (sent in on the 24th February) 
also describing this principle of action, thus showing that the same line of thought 
had occupied that eminent philosopher. 

In illustration of my paper I exhibited a machine of my design, embodying the accu- 
mulative principle of action, which furnished abimdant evidence of the powerful nature 
of the current that could be thus produced. It consisted of two horseshoe electro- 
magnets, between the poles of which a Siemens armature could be made to rotate, the 
machine being furnished with a handle or pulley for that purpose. A commutator was 
provided, by which the alternating currents set up in the rotating coil (after a first 
impulse had been given) were directed through the coils of the stationary electro- 
magnets, in a continuous manner, and proceeded thence outward to ignite a platinum 
wire of some 12'' in length, or to perform other work. 

This machine, although the first of its kind, has done good service ever since its 
construction, having been found very efBcacious in exciting powerful permanent 
magnets at the telegraph works of Siemens Brothers at Woolwich. 

Since 1867 the accumulative principle has been employed in the machines of difierent 
makers, and one form of dynamo-electric machine, that of M. Gramme, difiers very 
materially from the machine above referred to, and has met very deservedly with 
extensive recognition. M. Gramme embodied in his machine the principle of Professor 
Pacinotti's magnetic ring, which enabled him to produce powerful electric currents 
without much of the loss of energy caused in previous machines through the heating 
of the rotating armature. 

Another modification of the dynamo-electrical machine is one devised by Mr. Von 
Heftner Alteneck, an engineer and physicist employed under my brother Werner 
Siemens, at Berlin. This machine difiers fi'om that first submitted by myself in 
several important particulars. Instead of the Werner Siemens armature. Yon 
Bj:ftn£R Alteneck adopted a rotating coil of iron wire wound with insulated copper 
wire in more than one direction, the several coils of wire being coimeotod seriatim 
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with the commutator, and througli it, with the wire surrounding the soft iron bare, 
and with the electric lamp or other resistance on the outer circuit. 

The advantage churned for this mode of construction is that all the wire forming 
the rotating coil or helix is brought into the magnetic field, excepting only those 
portions crossing from side to side of the coil ; and in order to reduce this unproductive 
resistance to a minimum, the rotating cod or helix has been made comparatively long, 
and the number of electro-magnets has been increased gener^y to six or more. 

The principal advantage of the dynamo-electrical machine over all other current 
generators consists in its power of producing currents of great magnitude, and of an 
intensity up to 100 volts, with a small primary resistance, and therefore with a com- 
paratively small expenditure of mechanical energy. It labours, on the other hand, 
under the disadvantage that the power of the current depends, at a g^ven velocity, 
upon the magnetic force developed in the electro-magnets. This force depends upon 
the amount of current passing through the coils of the magnets, which in its turn is 
dependent in an inverse ratio upon the resistance in the outer circuit. If from some 
accidental cause the external resistance is increased, the electro-motive force of the 
machine, instead of rising to overcome the obstruction, diminishes, and thus aggravates 
the resulting disturbance. If, on the other hand, the resistance of the outer circuit 
diminishes, as in the case when the carbons of an electric regulator touch one another, 
the electro-magnets are immediately excited to a maximum, and the eJectro-motive 
force of the machine is increased. The power absorbed and its equivalent, the heat 
generated in the circuit, is equal to the square of the electro-motive force divided by 
the resistance ; hence the work demanded from the engine will be greatly increased, 
the machine may be dangerously overheated, and powerful sparks may injure the 
commutator. It is chiefly owing to this uistability of the dynamo-electric current 
that its application to electric illumination has been retarded, and that magneto- 
electric machines and machines producing alternating Currents have been again used, 
although they are inferior to the dynamo machine in the current eneigy produced for 
a ^ven expenditure of mechanical energy. 

The properties of dynamo-electric machines have been examined by several 
observers. Messrs, Houston and Thomson (Franklin Institute) compared the 
efficiency of the Gramme, Brush, and Wallace Farmer machines. Dr. Hopkinson 
(Institution of Mechanical Engineers, 25th April, 1879) examined a mediiun-sized 
Siemens machine, determined its efficiency, and expressed the electro-motive force as 
a ftinction of the current. Herm Mateb and Anerbach (Wiedemann's ' Annalen,' 
November, 1879) experimented on a Gramme machine, and obtained a curve very 
similar to Diagram I. M, Mabcart has experimented on the Gramme machine, and 
Mr. ScHWENDLER ou both Gramme and Siemens machines. 

The radical defect of the dynamo machine of ordinary construction, may be inferred 
firom the results of these experiments. The remedy has, however, been in our hands 
from the time of the first announcement of the principle of these machines before the 
Boyal Society, when Sir Charles Whbatstone pointed out that " a very remarkably 



DR. 0. W. SIEMENS O^ THE DYNAMO-ELECTRIC CURRENT. 1073 

increase of all the effects, accompanied by a diminution in the resistance of the machine, 
is observed when a cross wire is placed so as to divert a great portion of the current 
from the electro-magnet." 

Some of the constructors of dynamo machines, namely : Mr. Ladd in this coimtry, 
and Mr. Brush in the United States of America, have taken advantage of this sugges- 
tion, the latter with the avowed object in view of obviating spontaneous changes of 
polarity in effecting electro-precipitation of metals, and without perhaps having realised 
all of the advantages of which this mode of action is capable ; others have refrained 
from doing so on account of difficulties resulting, as I shall endeavour to show, from 
an insufficient examination into some important physical conditions that require 
attention in order to realise economical results. 

An ordinary medium-sized Siemens-Alteneck dynamo-electrical machine has wound 
on its rotating helix insulated copper wire of 2*5 m.m. diameter in 24 sections, repre- 
senting a resistance of '4014 S. U.* The four electro-magnet coils connected seriatim 
are composed of copper wire of 5*5 m.m. diameter, presenting a total resistance of 
0-3065 S. U. 

If (as has frequently been done) the wires of this machine were to be connected as 
suggested in Sir CHARiiES Wheatstone's original paper, thus making the outer 
circuit not continuous with but parallel to the coil circuit, and if the outer circuit had 
a resistance of one unit, it would follow that the total resistance to the current 
set up by the rotation of the armature would be reduced from •4+*3+l'=l*7 to 

•3x1 
•4-f-:j — ;r=0*61 Unit, causing a great increase of current, the major portion (in the 

proportion of 10 to 4) would flow through the electro-magnets, thus causing a great 
increase of heating effect. The resistance of the field magnet must therefore be gi-eatly 
increased, but if it were attempted to increase that resistance simply by reducing the 
diameter of the wire, and increasing the nimiber of convolutions until the same thickness 
of coil was obtained, the magnetic excitement and with it the electro-motive force of the 
current produced at a given velocity of rotation would suffer a material decrease. The 
current flowing through the helix coU would moreover have to divide itself, and in 
order to reach the same limit in the outer circuit its intensity in the helix coU would 
have to be increased, causing it to heat more readily than before. It was necessary, 
therefore, to raise the effect of the magnet current to the same level as before with 
as small a proportion of the helix current as possible, in order to leave a maximum 
proportion of the current for the outer circuit. In order to effect this, the magnet 
bars had to be increased in length, and placed furtlier apart so as to provide room for 

* The resistance coils nsed in these experiments were gradnated according to the mercnrj system intro- 
duced by Dr. Werner Siemens, and adopted by the Telegraphic Convention at Vienna in 1868. The B. A. 
nnit was determined in 1874 by Kohlrausch to be 1*0493 S. U ., or combined with Lorenz's value of the 
S. U. afterwards adopted, 0*9797 x 10' C. G. S. units— as much as 2 per cent, below its ascribed theo- 
retical value. Later determinations by H. F. Weber (Phil. Mag., March, 1878) makes the S. U. to be 
equal to 0*955 x 10' C. O. S. units, and thus the ohm to be 0*2 per cent, higher than its ascribed value ; if 
this latter value is used, the numerical results must be correspondingly altered. 

MDCCCLXXX. 6 Y 
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coils of greatly increased weight and dimensions ; at the same time the helix wire had 
to be increased in diameter to give room for the aggregate current, but in reality I found 
it advantageous to increase the diameter of the same in a much greater proportion. 

These general conditions having been determined by preliminary experiment, Mr. 
Lauckebt, electrician engaged at my works, undertook a series of comparative 
experiments which are given in the appendix attached to this paper, and the results 
are given numerically and exhibited in curves. On examining the curves it will be 
remarked : 

1. That the electro-motive force instead of diminishing with increased resistance, 
increases at first rapidly, then more slowly towards an asymptote. 

2. That the current in the outer circuit is actually greater for a unit and a-half 
resistance than for one unit. 

3. With an external resistance of one unit, which is about equivalent to an electric 
arc when 30 or 40 webers are passing through it, 2*44 horse-power is expended, of 
which 1*29 horse-power is usefully employed : an efficiency of 53 per cent, as compared 
with 45 per cent, in the case of the ordinary dynamo machine. 

4. That the maximum energy which can be demanded from the engine is 2*6 horse- 
power, so that but a small margin of power is needed to suffice for the greatest possible 
requirement. 

5. That the maximum energy which can be injuriously transferred into heat in 
the machine itself is 1*3 horse-power, so that there is no fear here of destroying the 
insulation of the helix by excessive heating. 

6. That the maximiun current is approximately that which would be habitually used, 
and which the commutator and collecting brushes are quite capable of transmitting. 

Hence I conclude that the new machine will give a steadier light than the old one, 
with greater average economy of power, that it will be less liable to derangement^ and 
may be driven without variation of speed by a smaller engine ; also that the new 
machine is free from the objection of having its currents reversed when used for the 
purpose of electro deposition. 

The same peculiarity also enables me to efiect an important simplification of the 
regulator to work electric lamps, to dispense with all wheel and clock-work in the 
arrangement, as shown in Plate 40. The two carbons, being pushed onward by 
gravity or spring power, are checked laterally by a pointed metallic abutment, situated 
at such a distance from the arc itself that the heat is only just sufficient to cause the 
gradual wasting away of the carbon in contact with atmospheric air. The carbon 
holders are connected with the iron core of a solenoid coil, of a resistance equal to 
about fifty times that of the arc, the ends of which coil are connected with the two 
electrodes respectively. The weight of the core, which has to be maintained in 
suspension by the attractive force produced by the current, determines the distance 
between the electrodes, and hence the electric resistance of the arc. The result is 
9 1 that the length of the arc is regulated automatically so as to maintain a uniform 

t ! resistance, signifying a uniform development of light. 

\\ 

I 

I i 

I! 
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Appendix. 

The measurements of the electric cuirents were made with an electro-dynamometer, 
the movable part of which consisted of a single turn of 4 m.m. wire, and the stationary 
coil of nine turns of the same. 

To be able to reduce the electrical measurements into absolute power developed, it 
was in the fii-st place necessary to determine the constant of the instrument in use. 
This was done in the following manner:— Five copper plates of about 11" X 8" were 
connected as shown in the sketch. 




These were carefully weighed and immersed in a solution of sulphate of copper. 
The machine was previously started, the time of immersion carefully noted, and the 
readings of the current taken every half minute. The plates were so arranged that 
the current entering at a and leaving at z deposited the copper on both sides of the 
plate at z. After a certain time the plates were taken out, quickly rinsed in water, 
and dried in sawdust. The plates were then carefully weighed again and the deposit 
calculated per degree reading on the instrument per second of time. Six independent 
measurements were taken with currents varying from 20 to 40 webers, and gave a 
mean of '000779 gramme of copper per second per degree reading. The differences 
of these measurements from the mean varied from 0*21 per cent, to 6'6 per cent., the 
mean of the differences being 1'98 per cent. 

According to F. Kohlhausch {Pogo. Ann., Bd. cxlix., 1873) the quantity of silver 

deposited by the C. G. S. unit of electricity is 011363 gramme, and since the 

quantities vary as the equivalents of the metals deposited, we have 

■011363 X 63-5 „^„„„,« » 

— =0-003340 gramme ot copper. 

One weber being ^ C. G. S. unit, we have to divide by 10 the quantity of copper 
depositedby acurrentof one weberin one second, that is -000334 gramme, and dividing 
•000779 by 000334 we get 223323 webers for a degree reading of our instrument. 

To be able to compare the machines having the new winding ({.e., the wire on the 
electro-magnets connected parallel with the outer circuit) with the ordinary machines, it 
was necessary to experiment! on the relation existing between the power expended and 
the current produced with different resistances in circuit and different speeds. 

A medium dynamo machine with 24 part commutator was used, the helix being 
wound with 336 convolutions of 2*5 m.m. wire, having a resistance of -4014 S. U. 
when measured in the machine. The electro-magnets were wound with four layers of 
6 Y 2 
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5'5 m.m. wire, each having 32 convolutions^ and therefore the four bobbins a total of 
512 convolutions with a resistance of '3065 S. U. 

The accompanying Tables Nos. 5, 6, 7, 8, and 9 ^ve the details of the experiments 
made, which are shown graphically in the diagrams similarly nimibered. The current 
in webers was simply calculated by multiplying the square root of the reading on the 
electro-dynamometer with the constant of the instrument, i.e., 2*3323. 

To be able to calculate the electro-motive force from the current in webers and 
resistance in Siemens' units, it was necessary to convert the S. U. into C. G. S. units 
by multiplying the same by "9337 X 10^. (This figure is given by Lobenz, Pogg. Ann., 
Bd« cxlLx., 1873.) By again multiplying this resistance into the current we get, 
according to Ohm's law, the electro-motive force in C. G. S. units, and by dividing by 
10^ we get the E. M. F. in volta 

I have further calculated the total amount of work developed in the following 
manner : — 

Work done =ExCx^ or, which is the same, C'xRx^ where E is E. M. F ; 
C, current ; R, resistance ; t, time. 

From these calculations t is eliminated as it occurs in all the equations. 

1 volt=10S C. G. S. units. 

1 weber=^ C. G. S. unit of current. 

1 HP=7-46X 10» C. G. S. units. 

Therefore 

1 volt X 1 weber _ 10^ x 10-^ _ ^ 

IHP ""T^exlO*""^*^ 

and if we multiply the K M. F. in volts by the current in webers, and divide by 746, 
we have the actual work developed in horse-power. 

To find the actual work done in the outside resistance we use the formula C* X R, 
of course having to reduce the resistance R into absolute C G. S. units by multiplying 
by -9337X10^ 

The machine with the new winding had a helix with 24 part commutator wound 
with 312 convolutions of 2*8 m.m. wire. 

The electro-magnets being lengthened by 2" to take bobbins 10^'', instead of 8^" as 
on the ordinary machines, I had three sets of bobbins made, and had the same wound 
with diflferent sizes of wire, viz. : 2 "5 m.m., 2*8 m.m., and 3 m.m., having a respective 
resistance of 11-26, 7563, and 4*46 S. U. 

The accompanying Tables Noa 1, 2, 3, and 4 show the experiments made with this 
machine with electro-magnets of 11*26 S. U. resistance; Nos. 10, 11, 12, and 13 with 
electro-magnets of 7*563 S. U. ; and Nos. 14 and 15 with electro-magnets of 4*46 S. U. 
The helix in all cases having been wound with 2*8 m.m. wire with a resistance of 
•234 S. U. when measured in the machine. 

The Tables marked 5, 6, 7, 8, and 9 refer' to the dynamo machine wound in the 
ordinary way. 
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The Tables marked 16, 17, 18, 19, 20, 21, 22, and 23 show the results obtained 
with a machine having a helix wound with 288 convolutions of 3 mi,m. wire and a 
resistance of '173 S. units. The electro-magnets, as before, had a resistance of 11 '26, 
7-563, and 4-46 S. U. 



No. 1. 
Helix : 24 part commutator, 312 convolutions, 2'8 m.m. wire, "234 S. U. resistance. 
Electro-magnets: 3916 convolutions, 2'5 m.m. wire, 11'26 S. U. resistance (con- 
nected parallel to outer circuit). 
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No. 2. 
Helix : 24 part commutator, 312 convolutions, 2*8 m.m. wire, '234 S. U. resistance. 
Electro-magnets: 3916 convolutions, 2'5 m.m. 'wire, 11'26 S. U. resistance (con- 
nected parallel to outer circuit). 
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No. 3. 
Helix : 24 part commutator, 312 convolutions, 2'8 m.m. wire, "234 S. U. resistance. 
Electro-magnets: 3916 convolutions, 2'5 m.m. wire, 11"26 S. XJ. resistance (con- 
nected parallel to outer circuit). 
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No. 4. 
Helix : 24 part commutator, 312 convolutions, 2-8 m,m. wire, "234 S, U. resistance. 
Electro-magnets: 3916 convolutions, 2'5 m.m. wire, 1V26 S. U. resistance (con- 
nected parallel to outer circuit). 
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87 


2309 






21-76 


1 IBS2 


1-08 


-507 


■386 


35-64 


/ 760 


■60 


■81 


60 






46 


18-40 






15-64 


12^47 


1-OB 


1 -276 


■184 


1703 


700 


■66 


■76 


30 






16 


12-77 






11-68 


. 9-07 


'43 


■166 


-094 


21-86 


762 


-50 


■72 


12 






10 


8-07 






7-37 


, 686 


•48 


' -069 


■0S4 


789 




■40 


■85 


G 






4 


G-21 






4-66 


818 




1 -0221 


■0109 


3-87 




00 


11^80 


12 


12-0 




8-07 


807 




I 66^e4 




•987 
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No. 5. 

Helix : 24 part commutator, 336 convolutions, 2*5 m.m. wire, '4014 S. U. resistance. 
Electro-magnets: 512 convolutions, 5 '5 m.m. wire, '3065 S. U. resistance. 



ReYolations 
per minute. 


Renstanee in S. U. 


Reading on 
electro- 
dynamometer. 


1 Current 

[ webers. 

1 


in 1 

TOltS. 


Horse-power. 


Percentage 

of energy 

turned 

into useful 

work. 


In 

enter 

circuit. 


ToUl 

in 
circuit. 


Expended. 


Total 
developed. 


Developed 
in outer 
circuit. 


760 
»» 

n 
n 

745 
760 
768 
760 
740 
756 
774 
768 
736 
710 
724 
786 

n 


00 

8-9 
6-0 
4-5 
8-5 
8-26 
8-0 
2-75 
2-5 
2-25 
2-0 
1-76 
1-6 
1-25 
• 1*0 
•9 
•8 
•75 


9-61 
6-71 
5-21 
4-21 
8-96 
8-71 
8-46 
8-20 
2-96 
2-71 
2-46 
2-21 
1-96 
1-71 
1-61 
1-51 
1^46 


• • 

1 

1 

1 

7 

16 

26 

40 

66 

85 

120 

166 

216 

260 

880 

620 

570 

626 


1 
1 

238 

• > 

617 

9-32 
11*89 
14-75 
18-95 
21-60 
25*66 
29-96 
34-20 
87-61 
42-37 
68-17 
55-67 
68*81 


20**90 
14*59 
11*33 
24-25 
84-46 
41-18 
47-65 
66-62 

5y-42 

64-65 
68-81 
70-67 
68-80 
67-65 
79-92 
78*49 
79*48 


*806 

» 
if 

tt 

'304 

•620 
*778 
1-224 
1*660 
2-16 
2-69 
8-45 
8-90 
4-35 
502 
6-16 
6-91 
6-91 


•0*668 

-0455 

*0863 

•205 

*480 

*666 

'942 

1*44 

1-71 

221 

2*76 

3-23 

8-47 

8-84 

5-69 

5-86 

6-21 


-0605 

-0408 

-0306 

-107 

-353 

-581 

•749 ■ 
1*12 
1-80 
1-63 
1-97 
2*20 
2-21 
2-26 
8-16 
8-10 
8-19 


J 9-77 
18-88 
10-00 
64*98 
56-90 
68-70 
61-19 
67-67 
60-18 
60-69 
67*10 
66*41 
50*80 
44*82 
51 '29 
44*87 
46*16 



No. 6. 

Helix : 24pai*t commutator, 336 convolutions, 2*5 m.m. wire, '4014 S. U. resistance, 
Electro-magnets : 512 convolutions, 5*5 m.m. wire, '3065 S. U. resistance. 



Revolutions 
per minute. 



600 
496 
605 
616 
520 
490 
496 
490 
490 
604 
602 

If 

488 

f» 
It 

If 



Resistance in S. U. 


In 


Total 


outer 


in 


circuit. 


circuit 


8*5 


. . 


8*0 


8*71 


2*5 


3*21 


2*0 


2*71 


1*76 


246 


1*5 


2*21 


1-25 


1*96 


1*0 


1*71 


•85 


1*56 


•75 


1*46 


•65 


1*86 


•60 


1*81 


55 


1-26 


*60 


1*21 


45 


1*16 


*40 


111 


•86 


1*06 


*80 


1*01 


25 


*96 



Reading on 


Current 


KM. F. 


electro- 


in 


m 


dynamometer. 


webers. 


volts. 


• * 
1-5 


2-'86 


9**90 


2 


8*29 


9*86 


9 


6-99 


17-68 


42 


15-11 


84-70 


60 


18-06 


87-26 


120 


26-55 


46-76 


180 


31-30 


49-97 


245 


36-50 


68*16 


280 


39*08 


68-20 


320 


41-72 


52-97 


840 


4801 


62*60 


855 


48-94 


61-68 


385 


45-76 


61-70 


420 


47-80 


61-77 


491 


61*63 


58-49 


510 


62-66 


62-10 


600 


67*12 


68-89 


680 


68*54 


62*46 



Horse-power. 



Expended. 



*257 
•405 
*615 
*679 
*796 
1-20 
1*82 
2*80 
2-80 
8*08 
8*08 
8-58 
8-58 
8-58 
8-78 
8*98 
4-08 
4*28 
4*58 



Total 
developed. 



•0879 

-1434 

•165 

-702 

•902 

1*61 

2-09 

2-60 

278 

2^96 

8-03 

8*04 

317 

3-32 

8-70 

8*68 

4*12 

4*11 



Developed 
in outer 
circuit. 



•0307 
•0838 
•122 
•600 
•612 
02 
28 
42 
48 
41 
39 

1-38 

1-25 

1*29 

1*88 

1*21 

1*22 

1*07 



Percentage 

of energy 

turned 

into useful 

work. 



7-58 
6*668 
21*07 
62*81 
61-00 
66-04 
58*47 
50*71 
46-42 
46-79 
88*88 
87-15 
84*92 
84-18 
88-42 
29*65 
28-51 
28-86 
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No. 7. 

Helix : 24 part commutator, 336 convolutions, 2 '5 m.m. wire, '4014 S. U. resistance. 
Electro-magnets: 512 convolutions, 5*5 m.m. wire, '3065 S. U. resistance. 





! 

' Resifltance in S. U. 










Horse-power 


• 


1 
1 

Percentage 


Reyolntions 
per minnte. 






Beading on 
electro- 
1 dynamometer. 

1 


Current 

in 
webers. 


E. M. P. 
in 

TOltS. 








of energy 
turned 
: into niefnl 
work. 


outer 
circuit. 


1 Total 
in 
circuit. 


Expended. 


1 

Total 
developed. 


Dereloped 
in outer 
circuit 

1 


602 


4-5 


5^21 


1 

• • 


• * 


! • • 


•246 


* . 


1 

• • 


■ X 


tf 


8-5 


4-21 


• • 


. . 


« • 


•491 


. • 


1 


• . 


690 


3-0 


8-71 


1 


2-88 


8-07 


•602 


•0252 


•0203 


8-872 


602 


2-5 


8-21 


16 


9*82 


27-93 


•676 


•349 


•2725 


40-31 


606 


2^0 


2-71 


60 


18-06 


45-69 


1-118 


1-106 


-816 


78-31 


602 


1-75 


2^46 


105 


23-90 1 


54 89 


1-72 


1-760 


1*25 


72-67 


600 


1-5 


2-21 


140 


27-59 i 


56-93 


220 


2110 


1-429 


64-95 


590 


1-26 : 


1-96 


170 


80-41 1 


55-65 


253 


2-27 


1*45 


57*31 


600 


1^0 1 


1-71 


270 


8832 1 


61-18 


8-43 


3-14 


1-84 


58-64 


620 


•85 1 


1-56 


878 


! 45-34 i 


66-04 


448 


401 


218 


49-21 


9f 


•75 


1-46 


400 


46-64 


63-57 , 


4-68 


3-97 


2-05 


43*80 


f1 


:' -60 


1-81 


505 


52-41 


64-11 ; 

1 


5*06 


4*50 


2-06 


40-71 



No. 8. 

Helix : 24 part commutator, 336 convolutions, 2'5 m.m. wire, '4014 S. U. resistance. 
Electro-magnets: 512 convolutions, 5 '5 m.m. wire, '3065 S. U. resistance. 



Hevolutions 
per minute. 



715 
698 
700 
710 
680 
690 
708 
685 
686 
720 



tf 
tt 



Resistance in S. U. 



In 

outer 

circuit. 



45 

3*5 

8-0 

2-5 

20 

1-75 

1-5 

1-25 

1-0 
•85 
-75 
•60 
•50 



Total 

in 
circuit. 



5-21 
4*21 
8-71 
8-21 
2-71 
2-46 
2-21 
1-96 
1-71 
1-56 
1*46 
1*31 
1-21 



Reading on 


Current 


electro- 


in 


dynamometer. 


webers. 

1 


4 


4-66 


21 


10-69 


60 


16-49 


105 


23-91 


165 


i 29-96 


210 


88-80 


270 


88*32 


880 


45-46 


550 


. 54-69 


620 


58-07 


680 


60*88 


900 


69-97 



E. M. F* 
in 

YOltS. 



18-32 
87-03 
49-42 
60-50 
6811 
69-75 
70-18 
72-58 
79-66 
79-16 
74-41 
79*06 



Horse-power. 



Expended 



•365 
•427 
1-43 
1-59 
2-64 
8*94 
3-90 
4-47 
5-04 
6-46 
6-76 
705 
772 



Total ' Enveloped 



developed. 



-114 
•580 
1-09 
1^94 
2^76 
3^16 
3^60 
4^42 
514 
6*16 
607 
7*42 



in outer 
circuit. 



•096 
-429 
-682 
1*48 
1-98 
2-14 
2-80 
2-59 
8*18 
8-16 
2-78 
8-06 



Percentage 
of enei^ 

turned 
into useful 

work. 



22*26 
SO^OO 
42-89 
54-16 
60-26 
64*87 
61-45 
61-29 
49-22 
46-74 
89*43 
89^68 
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No. 9. 

Helix : 24 part commutator, 336 convolutions, 2'5 m.m. wire, '4014 S. U. resistance. 
Electro-magnets : 512 convolutions, 5'6 m.m. wire, "3065 S. U. resistance. 





' BcBiitaiice in S. U. 










Hone-puwcr 




Perccnlige 


lieToliitiona 
per minute. 






Bending Da 


Current 


B. M. F. 















In 


Total 




weWB. 






Total 


Deiri:lopad 


turned 
into uMful 




cin-nil. 


cir^'uit. 






87-21 




dcTaloped. 


circuit 


'-'■ 


4S0 


1 


1-71 


100 


CU-33 


1-56 


1-lfl 


-681 


is-as 


fiOO 






UB 




11-81 


2-14 


109 




S87 




fifiO 






ISO 




fil-32 


2-.iB 


2-31 


1 


29 




600 






235 


S6-76 


S7-0S 


3-48 


2-78 


1 


30 


4-l-t>B 


650 






200 


80-72 


03-42 


1-21 


8-87 


1 


J7 


46-40 


7U0 






S60 


U"i5 


70-05 


6-00 


418 


1 


4S 


40-00 


7S0 






430 




76-82 


6-81 


4-8a 


i 


30 




800 


" 


" 


400 


61-88 


E241 


6-86 




8-84 


43-68 



No. 10. 

Helix: 24 part commutator, 312 convolutions, 2'8 ra.m. wire, '234 S. U. resistance. 
Electro-magnets : 3200 convolutions, 2'8 m.m. wire, 7'563 S. U. resistance. 

















.a 












in a. U. 


elect ro- djna ni omcte r. 


Cnrrcut in webcni. 


.£ 


lIutM-poner. 


ill 
ill 


.1, 

1 2 


In 1 Total 
outer 1 in 
cireuit-tireuit. 

« 78 














2= 








Helii. 
18 


Eleriro- 

Wdl-iot. 


Outer 

ciruuiL 


Helii. 


Electro- 
magnet. 


Outer 

circuit 


Ex- 
pended. 


Total 
developed 


Doielopcd 
circuit. 


502 


8-1 1 


8-41 




61-2S 


1-83 


■69 






613 


■12-0 ! 4-87 


80 




6 


12-77 


8-08 


6-91 


6»-uT 


1-17 


■994 


■40B 


ires 


-617 


10-0 i 1-54 


35 




7 


)S'80 


8-08 


6-17 




1-58 


1^U82 


■478 


30-12 


630 


e-0 1-34 


43 




e 


lG-11 


8-08 


7-0 






1-261 


-662 




198 


7-5 S-9B 






10 


U-Tfl 


7-^7 


7-37 


64-06 


112 


1-U88 


■510 


1 85-MO 


601 


6-0 3-51 


42 




16 


Ifll 


6 HO 


9-03 


60-36 


1-63 


1020 


■612 




600 


4-5 8-UG 


BO 




22 


la-iB 


e-17 


10-94 




153 


1-1^38 


■074 


41-05 


510 


8-5 2-62 


76 




35 


20-20 


6-17 


13-8 




1-77 


i^ssa 


■834 




602 


8-0 1 2-38 


82 




42 


21-12 


6-71 


16-11 


4d-P3 


171 


1-329 




49-25 


6(17 


2-5 211 


90 




60 


2212 


6 71 


18-49 


18-58 


1-88 


1-282 


■861 


15-76 


£1-3 


a-u 


1-81 


ISO 




86 


25-i-.6 


6-71 


ai-6 


13-18 


1B5 


1479 


111 


66-92 


496 


1-T6 


l-Hfl 


110 






27-59 


6-71 


23-73 


4-2-5 


1-92 


1-572 


1-13 


5S-85 


492 


]-5 


1-48 


160 




110 


2n-Sb 


5-21 


24 46 




a-01 


1612 


1-12 




G04 


1-25 


1-30 


100 




110 


fl2-]l 


4'titf 


27-69 


SflOi 


2-J8 


IHSI 


I^IK 


65-09 


606 


, 11 


1-19 


205 




167 


33-30 


1-08 




8T-12 


2-27 


1-681 


1-18 


61-10 


612 


1-0 


1-11 


200 




155 


3268 


4-66 


liKOS 


3118 


2-09 


1-611 




60-23 


EOS 






226 




180 


31 -ea 


1-08 


81-30 






1-628 




63-08 


ElO 


■75 


■817 


£20 




1S3 


31 ■eo 


4-66 


SI '65 






1-371 






GOT 


■" 


-7mo 


160 




ISO 


29-60 


4-01 


25-66 


21-?7 


1-45 


-eai 


-480 


33 79 



MDCCCLXXX. 
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Ko. 11. 

Helix: 24 part commutator, 312 convolutions, 2*8 m.m. wire, '234 S. U. resistance. 
Electro-magnets: 3200 convolutions, 28 m.m. wire, 7563 S. U. resistance. 



Im 


Resistance 




Readinff on 
















• 

^3 O 


. ^ 


in d 


. U. 


electro -d v namomet er. 


Current in we 


bers. 


^ 


1 


Horse-pover. 


•S 2 » 


: s 


















^1 

1-9G2 








hi 


o . 

1 c a 

> "z: 

1 


In 

outer 

circuit. 


Total 

in 
circuit. 


Belli 


, Electro- 
magnet; 


Outer 
circuit. 


Helix. 


Electro 
magnet 


Outer 
circuit. 

4^04 


Ex- 
pended. 


Total 
developed. 


D*Telop<rd 
in outer 
circuit. 


, 598 


•3 ' 


.12 


8 


1 


8 


4-04 


2-33 


24 


•0106 


•00613 


2554 


' 594 


•4 


v>l 


4 


1 


3 


4 66 


2-33 


4^04 


2-tJ55 


24 


*ia66 


•00817 


8^4U4 


612 


'5 


•70 


80 


1 


26 


12-77 


2-33 


ll^fe9 


834 


•875 


148 


' -0884 


28*57 


i *> 


•6 


•79 


180 


2 


• • 


31-30 


8-3) 


■ • 


23^03 


-87 


-968 


• • 


m m 


620 


•6 


•79 


215 


8 


180 


34-20 


3-30 


3 1^30 


25*23 


1*77 


1*16 


•786 


41-58 


615 


•7 


•87 


280 


8 


240 


3903 


4-04 


86^14 


3i-71 


226 


1-56 


M4 


50^I4 


t* 


'7'> 


•917 


800 


4 


250 


40-40 


4-66 


3G-S8 


34-59 


2-51 


1*87 


1"28 


51-50 


6U0 


•85 


•998 


2f*0 


4 


245 


39^72 


i'6n 


36^.50 


3702 


2-571 


1*97 


142 


55 25 


61i 


10 


111 


■' 305 


6 


235 


40*73 


5-71 


3575 


4-2-21 


2-?7 


280 


1-60 


55-74 


i " 


1-25 


1-iO 


290 


7 


210 


. 3i«-72 


617 


33 30 


4822 


2-86 


256 


1-80 


6293 


698 


1-5 


r48 


230 


8 


160 


3537 


6^^0 


29-50 


48 88 


2-81 


282 


168 


58-00 


, 615 


2-0 


1^81 


195 


10 


120 


32 57 


7^34 


25^o5 


55-05 


2^89 


2-40 


1*68 


56-40 


620 


3-0 


2-38 


. 180 


12 


65 


26-58 


8^08 


18^80 


59*07 


2-66 


210 


1*83 


5000 


6-25 


4-5 


8-05 


85 


14 


: 32 


•21 •oO 


8^88 


1819 


61*28 


2-30 


1*76 


•98 


42-61 


»• 


6-0 


3-59 


70 


15 


1 22 


19-51 


9-08 


10-94 


65-40 


2-16 


1*71 


•898 


415 r 


620 


7*5 


3^99 


j 55 

1 


' 16 

1 


16 


17-29 


9-38 


933 


64*42 


1-89 


1*49 


•817 


42*22 



No. 1 2. 

Helix: 24 part commutator, 312 convolutions, 2*8 m.m. wire, '234 S: U. resistAnce. 
Electro-magnets: 3200 conv^olutions, 2*8 m.m. wire, 7*563 S. U. resistance. 



V 

Cm 

« 

a 
o 



pi: 3 

O £3 



Resisttnee 
in S. U. 



ToUl 



Reading on 
electro-dynamometer. 



In 
^ outer in Helix. 

^ ^ circuit, circuit 



Electro- Outer 
magnet, circuit. 



700 


7-5 


401 


80 


18 


18 


>i 


6-0 1 


3*59 


80 


17 


25 


707 


4*5 . 


8*06 


95 


16 


85 


710 


80 


2-39 


165 


14 


90 


704 


2*5 


2-12 


195 


12 


115 


716 


2») 


1-82 


235 


9 


150 


723 


1-5 


r49 


315 


7 


2*20 


715 


1-25 


181 


350 


6 


200 


722 


1-0 


112 


885 


5 


300 


705 


•75 


•92 


370 


5 


. 305 


7r'3 


•60 


•80 


800 


5 


270 


716 


•50 


•71 


160 


4 


100 


710 


•40 


•62 


7 


1 


7 



Current in webers. 



Helix.' 



Electro- 
magnet. 



Outer 
circuit. 



.a 



fc5 

wig 




Horse -power. 



Ex. Total ^^eloped 

J 1 1 1^ J >«» outer 
pendcd. deTcloped. ^^^^^ 



2-57 
2-57 
288 
8 19 
8-59 
3-94 
4*28 
4*28 
4-27 
845 
2-29 
•292 
•290 



2^18 
195 
r97 
2^«8 
2*81 
2*91 
820 
8*13 
2*93 
2^31 
1-68 
•725 
295 



•918 
1-02 
1^07 
1*84 
196 
204 
2-25 
221 
2*04 
1-56 
1-10 
•84 
*019 



'^ o 
St.* 



85-72 
89-69 
8715 
67*87 
64-59 
51-77 
52-57 
52*25 
47-77 
45-21 
48-03 
11-64 
6-552 
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No. 13. 
Helix : 24 part commutator, 312 convolutionB, 2'8 m.m. wire, '234 S. TJ. resistance. 
Electro-magnets : 3200 convolutions, 2'8 m.m. wire, 7'568 S. U. resistance. 



i 




Hthding on 




.S 








.|1 


iu S. U. 


electro-djinmometcr. 


Current in webers. 
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No. 14, 
Helix: 24 part commutator, 312 convolutions, 'i'8 m.m. wire, '234 S. 17. resistance. 
Electro-magnets : 2240 convolutions, 3 m.m. wire, 4'46 S. U. resistance. 
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DR. C. W. SIEMENS ON THE DTNAMO-ELECTRIC CURaENT. 



Helix: 24 part commutator, 312 convolutions, 2'8 m.m. wii-e, '234 S. U. resistance. 
Electro-magnets: 2240 convolutions, 3 m.m. wire, 4*46 S. U. resistance. 
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No. \G. 

Helix : 24 part commutator, 288 convolutions, 3 m.m. wire, '173 S. U. resistance. 
Electro-magnets : 3916 convolutions, 2'5 m.m. wire, 11*26 S. U. resistance. 
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DR. C. W. SIEMENS ON THE DTNAMO-ELECTRIC CURREXT. 



Helix: 24 part commutator, 288 convolutions, 3 m.m. wire, "173 S. U. resistance. 
Electro-magnets: 3916 convolutions, 2'5 m.m. wire, 11'26 S. U. resistance. 
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No. 18. 

Helix : 24 part commutator, 288 convolutions, 3 m.m. wire, '173 S. U. resistance. 
Electro-magnets: 3916 convolutions, 2'5 in.in. wire, ir2t} S. U. resistance. 
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DB. C. W. SIEMENS ON THE DTNAMO-ELECTBIC CURBEJTT. 



No. 15. 

Helix : 2i part commutator, 312 convolutions, 2'8 m.m. wire, '234 S. U. resistance. 
Electro-magnets; 2240 convolutions, 3 m.m. wire, 4'4G S. U. resistance. 
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Helix : 24 part commutator, 288 convolutions, 3 m.m. wire, "173 S. IT. resistance. 
Electro-magnets: 3916 convolutions, 2"5 m.m. wire, 11'26 S. U. resistance. 
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DR. C. W. SIEMENS ON THE DYNAMO-EJiECTRIC CURRENT. 



No. 17. 

Helix : 24 part commutator, 288 convolutions, 3 m.m. wire, "173 S. U. resistance. 
Electro-magnets: 3916 convolutions, 2'5 m.m. wire, 11'26 S. U. resistance. 
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Helix : 24 part commutator, 288 convolutions, 3 m.m. wire, "173 S. TJ. resistance. 
Electro-magnets: 3916 convolutions, 2'5 m.m. wire, ll"2ti S. U. resistance. 
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No. 19. 

Helix : 24 part commutator, 288 convolutions, 3 m.m. wire, '173 S. U. resistance. 
Eleotro-magnets : 3916 convolutions, 2'5 m.m. wire, irSG S. U. resistance. 
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No. 20. 

Helix : 24 part commutator, 288 convolutions, 3 m.m. wire, '173 S. U. resistance. 
Electro-magnets : 3200 convolutions, 2-8 m.m. wire, 7*563 S. U. resistance. 
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Helix : 24 part commutator, 288 convolutions, 3 m.m. wire, '173 S. U. resistance. 
Electro-magnets : 3200 convolutions, 2"8 m.m. wire, 7"563 S. U. resistance. 
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No. 22. 

Helix : 24 part commutator, 288 convolutions, 3 m.m. -wire, •1?3 S. XT. resistance. 
fUectro-magnets : 2556 convolutions, 3 m.m. wire, 4*46 S. U. resistance. 
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No. 23. 



Helix : 24 part commutator, 288 convolutions, 3 m.m. wire, '173 S. U. resistance. 
Electro-magnets, 2556 convolutions, 3 m.m. wire, 4*4G S. U. resistance. 
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Helix: 24 part commutator, 288 convolutions, 3 m.m. wire, 'ITS S. U. resistance. 
Electro-magnets, 2556 convolutions, 3 m.m. wire, 4'46 S. U. resistance. 
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